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Le probléme du maximum de rayon d’action dans un champ de 
eravitation uniforme 


Par 
B. Fraeijs de Veubeke? 


(Regu le 29 aotit 19357) 


Résumé — Zusammenfassung Abstract 


Le probléme du maximum de rayon d'action dans un champ de gravitation 
uniforme. Le probleme du maximum de rayon d'action dans un champ de gravita- 
tion uniforme est traité, suivant la voie indiquée par CicALa |1), comme un probléme 
de MAYER du calcul des variations. 

Cependant l’emploi du temps comme variable indépendante a été écarté au profit 
d’une représentation paramétrique qui facilite le choix du systéme différentiel assurant 
les calculs numériques les plus compacts |2 

Diverses approximations sont envisagées et une attention particuliére a « 


portée a la prolongation balistique de la trajectoire et a son raccordement a@ la phase 


te 


propulsive. 

L’emploi des criteres classiques, dont celui de WEIERSTRAss, permet de décider 
si la solution stationnaire fournie par les équations d’EuLER donne un maximum 
véritable. Cependant le critére quantitatif de JAcosr n’est guére susceptible que 
d’une vérification par calcul numérique. 


Das Problem des maximalen Wirkungsbereiches in einem gleichfirmigen Sehwere- 
feld. Es wird das Problem der maximalen Reichweite in einem gleichf6rmigen 
Schwerefeld, dem von CIcALa {1] angegebenen Weg folgend, als eine Aufgabe der 
Variationsrechnung nach MAYER behandelt. 

Indessen wurde die Verwendung der Zeit als unabhangige Variable zugunsten 
einer Parameterdarstellung verlassen, welche die Wahl des Differentialsystems er- 
leichtert, das die zweckmabigsten numerischen Rechnungen gewahrleistet 

Verschiedene Annaherungen wurden ins Auge gefaBt; besondere Aufmerksam 
keit wurde der ballistischen Verlangerung der Bahn und threr Verbindung mit der 
Antriebsphase gewidmet. 

Die Verwendung der klassischen Kriterien, darunter derjenigen von WEIE 
gestattet die Entscheidung, ob die durch die Gleichungen von EULER 
stationdre Loésung ein wirkliches Maximum gibt. MHingegen ist das quantitative 
Kriterium nach JaAcosi nur fiir eine Verifizierung durch numerische Integration 
geeignet. 


The Problem of Maximum Range in a Uniform Gravitational Field. The problem 
of maximum range in a uniform gravitational field is treated, after a method indicated 
by CrcaLa [1], as a MAYER problem of the calculus of variations 

However, the use of time as independent variable has been discarded in favour 
of a parametric representation which facilitates the selection of a differential system 


ensuring the most compact numerical calculations [2). 


1 Laboratoire d’aéronautique, 75, rue du Val-Benoit, Liége, Belgique. 


Astronaut. Acta, Vol. IV, Fasc. 1 
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Various approximations are examined and particular attention is given to the 
ballistic extension of the trajectory and its junction with the propulsive phase. 

The use of classical criteria, such as that of WEIERSTRASS, makes it possible to 
decide if the stationary solution provided by the EULER equations gives a true 
maximum. However, the quantitative criterion of JAcoBI cannot be verified otherwise 
than by numerical integration. 


1. Introduction 


Nous nous proposons d’analyser la trajectoire assurant un maximum de 
distance horizontale parcourue aux engins munis de surfaces portantes évoluant 
dans un champ de gravitation uniforme. 

Dans une note remarquable mais trés condensée CIcALA [1] a exposé l’applica- 
tion de la technique de MAYER au probléme général des performances optimales. 
Cette optimisation portait a la fois sur la distribution de la portance (ou de 
l’angle d’incidence aérodynamique) et sur la distribution de la force propulsive. 

Nous avons montré par ailleurs comment la représentation paramétrique, 
outre sa souplesse, évite la nécessité d’un traitement séparé pour les problémes 
brachistochrones et permet d’inclure rationnellement les impulsions dans les 
trajectoires décrites avec moteur fusée {2}. Nous avons aussi donné une synthése 
de la trajectoire doublement optimale pour le probleme du minimum de con- 
sommation avec rayon d’action prescrit [3]. Le maximum de rayon d’action 
sous consommation donnée est un probléme équivalent et, quoique le traitement 
précédent soit restrictif, dans ce sens qu'il néglige par exemple la trainée induite, 


nous ne croyons pas utile d’y revenir. En effet la formulation générale de ce 
» 


probléme n’est qu’une petite extension de l’analyse présentée dans [2] et il y a 
peu d’éléments nouveaux a joindre a la discussion des résultats. 


Nous nous placerons plutdt dans le cas ou le réglage intentionnel de la force 
propulsive est abandonné. Plus précisément le débit de consommation et par 
voie de conséquence la masse totale de l’engin seront supposés étre des fonctions 
connues du temps. Les problémes brachistochrones de ce type, qui ne comporte 
donc que l’optimisation de la portance, ont fait ]’objet d’une note intéressante de 
CicALa et MIELE (4). 

Notre but est ici d’examiner spécialement les possibilités de prolongation 
balistique aprés épuisement du combustible et les conditions précises du raccorde- 
ment de cette phase avec la phase propulsive. 

Plusieurs types d’approximation sont examinés non seulement dans I’idée de 
dégager des propriétés intéressantes de la trajectoire, qui autrement sont 
masquées par la généralité de la formulation, mais aussi de jeter un pont entre 
la théorie variationnelle moderne des performances et les théories anciennes 
quasi-statiques. 

2. Equations du mouvement 


Le rayon d’action est mesuré suivant un axe horizontal Ox, l’axe Oz étant 
opposé a la direction de la pesanteur. Soit o le paramétre a croissance monotone 
entre des limites fixes a, et o,. La trajectoire est caractérisée par les fonctions 
suivantes: 

V(o) la vitesse de vol, 

l’angle du vecteur vitesse avec l’horizontale, 
laltitude, 

la distance horizontale parcourue, 

le temps de vol. 
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Les dérivées par rapport au paramétre seront dénotées par un exposant °; par 
exemple 
dt/do = t® > 0. 

Les équations intrinséques du mouvement suivant la tangente et la normale 2 
la trajectoire s’écrivent respectivement 

[F], = MV® — (T — D— Mgsin 9) f° =0 

[F], = MV6° — (L — Mg cos 86) t®=0 
ou M est la masse totale instantanée de l’engin; elle est li¢ée au débit de consomma- 
tion m(t) par la relation 


t 


— m(t) et donc M(t) = M, | m/(t) dt. 3) 


0 
T est la poussée du propulseur, supposée dirigée suivant la tangente a la trajec- 
toire; c’est une fonction déterminée du débit de consommation, de la vitesse 
et de l’altitude 


dM 
dt 


T = T(mit), V, 2). (4) 
La trainée D est une fonction connue de la forme 
D = D,(z, V) + L?.D,(z, V), (5) 
L étant la portance. 
L’altitude et la distance horizontale parcourue sont liées a la vitesse et a sa 
direction par les relations cinématiques 
[F]e = 2° — Vi®sin#@=0 (6) 
F)\;e = x® — Vi® cos 6 = 0. (7) 


La trajectoire peut étre modifiée en agissant sur la variable L. Dés que celle-ci 
est connue en fonction du paramétre ou des autres variables la trajectoire est 
déterminée; on peut donc l’appeler une variable de guidage. Notre probléme 
est de la déterminer de telle fagon que la distance horizontale parcourue soit un 
maximum. 

Si m n’était pas une fonction connue du temps on pourrait s’en servir comme 
d’une deuxiéme variable de guidage (probléme de la double optimisation). 


3. Les équations d’Euler, trainée induite négligée 


L’approximation consistant a négliger l’effet de la trainée induite s’exprime 
en posant D, = 0. On observe alors que la portance n’intervient plus que dans 
la seule équation (2). Celle-ci n’intervient plus dans le probléme variationnel de 
la trajectoire optimale mais nous sert a posteriori pour le calcul de la portance 
requise dans la description de cette trajectoire. En d’autres termes L devient 
une variable ignorable; son role de variable de guidage est repris par l’angle 0. 
En effet, l’équation (2) écartée, ce dernier n’intervient plus dans sa dérivée ce 
qui est une caractéristique essentielle d’une variable de guidage [2]. 

Formons alors avec des multiplicateurs de LAGRANGE variables a(c), (a) 
et &(a) la fonction 

F=a[F ly + B[F |p + €(F )e. (8) 
Si la trajectoire respecte les équations du mouvement cette fonction est toujours 
nulle ainsi que son intégrale 


9 
“a 
e 


I= | Fda 
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et il en sera de méme de la variation premiére de J qui s’écrit 


61 = [aM OV + Bz + £6x—U Of + 


| ((F]y 6V + [F], 6z + [F], 6x + [F]o60+ [F],6t)dao=—0 (9) 
i 
a 


“ly = — [a M)]°— a YO (T — Dy) — Bt®sin 6 — & t® cos 8 


Pe 
= ae (7 oles D,) — B° 


£0 
19 (x Mg cos@ — BV cos#+ €V sin §) 
~ 70 70 1 op fO0 Gj ee 0 dm or 
i am (b gt®sin 0) — at = én 
U=a(T —D,— Mgsin@) + BV sind + EV cos. 
Les équations d’EULER d’une trajectoire stationnaire sont donc 
F\y = 0, [Fl, = 0, il, = @, [Fle = 0, [F], = 0. 
En vertu de la représentation paramétrique on sait [5, 2] qu’elles ne sont pas 
indépendantes mais li¢es par l’identité 
x9 F), bt. BF sg £0 F)s i? VF lp 4 2°( F], sia x°(F], ait 9°, F - 19 F 3 
(10) 
Ceci permet en général d’écarter comme superflue l’équation la plus difficile 
a manipuler. 
La troisitéme équation d’EULER s’intégre directement en fournissant une 
constante (constante isopérimétrique) 
& = X (constante) 
ce qui permet, supposant les équations d’EULER vérifiées, de mettre (9) sous 
la forme 
X 6[x(o9) — x(o,)] = — [2 M OV + Bdz— U oft. (11) 
Pour donner au rayon d’action x(6,) — x(o,) un caractére stationnaire (maximum) 
il est donc indispensable d’avoir X 4 0 et d’annuler encore les termes aux limites 
figurant au second membre de (11). En fait, les relations entre multiplicateurs 
étant homogénes il est permis de choisir arbitrairement la valeur d’un des multipli- 
cateurs en un point arbitraire de la trajectoire. I] n’y a donc pas de restriction 
a poser 
é=X=1. (12) 
L’annulation du second membre de (11) doit préciser les conditions aux limites 
du probléme. Nous annulons 4a priori les variations d’extrémité 
6V (o,) = 0, dV (ag) = 0, 6z(0,) = 0, 6z(d5) = 0 
en imposant l’altitude et la vitesse aux extrémités de la trajectoire 
V(o,) = Vj, V (02) = V2, 2(0,) = 2, 2(0) = 2. (13) 
I] subsiste alors la condition 
[U dt} =0 
qui, en raison de notre exigence de prolongation balistique, demande un examen 
particulier. 








Vol. 
4 
1958 
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Nous supposons que la durée de la phase propulsive est connue; elle s’étend 
depuis ¢(a,) = 0 jusqu’a ¢t(a,) = At. A partir de cet instant la réserve de com- 
bustible est épuisée et la phase balistique se poursuit avec les conditions 

At 


m = 0 M=M,=M,— | m/(t) dt. (14) 
0 
I] découle de (14) que pendant la phase balistique l’équation [F'], = 0 est inté- 
grable et donne 
U = C (constante) o> 03. 
La condition qui reste a vérifier devient alors la suivante 
C d[t(a,) — t(o3)] + U(o3) dt(a3) — U(a,) dt(o,) = 0 

et, puisque la durée de la phase propulsive est fixée, 

dt(a,) = 0, Ot(a,) = 0 
et la condition se réduit a 
Si la durée totale du vol était prescrite on aurait d¢(¢,) =0 et on ne pourrait rien 
conclure quant a la valeur de la constante C. Cette inconnue du probléme serait 
précisément a déterminer par la condition isopérimétrique que nous imposons 
sur la durée. Sans limitation de durée, cas qui sera le seul envisagé par la suite, 
la variation 6dt(o,) est libre et exige 

U=C=0, «503. (15) 


4. Intégration des équations d’Euler, trainée induite négligée 
Pendant la phase propulsive nous utilisons (10) et le fait que ¢° 40 pour 
écarter la nécessité de considérer |’équation d’EULER [F], = 0. L’élimination de 
# entre les autres équations d’EULER donne, eu égard a (12), les deux équations 


a M ?t® 
‘Puc? {Vik = Dd) + = ( (16) 
MV ¢°+ et a1 [V(T — D,) am ) 16 
Se aia aan is 
M [tan + eg)" + ef — [V(T — Dy)| = 90 (17) 
Z 


ou l’on a posé e= a M/V. 

Ces équations jointes a (1) et (6) déterminent la phase propulsive de la 
trajectoire. La distance horizontale parcourue s’obtient a partir de (7) par une 
quadrature. Le choix de la variable indépendante est dans une certaine mesure 
arbitraire. Le temps étant une variable a croissance monotone et la durée de la 
phase propulsive étant connue, le choix o =? est assez naturel. On peut 
alors poser 

Pu} V°—dV/dt etc. 
Le systéme différentiel (1), (6), (16) et (17) détermine alors (z, lV’, « et 6) comme 
fonctions du temps. 

Un autre choix possible, mais qui n’est guére pratique que si m est une con- 
stante, est 


M 
o = — log, V. ou M=WM,e-° (a, = 0) 
lk 


avec alors t® = M/m. 
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Pour |’intégration de la phase balistique 1’équation (15) sous la forme suivante 
obtenue en éliminant f par [/'|\, = 0 et utilisant (12) 

e(T — Dy) cos? = — M o> 03 (18) 
remplace avantageusement une des équations (16) ou (17). Ce remplacement se 
justifie de nouveau en vertu de l’identité (10). Pendant la phase balistique la 
masse M reste égale a M, et la poussée 7T(0, z, V) devient en général négative. 

Tandis que dans la partie propulsive une élimination du multiplicateur ¢ 
n’offre aucun intérét, cette élimination se fait au contraire ici sans difficulté. 
Le plus simple est d’éliminer ¢® entre (16) et (17) puis ¢ dans l’équation résultante 
par (18); on trouve finalement 

oe 0 T_D V a 

oo 6" T—D, av | 0) g 

Jointe a (1) et (6) elle détermine entiérement la phase balistique. Dans une 
intégration pas a pas du probléme complet il y a deux valeurs initiales ¢(o,) et 
§(o,) qui ne sont pas connues 4a priori. Elles dépendent, comme nous allons le 
voir, de deux conditions a respecter l’une en début de phase balistique, l’autre 
en fin de trajectoire. Leur détermination ne pourra donc se faire que par correc- 
tions successives. 

A la transition entre phases propulsive et balistique les variables M, z et V 
doivent, sous peine de perdre le sens physique de la solution, rester continues. 
Les conditions de transition de WEIERSTRASS et ERDMANN [5, 2] demandent 
alors que les multiplicateurs « et # (et donc aussi e) restent aussi continus. II en 
découle finalement par [F |, = 0 et (12) que # ne peut non plus subir de dis- 
continuité. L’équation (18) doit donc se trouver vérifiée en début de phase 
balistique par les valeurs m = 0, M = Mg et les valeurs e(¢3), V(o3), 2(o3) 
et 4(a,) obtenues en terminaison de phase propulsive. 

C’est la premiére des conditions fixant le choix des inconnues é(¢,) et 6(o,). 
La seconde est simplement qu’a I’instant ou |’altitude prescrite z, est atteinte en 
fin de trajectoire, la vitesse atteigne aussi sa valeur demandée Vj. 

I] n’est pas sans intérét d’utiliser le résultat (19) pour examiner quelle loi 
suit la portance idéale en vol balistique alors que la trainée induite a été négligée. 
Substituant (19) dans (2) il vient en général 

a Va 
(T — Dy) \eV g oe 


(TL — Do) | = 9. (19) 


a 


L = Mgcos@}1 


(7-9 


Dans le cas particulier 
Tr =@ et D, = KR olz) V* 

cela donne 

V 2 

L = — Mgcos@jn—1+ ( ou ¥s= ££ 0 gdz/do (20) 

a 
est une vitesse caractérisant le gradient (négatif) de la densité atmosphérique, 
que nous avons deja introduit antérieurement [3] et qui, pour une atmosphére 
type, est a toute altitude jusque 25 000 métres légérement inférieure a la célérité 
du son. Par conséquent en régime subsonique, ot la loi de trainée admise est 
trés approximativement réalisée avec n = 2, la portance est négative. Pour 
peu qu’on se rapproche de la célérité du son elle peut atteindre en valeur absolue 
deux fois la composante de la pesanteur. A premiére vue ce résultat est paradoxal; 
on s’attendrait plutét a une portance positive tendant a réduire la chute 
d’énergie potentielle aux dépens de |l’énergie cinétique. Ce paradoxe s’éclaire 
quand l’application des tests de maximum suggére que la solution obtenue n’est 
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valable que pour une vitesse terminale imposée suffisamment élevée et que le 
fait d’avoir négligé la trainée induite entraine l’existence possible de trajectoires 
plus ou moins arbitraires avec rayon d’action infini, quand la vitesse terminale 
imposée n’est pas trop grande (voir section 8). 

On peut aussi obtenir une expression de la portance en phase propulsive. 


Eliminant é) entre. (16) et aii et introduisant le résultat dans (2) il vient 


ecos#[ a 
L = Mgcos6}2 + | —— ~2)vir—1 
sia mM \al Yo) 
Au passage de la phase propulsive a la phase bskeeaise la portance subit une 
discontinuité égale a 
M, g cos 4(a5) 


AL = O(o, — 0) — O(c, + 0 
T(0, 2, V_) — Do(z,V,) ° 2 eck te, 


O(c) | ex VT 
+ ). 
aV g oz \ 

Si, pour fixer les idées, la poussée T est une constante 7, avant et est nulle aprés 

T 
(63) _ 
Do(23, V3) 


— M,gcos 6 <®): 
Il est donc trés possible d’avoir une portance positive dans la partie propulsive. 

Quand le probléme est modifié par suppression de la phase balistique (o, = oy), 
le maximum de rayon d’action ne dépend que de I’intégration de la premiére 
partie. Les inconnues initiales ¢(¢,) et 9(a,) sont ici déterminées par la condition 
que lorsque ¢ = Af on ait a la fois 2(o,) = z, et Vo.) = Vo. 

On peut aussi s’abstenir de spécifier V(o,); la variation de cette quantité 
étant libre (11) exige alors la condition terminale 

a(d) = 0 ou E(d) = 0 
qui remplace celle que l’on a supprimé. La vitesse terminale qui en résulte est 
alors celle qui assure le plus grand rayon d’action parmi toutes celles qui pourraient 
étre prescrites. On notera que dans ce cas la portance terminale prend la valeur 
L(a,) = 2 Mgg cos O(0,). 

Il est évident que certaines ceniaithieiane peuvent surgir par suite de limita- 
tions physiques qu'il est difficile d’introduire 4 priori dans la formulation 
analytique. Ainsi quand les coefficients de portance requis dépassent la capacité 
aérodynamique de la voilure. La trajectoire est alors 4 modifier par des segments 
décrits a portance maximum (positive ou négative). 

D’autre part une analyse de ce genre dans le stade d’avant-projet est 
précisément utile pour délimiter l’importance de la voilure. 


Le probléme quasi-statique avee trainée induite 

Avant d’accumuler toutes les difficultés provenant de l’introduction de la 

trainée induite il semble utile de rendre compte du domaine de validité de la 

théorie quasi-statique, ainsi appelée parce qu’elle suppose les termes d’inertie 

négligeables dans les équations (1) et (2) et les remplace par les équations 
d’équilibre 

T — D= Mgsin 6 (1’) 

= Mg cos 6. (2°) 
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La portance s’élimine facilement du probléme en écrivant (5) comme 
D = D,(z, V) + D,(z, V) M? g? cos? 6. 


Les équations d’EULER deviennent alors les suivantes: 


of 038 (7 —D) — Asin — cos = @ 


— 0 (T — D) — f° =0 
= 19 ((aMg—£V)cos6+ Vsinéd — 24D, M?g*sin 6 cos 6] = 0 
dm oT 


- U9 — x f°} mg sin 6 + — — + 2mD,M g* cos? 6| = 0 
dt om 


avec U=V(fsin# + cos @). 

L’élimination des multiplicateurs ne donne guére de résultat simple a 
interpréter sauf pendant la phase balistique. Durant celle-ci on a toujours U = 0, 
c’est a dire le résultat simple 

B= — cot 0 
et par l’équation (Ff), = 0 la condition fondamentale 


G) 

eV 

Celle-ci jointe a (1’) et (2’) détermine complétement L, 6, et V en fonction de 

altitude. Elle s’interpréte aussi par le raisonnement classique du vol plané 
a meilleure finesse, c’est a dire a partir de la relation 


(T — D) = 0. (22) 


dx = cot @dz= dz 


L 
T—D 
en cherchant a rendre le rapport de la portance a la trainée compléte aussi grand 
que possible. En effet on ne peut plus se servir que de |’énergie potentielle acquise 
pendant la phase propulsive. Dans la recherche du maximum l’angle 4 doit 
étre considéré comme une fonction de la vitesse a altitude constante. On a donc 
la condition 


é cot 6 1 06 “a 
eV——ssin?' 6 AV 
mais en différenciant (1’) a altitude constante, D étant donné par (21) 


-(T — D) dV + D, M* g?sin 6 cos 6 d6 = M gcos 6 d6 


et comme le coefficient de d9 ne peut s’annuler (sin 9 est négatif) la condition (22) 
est bien celle qui assure 00/0V = 0. 

L’intégration compléte de la trajectoire se présente comme suit. Les 
grandeurs initiales M, et z, étant données, les quatre autres valeurs V(9,), 
§(¢,) «(o,) et B(a,) sont liées par trois relations algébriques a savoir (1’), [F'], = 90 
et ‘F]g = 0. On ne dispose donc que d’une seule inconnue initiale pour modifier 
la forme de la trajectoire pendant la phase propulsive. Pendant la phase balistique 
toutes les grandeurs sont irrémédiablement fixées en fonction de l’altitude et 
par conséquent la valeur de # est connue en début de phase balistique par la 
relation 

B(o3) = — cot 6(z,). 
Or les conditions de WEIERSTRASS et ERDMANN lient la continuité de z a celle 
de £. Par conséquent l’unique inconnue initiale est fixée par la condition que £ 





Le probléme du maximum de rayon d’action dans un champ de gravitation uniforme 9 


prenne la valeur précédente en fin de phase propulsive. Comme il fallait s’y 
attendre par suite de la disparition des variations d’extrémité sur la vitesse, 
on ne peut plus imposer les valeurs initiale et terminale de celle-ci; elle sera 
méme généralement discontinue a la transition. Une fois la solution déterminée 
il est en principe possible de vérifier 4 posteriori la validité des hypothéses 
initiales. Pour la phase propulsive cette vérification n’est guére possible que 
par calcul numérique. Par contre en phase balistique une conclusion théorique 
est parfois possible. 

Ainsi en régime subsonique pas trop élevé, ou les effets du nombre de MAcH 
sont encore négligeables, le rapport de la portance 4a la trainée totale ne dépend 
pratiquement que de l’angle d’attaque aérodynamique. La descente en vol 
plané se fait alors au meilleur angle d’attaque; 

cot 4 | e constante 
T— Dep 
M gcos6 
CL Ss 


= constante 


q a ee O y2 = 
car, le coefficient de portance cz reste constant avec l’angle d’attaque. Derivons 
alors logarithmiquement la derniére relation par rapport a l’altitude 

ge. S@e 1 


V,2' V2dt sind 


1 
) 


Le terme négligé dans (1) prend donc la valeur 


dV ee a. 
M a M gsin# > (F 


et nest réellement petit devant la composante de la pesanteur que si 
a)? <1. 


Rappelons que la vitesse V, définie par (20) est presque assimilable a la célérité 
du son. La condition trouvée s’accorde donc exactement avec celle qui postule 
l’absence d’effets du nombre de Macu. En conclusion générale on peut affirmer 
que le terme d’inertie tangentielle ne peut étre négligé que pour les engins lents. 
De plus la descente planée sans effets du nombre de MAcH se fait réellement 
sans force centrifuge. 

De toute facon les discontinuités dans la vitesse et l’angle de montée a la 
transition sont en violation flagrante avec les approximations consenties et 
demandent une solution de raccord qui n’est pas prévue par le calcul des variations. 

Avant de quitter cette section il nous parait utile d’examiner un cas trés 
particulier sur lequel est basé l’ancienne formule du rayon d’action proposée par 
BREGUET. II s’agit des systémes propulsifs pour lesquels on peut admettre que 
dans le domaine des vitesses de vol réalisées sur la trajectoire 


une constante. (23) 


La puissance utile développée par unité de débit de combustible est indépendante 
de la vitesse et de l’altitude. (Cette constance de rendement n’est plus réalisée 
dans les propulseurs modernes et notamment dans le moteur-fusée ot 7 est 
indépendant de la vitesse.) L’élimination du temps par (3) permet d’écrire 


7 rs : 
dx + 5 a= -- aM cos +4 sing] 
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uis ]’élimination du cosinus par (2’) et du sinus par (1’ 
I 


B iV Law 
dx = — dz — ao E 
D me D M 
Enfin la constance du second membre de (23) permet de mettre cette relation 
sous la forme 


dx = — d\z + K log, z : 
S’il faut tenir compte des effets de compressibilité la simplicité du résultat (24) 
n'est qu’apparente et il vaut mieux intégrer le probléme a partir du systéme 
d’équations d’EULER précédemment décrit; mais si le rapport L/D ne dépend 
que de l’angle d’attaque il est évident que le plus grand rayon d’action s’obtient 
en volant a la meilleure finesse. Sans détailler la trajectoire la distance horizontale 
parcourue est immeédiatement calculable 


i ; M 
Ax aa (7 ). ( Iz + K log, M, 


En fin de phase propulsive |’altitude atteinte est bien déterminée. Si l’on admet 
encore que dans la phase balistique 7 = 0 et donc K = 0 on obtient finalement 
pour le rayon d’action 


L : M " 
fe K log. = — (2, — 2) ]- (25) 
+ J op Mh 9 


Cette formule, qui généralise un peu celle de BREGUET, ne suppose donc 
nullement que le vol soit horizontal. Elle reste méme vraie si le réglage inten- 
tionnel du débit (utilisation de la deuxiéme variable de guidage) ne modifie pas 
la propriété (23). On peut alors varier l’angle de montée en réglant la puissance 
de la propulsion et, pour autant qu’on revienne a la méme altitude finale, ceci 
ne change en rien le rayon d’action. 


6. Le probléme avee trainée induite, foree centrifuge négligée 
Si on tient compte de l’accélération tangentielle mais que l’on continue a 
négliger l’accélération centripéte il suffit de suivre l’analyse initiale en prenant (21) 
comme expression de la trainée. On trouve ainsi que les équations (16), (17) 
et (18) sont a remplacer par 


5 ee M ty 


MV e+ ef a ViT —D)—-2 —=0 (16”) 


COs 


Rc. 
M |tanf+eg(l1—2M,gsin9)}®°+ «?° = V(T —D)=0 


“a 


e/T —D—2D, M?*g?sin? 4) cos 6 = — M. (18’’) 
L’équation correspondant a (19) est trop compliquée pour étre pratiquement 
utilisable, mais la transformation du dernier terme de (16’’) par (18’’) fournit 
toujours la relation simple 
xr 
M ¢°®+ ¢« —.(T—D)=0 
al 
qui, conjuguée a (18’’), permet un calcul numérique plus facile de la partie 
balistique de la trajectoire. 
Comme @D,/@V est négatif, la croissance de ¢ est moins rapide que sans 
trainée induite et la décroissance de 9 avec le temps est aussi diminuée. Ceci 
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tend a justifier l’approximation faite en négligeant la force centrifuge, quoique 
seul un calcul numérique permettrait une vérification quantitative. 

Rien n’est a modifier dans la structure des valeurs initiales et des conditions 
qui les déterminent. 

Pour les propulseurs vérifiant l’hypothése (23) l’équation (24) se transforme en 


 é V? M 
ial z+ K log, 


2g M, 
et la formule de BREGUET, sous la forme modifiée que lui a donné Rutowski (6 
en découle 


dx = — 24’) 


M, 
M, 


L 
x(d_) — %(o,) = {z 


K log, 
op 


7. Le probléme exact avee trainée induite 


Pour traiter le probléme exact la fonction F est complétée par l’addition du 
terme A/F'],. La nouvelle équation d’EULER 
[P]g =f (2aLD,— A)=0 26) 


permet |’élimination du nouveau multiplicateur 2, le multiplicateur & restant 
assimilé a l’unité. 

La phase propulsive s’obtient en intégrant les équations différentielles (1) 
(2) et (6) avec l’expression (5) de la trainée et les équations d’EULER suivantes, 


obtenues aprés élimination de / 


. ; 
— [a M]° (a  (L — D) — Bt®°sin 9 — t®?cos# + 24LD,M6°=0 


re] 
p®°+«?° hia D\ = 0 


(aM 2— BV) f®cos#+ V ?®sin 9 2aLD,MV)]®—2aLD,i°M gsiné = 0. 
L’équation [/'|,=0 est écartée comme identiquement satisfaite par (10). 
L’apparition des nouveaux termes aux limites [2M V 60]j indique qu’on peut 
soit imposer l’angle de montée initial (0,), soit laisser la variation 06(a,) libre 
et dans ce cas on fait en principe choix de l’angle initial assurant le plus grand 
rayon d’action en prenant A(o,) = 0. Eu égard a (26) ceci pose l’alternative 
a(o,) = 0 ou L(o,) = 0. Cependant l’examen des équations d’EULER montre 
que la premiére alternative lie les valeurs initiales de 9 et # si bien que I’ordre 
du systéme différentiel ne serait plus en correspondance avec le nombre de 
conditions aux limites imposables. De plus la variation dV (a,) deviendrait libre 
alors que nous imposons la vitesse initiale. Il faut donc prendre L(o,) = 0. 
La méme situation se présente en fin de trajection oi on peut soit imposer ]’angle 
d’arrivée soit choisir le meilleur en faisant L(o,) = 0. 

Le systéme de valeurs initiales nécessaires a |’intégration numérique pas a 
pas comporte donc trois valeurs prescrites V,, z,, et 9, [ou L(o,) = 0) et trois 
inconnues (au lieu de deux précédemment) a(a,), 6(o,) et L(a,) [ou (0) 

Pendant la phase balistique l’équation [/'}; = 0 est de nouveau intégrable 
sous la forme U = 0 qui est ici explicitement 
a(T —D—Mgsiné)+ BVsinO+ Vcos9+2«aLD,(L—Mgcos#)=0 (28) 


et remplace avantageusement ]’une des équations (27). 
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En fait tout le systéme (27) est réductible au suivant, plus simple 


a 
AT ~ DP) = 
ed )=0 


.(T —D)—4MLD,c6°=0 


ou, comme auparavant, e=aM/V. 

L’équation (28) doit étre vérifiée en début de phase balistique par les valeurs 
trouvées pour les variables et multiplicateurs en fin de phase propulsive. C’est 
la premiére des conditions déterminant les inconnues initiales. Les deux autres 
demandent que la vitesse atteigne sa valeur prescrite et que 9 atteigne une valeur 
prescrite (ou que L s’annule) quand l’altitude finale est obtenue. 

Observons enfin que (28) est une équation algébrique du second degré en L, 
qu'il est en fait logique d’utiliser comme telle pour le calcul de la portance au 
cours de l’intégration numérique par intervalles. Si on fait choix de la condition 
finale L(o,) = 0 la valeur de la racine appropriée de (28) montre que durant la 
phase balistique 

L<M g COS 6 


et que par conséquent la trajectoire tournera encore sa concavité vers le bas. 


8. Les conditions pour un maximum veritable 
Utilisant d’emblée § = 1, mettons l’expression du rayon d’action sous la 
le 


forme de la fonctionnel 


2 
. 


%(05) — x(0,) = | G(y, y°) do 


1 


ou 
G(v, v°") = V cos6#° —a[F], — B[F |p — AF Ja 
qui donne les mémes équations d’EULER. 
Le test de la variation forte de WEIERSTRASS [5} demande que pour un 
maximum 


\J> 


; eae - “a Ye 
E= G(y, v9) —G(y y) = a. (y® = vy) 70 Ol) y) < 0. 


Dans cette expression y® désigne successivement les dérivées V°, z°, 6° et 7° 
intervenant dans |’expression de G; les valeurs surlignées sont celles provenant 
d’une discontinuité finie et arbitraire dans la valeur de la variable de guidage 
mais qui restent compatibles avec les équations de liaison (1), (2) et (6) 

Nous devons distinguer les cas suivants 

1°) Le probléme exact avec trainée induite. 

Dans ce cas le changement fini de la valeur L 4a la valeur L, laisse V, 6, z et ¢ 
continus 

V = V' 6=0 a= tan 
mais les dérivées prennent des nouvelles valeurs V°, z°, 6° et ¢°, compatibles 
avec les liaisons. 
Le calcul de E fournit le résultat 

E=aD, tL? — L?) + A(L —L). 
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Mais, le long de la trajectoire satisfaisant aux équations d’ EULER on a (26) 
A==2aLD, et il vient finalement 
+. ae a L)?. (30) 
Comme D,> 0 et 19> 0, le test de WEIERSTRASS est satisfait tant que « > 0. 
2°) Le probléme avec trainée induite mais force centrifuge négligée. 

Ici la disparition de 6° des équations entraine la discontinuité de 6 avec celle 
de L. En fait on peut faire A4=0, adopter |’expression (21) de la trainée et 
considérer 9 comme la variable de guidage dont la discontinuité de la valeur de 
9 a 6 donne des discontinuités en V®, z° et ¢° liées par (1) et (6). Le calcul de E 
donne dans ces conditions 

E = 1° [V (cos 0 — cos 0) — (1 Mg — BV) (sin 8 — sin 9) — « D, M® g? (cos? 6 — 
— cos? f)}. 
Usant de i d’EULER 
[Flo = t° (a M g — BV) cosO+ Vsin# — 24D, M* g*sin 6 cos 4] = 0 
on peut eas cette expression en 
: ce V — 9+ 
E = 2 f* sin* _ + 2a D, M? g? cos? (31) 
p cos 2 
Pour une valeur négative de « le critére est vérifié. Pour une valeur positive, 
l’inégalité 
a cos f 
< ») 
7 2D, 1 
doit étre vérifiée. 

Nous rapportant a (18) cette condition demande en phase balistique que 
la trainée parasite soit supérieure a la trainée induite. 

Dy — T > D, M? g? cos? 6 = D, L?. 
Rappelons que |’égalité correspond a la valeur optima du rapport portance a 
trainée effective quand celui-ci ne dépend que de l’angle d’attaque; il est donc 
assez naturel que |’inégalité précédente soit observée quand on tient compte 
de l’inertie tangentielle. 

3°) Le probléme avec trainée induite négligée. 

Il suffit de faire D, = 0 dans le résultat (31) pour voir que le critére de 
WEIERSTRASS est satisfait. 

4°) Le probléme quasi-statique avec trainée induite. 

La disparition de V® entraine pour V méme une discontinuité liée a celle de 4 
de telle fagon que (1’) reste vérifiée 

T—D=Megsin0é 
ou T et D sont calculés a partir de V et 9. On trouve ici 

E = 1° [V cos 0 — Vcos6 + £ (V sin 9 — V sin 6)}. 
En principe les équations [Fly = 0 et [F]s = 0 de la section 5 permettent 
l’élimination de # dans cette expression, mais le résultat semble difficile a discuter. 
En régime balistique on a plus simplement 
B= —coté 
et 
sin sin (8 - — 8) 
E=?V- 

Le critére est alors vérifié du fait que l’angle de montée réel de la trajectoire 
est négatif tout en étant maximum, l’angle surligné ne pouvant alors que lui 
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étre encore inférieur. De l’ensemble de ces résultats il ressort que, moyennant 
d’éventuels contréles numériques sur la valeur d’un multiplicateur, le critére de 
WEIERSTRASS est vérifié de fagon forte pour une discontinuité non-nulle de la 
variable de guidage (exclusion de l’égalité). Il en est alors de méme du critére 
renforcé de LEGENDRE, si bien qu’on est assuré d’un maximum veritable pour 
une certaine extension de la trajectoire. La limite d’extension est fournie éven- 
tuellement par le critére quantitatif de JACOBI, qui ne se préte guére ici a une 
discussion théorique. La seule remarque que nous voudrions faire a ce propos 
est d’établir l’existence possible de solutions non-eulériennes quand la trainée 
induite est négligée. I] suffit pour cela d’observer qu’en vol horizontal on peut 
évaluer la distance parcourue par 

VdadV 

me 

En régime balistique et trainée induite négligée, 7 — D tend vers zéro avec la 
vitesse et il suffit qu'il y tende assez rapidement pour que V = 0 devienne une 
singularité non-intégrable. Ainsi si nous posons 


e — Ro(z) Vv" 


dx = 


l'intégrale 


l [ dV 
Ro(z) |} V*-} 
PA 


est divergente pour )’, +0, quand » > 2 (bien entendu la solution théorique 


ignore toute limitation sur le coefficient de portance). Imaginons alors une 
trajectoire qui soit d’abord purement verticale et que l’on rende horizontale en 


phase balistique un peu avant d’atteindre l’altitude maximum 2Zmax (ot la vitesse 
s’annulerait). Aussi faible que soit la vitesse résiduelle, la divergence de ]’intégrale 
précédente montre qu’on peut encore obtenir un rayon d’action aussi grand qu’on 
veut. Le retour a l’altitude prescrite z, permet de retrouver une vitesse terminale 
dont ia limite supérieure est celle produite par une chute verticale de Zmax a 2. 

Le probléme sans trainée induite est alors sans maximum véritable si la 
vitesse terminale prescrite est inférieure a cette limite. Par contre, si elle lui est 
supérieure, il est plausible que le maximum véritable soit celui donné par la 
solution eulérienne. 

Dés qu’on introduit la trainée induite le rayon d’action fourni par n’importe 
quelle trajectoire est borné et l’intuition physique suggére que le maximum existe 
et correspond a une trajectoire eulérienne. Le seul cas ou |’on puisse imaginer 
que le critére quantitatif de JAcoBI ne soit pas satisfait est celui ou il existerait 
une deuxiéme solution eulérienne satisfaisant aux mémes conditions aux limites. 
I] suffirait alors de choisir celle qui a le plus grand rayon d'action. 
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Producing the Weightless State in Jet Aircraft} 


By 
S. J. Gerathewohl?, 0. L. Ritter®, and H. D. Stallings, Jr.*° 


(With 6 Figures) 


Abstract — Zusammenfassung Résumé 


Producing the Weightless State in Jet Aircraft. Simple functions were used for 
computing the most interesting and important characteristics of the parabolic 
flights. The results, based upon certain flying characteristics of the T-33, F-94C, 
and F-104 in subsonic and transsonic flight, are in good agreement with the data 
obtained for the first two aircraft types during actual zero-gravity maneuvers. Certain 
flying safety hazards were noticed in the T-33 but remedied through appropriate 
measures. The F-94C Starfire proved to be superior to the T-33 with regard to 
safety and duration of the weightless state. If the F-104 would be made available 
for aeromedical research, weightlessness could be produced for more than one minute. 


Herstellung des gewichtslosen Zustandes in Flugzeugen mit Strahlantrieb.  Fiir 
die Berechnung der interessantesten und wichtigsten Charakteristika parabolischer 
Fliige wurden einfache Funktionen beniitzt. Die Ergebnisse stiitzten sich auf be- 
stimmte Flugcharakteristika der Flugzeugtypen T-33, F-94C und F-104 im Unter- 
schall- und Uberschallflug. Sie stimmen gut mit den Daten iiberein, die fiir die beiden 
erstgenannten Flugzeugtypen wahrend der tatsachlichen Nullschwere-Mand6ver er- 
halten wurden. Gewisse Gefahren fiir die Flugsicherheit wurden in der 1-33-Maschine 
bemerkt, jedoch durch geeignete MaBnahmen behoben. Die I*-94C-Starfire-Maschine 
erwies sich hinsichtlich Sicherheit und Dauer des gewichtslosen Zustandes als der 
T-33 iiberlegen. Falls die F-104 fiir die aeromedizinische Forschung zur Verfiigung 
stande, kénnte Gewichtslosigkeit fiir eine Zeitdauer von mehr als | Minute erzeugt 
werden. 

Annulation du Champ de la Pesanteur dans les Avions a Réaction. Des fonctions 
simples ont été utilisées pour calculer les paramétres les plus importants des trajec- 
toires paraboliques. Les résultats, basés sur certaines caractéristiques de vol des 
avions T-33, F-94C et F-104 en régime subsonique et transsonique, sont en bon 
accord avec les données expérimentales obtenues pour les deux premiers types 
d’avions durant des manoeuvres destinées a annuler le champ de la pesanteur. 
Certains dangers propres au T-33 ont été évités par l’emploi de remédes appropriés. 
Le F-94C Starfire s’est révélé supérieur au T-33 du point de vue sécurité et durée 
de la période de vol sans pesanteur. Si le F-104 était disponible pour les recherches 
aéromédicales, l’absence de pesanteur pourrait étre réalisée pendant plus d’une 
minute. 


1 Presented at the VIIIth International Astronautical Congress at Barcelona, 
Spain, October 6—12, 1957. 

2 Principal Investigator. 

3 Department of Radiobiology. 

4 Major USAF, Chief, Flight Operations and Pilot of T-33A and F-94C aircraft. 

5 All authors: School of Aviation Medicine USAF, Randolph Air Force Base, 
Texas, USA. 





S. J. GERATHEWOHL, O. L. Ritter, and H. D. STALLINGS, JR.: 


In studies of human behavior under conditions of virtual weightlessness, the 
reduction or elimination of gravity has become an important problem of 
aeromedical research [1, 2, 3}. The following means were suggested or employed 
for producing the weightless state: Dropping a capsule from an airplane, the 
elevator, the ‘‘gravitron’”’, the “‘sub-gravity tower’, and the aircraft [4, 5, 8]. 
From the most practical point of view of those mentioned, only the aircraft 
seems to be promising for use because of its availability, safety, realism, and the 
longer periods and various amounts of reduced gravity that can be produced in it. 

In order to appreciate the use of modern aircraft for accomplishing the 
weightless or ‘‘agravic’’ state, some of the mechanical principles of gravity and 
acceleration are defined below. As expressed in NEWTON’s Universal Law of 
Gravitation, all bodies exert mutual forces of attraction upon one another. In 
accelerated motion, gravity is the vectorial sum of the forces of gravitation and 
inertia acting on a body. According to the NEwronian relation: 


F=m-a (1) 


the force of gravity is measured most conveniently in terms of acceleration; 
with the acceleration due to the terrestrial gravitation 32.17 ft/sec? as the 
unit. Normally, with an object being in a state of rest, the forces of inertia are 
absent and the object finds itself in the ‘“‘normal state of gravity’”” of G = 1. 

If a body is allowed to fall freely, it is subjected to a downward acceleration 
of 1 g. In this case, the forces of inertia compensate the forces of gravity and the 
body finds itself in the state of ‘‘zero-gravity” [6]. If the body is subjected to a 
downward acceleration smaller than 1 g, the forces of inertia are subtracted from 
the gravitational force. In this case, the body is in a sub-gravity state. In both 
cases, a second force is superimposed upon the force of gravitation [7]. 

Within the gravisphere of the earth a body derives its weight from the 
counterforce that resists its free fall. On the other hand, a body can be defined 
as weightless if it is allowed to move freely under the influence of gravitation 
and its inertia only!. This is the case when the object is moving along a 
KEPLERian trajectory. According to the D’ALEMBERT Principle, every body 
— whether accelerated or not — finds itself in a state of equilibrium under the 
combined effects of the actual forces exerted on it, i.e., forces of gravity, forces 
of inertia, and external forces like propulsion, lift, drag, and support. Eq. (1) 
thus may be written: 

F—m-a=0. (2) 
Now, since F represents the gravitational forces and m- a the “‘reactive effects’, 


we write: 


F,—F,=0 (3) 


where F, represents the reactive forces, i.e., the inertial effect associated with the 
acceleration of gravity. In the free fall situation in a vacuum, F, is a quantity 
equal in magnitude and opposite in direction of , and can be identified as the 
sole effect of inertia. When an airplane flies along a KEPLERian trajectory, F, 
represents the inertial and external forces superimposed on F,. In other words, 
the aircraft then simulates the motion of a missile cruising in a vacuum. In order 
to obtain lack of appression in flight through air, the craft must be guided along 
a parabolic arc, thereby utilizing the inertial forces for counterbalancing F,. 


1 Although the terms “‘zero-gravity’’ and ‘weightlessness’ designate the same 
condition, ‘‘zero-gravity’’ is used here to refer to the physical state, and ‘“‘weight- 
lessness’”’ to the psychophysiological condition of the individual. 
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A flight maneuver of this type requires that all accelerations, except the 
one caused by gravitation which constantly acts downward at a magnitude of | g, 
be eliminated completely. This can be accomplished by the pilot by flying the 
plane through a so-called pushover, holding the needle of his accelerometer 
precisely between plus and minus | g at the zero-mark of the instrument. A push- 
over is a vertical-planar maneuver in which the angle of climb changes contin- 
uously from a plus to a minus value. During the maneuver the air speed decreases 
uniformly from an initial value vy to a minimum at the top of the curve, and then 
increases uniformly back to the initial value shortly before the pull-out. 
However, the horizontal component of the velocity remains constant during the 
entire maneuver. It is determined by the minimum speed at which the aircraft 
is fully controllable and stable during the push-over. Hence, the horizontal 
component of velocity or ‘“‘minimum controlling speed”’ of the airplane is always 
somewhat higher than the stalling speed. It depends mainly upon the amount 
and arrangement of control-surface area built into the aircraft. 


Throughout the maneuver, the plane moves at considerable air speed. 
Therefore, a power output of the engines ranging from an appreciable fraction 
to full power must be maintained to overcome drag although no lift is required. 
This holds for the downward as well as the upward leg of the maneuver. 

The characteristics of the trajectory described above reveal that it is a 
parabola with vertical axis. Strictly speaking, the intended trajectory is one 
described by an unpropelled body in ideally frictionless space subjected to a 
centrally symmetric gravitational field. Generally, such a trajectory is a conic, 
one focal point of which always coincides with the center of attraction around 


which the body revolves. For sufficiently small velocities, such as are achievable 
by present day aircraft, the conic is a very elongated ellipse with one focal point 
at the center of the earth. The small section near the apex of the ellipse, emerging 
from the surface of the earth, can well be represented by a parabola. The condi- 
tion for good approximation is that the dimensions of the section are small 
compared to the radius of the earth, or alternately, that the part of earth surface 
arched over by the section can be considered as flat instead of spherical. 


It should be emphasized that the flight path is not necessarily parabolic or 
elliptic if a state of reduced rather than zero gravity is intended. In this case, 
the characteristics of the trajectory are determined by additional requirements 
concerning the direction of the resulting subgravity force with respect to the 
aircraft. If, for instance, the force is to be directed perpendicularly toward 
normally positioned seats regardless of the instantaneous orientation of the 
plane, a rather complicated functional form of the flight profile is obtained which 
resembles a parabola only superficially {4}. On the other hand, if the subgravity 
is to be directed vertically toward the surface of the earth irrespective of the 
orientation of the plane, the resulting trajectory is always parabolic. 

For the mathematical analysis of a parabolic flight pattern, an orthogonal 
coordinate system can be employed having a horizontal x-axis and a vertical 
y-axis. The angle of climb is determined by the direction of the aircraft at the 
beginning of the appressionless state, i.e., at the point 0 in Fig. 1. The interesting 
and important information to be obtained from an analysis of the flight parabola 
concerns the duration of the weightless state, and its dependency upon other 
flight parameters. 

In ballistics, the duration of the trajectory is defined as the time required for 
the projectile to again reach the level of its initial projection. In the flight pattern 
described in this paper, T is the duration of the weightless state. From Fig. 1 it 
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can be seen that the vertical location of any point of the parabola can be 
expressed by: 


g 
S42. 
2 , 


y = ugtsine — (4) 


where vy = the _ initial 
velocity of the aircraft, 
and ¢ = the initial angle 
of climb. In order to 
find the duration of the 
flight, we determine the 
value ¢ for which y again 
becomes 0: 


9 
T = — vpsine. (5) 
g 


Eq. (5) shows that T 
depends upon the value 
of g, the velocity v», and 
the angle of climb «, the 
latter two quantities mea- 
sured at the point 0. At 
a given vg the longest 

Fig. 1. Schematic of parabolic arc, duration is obtained when 
In the absence of gravity, a craft starting from point Oat ¢ — 90°, i.e., when the pro- 
an angle ¢ would follow the straight line v, ¢ sin ¢. Gravity 
causes the craft to fall. The vertical line segments between 
the straight line and the parabola represent the height 
of fall at the corresponding points of the trajectory. Also 








jectile is propelled straight 
up. However, the airplane 
cannot rotate about 180° 
shown are directions and relative magnitudes of the at zero speed on top of a 
velocity and its horizontal and vertical components. straight line ascent, nor 
The velocity reaches its minimum at the peak P of the can it maneuver §safelv 
parabola where the vertical component vanishes. The below or at its stalling 
magnitudes of the speed at begin and end of the par- speed. For reasons of good 
abolic arc are equal. The same holds for the angles « maneuverability we have 
to stay within the limita- 
tions of our flight pattern, i.e., the controlability on the one hand, and the 
maximum permissible velocity shortly before pull-out, on the other. The 
controlability speed is always somewhat higher than the stalling speed of the 
aircraft, and can be determined by flight tests. In a similar manner, the maximum 
permissible speed is not utilized in parabolic maneuvers but vy instead, which 
is the airspeed (IAS) available by the excess thrust for propelling the aircraft 
upward from the preceding pullout. If an object is hurled upward with a certain 
initial velocity vp it will, neglecting air friction, rise to its maximum height in 
the same time it takes to fall from that height to the ground. The same principle 
is true for the parabolic maneuver in which case, then, the speed at the end of 
the trajectory also equals vy. Hence, our problem boils down to finding the 
optimal value of ¢ with respect to the initial velocity vy and the minimum 
maneuvering or controlability speed vmin of the airplane. 
The optimal angle of climb can be found by considering the velocity diagram 
at point P in Fig. 1. Since the horizontal component of the velocity must be 
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constant through the entire maneuver, v, is of the same magnitude as Vin. 
we write: 
Uz = Umin = Up COS €, 
Umin 
cos € = —.- 

Up 
Eq. (7) shows that the optimal angle of climb depends upon the ratio of excess 
thrust and minimum controlability speed. 

Finally, we want to know what relationship exists between the duration of 
the weightless state and the peak altitude of the maneuver. The maximum 
height Ama: is defined as the greatest vertical distance reached by the aircraft as 
measured from the ground. In Fig. 1 the maximum height is that of the peak P 
of the parabola: 


(3) 


Another simple representation results if the peak of the parabola is chosen 
as origin of the coordinate system. In this system, the altitude at any time is 


From the total velocity 


the duration of one leg of the parabola is found 


ms 


x 


Te, ee 
“9 


where 


voy = Vu? — v2 (13) 


is the vertical component of the velocity at the endpoints of the parabola. In 
terms of maximal and minimal altitudes, this vertical component and the total 
duration can be represented by 


Voy = \2g (Amax = min) (14) 


T= / iis (Amax atk Nimin)- (15) 


Finally, the optimal angle of climb is again given by formula (7) of the last 
section. 

The flight path characteristics for producing weightlessness of maximum 
duration using three different types of airplanes available today in the United 
States are shown in Table I. The data concerning minimum controlability speed, 
entry and pull-out speed, and operational altitude, which served for the computa- 
tion of the optimal angle of climb, peak altitude, and duration of the weightless 
state, were obtained through parabolic flights involving states of decreased or 
entirely abolished appression. Table I shows that longer periods of weight- 
lessness can be produced when higher performance aircraft are employed. 

2° 
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Table I. Characteristics of optimal flight parabola for three different aircraft 





| Maximum | Angle | Duration 
control- Starting | height | of of virtual 
altitude | over | climb weight- 


ability 

) | | 

speed | - | | ground | € lessness 
| | | 


Minimum . 
Entry 


Aircraft speed 





180 knots 320 knots 18,000 feet 20,600 feet | 65° | 28 seconds 
195 knots 425 knots | 18,000 feet | 24,400 feet | 634° | 40 seconds 
200 knots 800 knots | 40,000 feet | 66,800 feet | 754° | 82 seconds 


In Fig. 2, 3, and 4, the total duration 7 of the maneuver, the height Aya: — Amin 
of the parabolic arc, and the optimal angle of climb é., are given in the range 
of maximal speeds between 
400 and 2000 knots for three 
values of the minimal speed. 

Prominent test and_ re- 
search pilots such as Major 
(CHUCK) YEAGER, Major 
ARTHUR MuRRAY, SCOTT 
CROSSFIELD, BILL BRIDGE- 
MAN, Capt. IVEN KINCHELOE, 
just to mention a few, have 
on several occasions expe- 
rienced weightlessness; but 
very little has been published 
concerning the practical 
realization of this _ state. 
However, there is a need for 

S=150 KNOTS the dissemination of informa- 

— 200 KNOTS | tion already available, be- 

“—— 250 KNOTS cause more and more re- 

ae ‘Cees etme search organizations become 

| involved in the problem of 

fact-finding. Now, after we 

¥ 00 600 800 1000 1200 1500 2000 ++~+%;have had the opportunity 
00K = KNOTS to try it out ourselves, and 
after having accomplished 
more than 200 _ parabolic 











Fig. 2. Duration T of parabolic maneuver in 
dependence on maximal and minimal speed. The 
duration is approximately proportional to the flights in .the T-33 and 
maximal speed the craft can achieve. The min- F-94 type aircraft encom- 
imal controllable speed has little influence unless passing a_ total of about 
it amounts to an appreciable fraction of the 2,000 individual parabolas, 
maximal speed we feel encouraged to present 
our practical experiences to 
the interested organizations and individuals. The presentation will also show 
how the practical results agree with the figures given in Table I. 
Since jet fighters are in great demand by many research units of the U.S. Air 
Force, preliminary investigation was not begun until 1955 when the School 
of Aviation Medicine, USAF, had assigned a Lockheed T-33A type jet aircraft 
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powered by a _ J-33A-35 oa 


engine developing 4,600 
lb. thrust. Inasmuch as 
we had no information to 
work with it was agreed 150,000 
that the exact flight pat- 
terns and working altitudes 
would have to be deter- 
mined by a “hit and miss’”’ 
method. Numerous flights 
were made using different 
altitudes, entry airspeeds, 
angles of attack, and 
power settings. From the 
data gathered, the most 
acceptable flight pattern 
was selected: Although 
attempts were made at 
altitudes that varied from ok 
10,000 to 30,000 feet, 400 600 800 1000 120 1500 


——— 


the best starting altitude Vmax 




















tipo sete ana Fig. 3. Height of the parabolic arc vs. maximal spee 
matte z , ; for a minimal speed of 200 knots. The height increases 
altitude was _ considered approximately with the square of the maximal speed. 
the optimum working al- For minimal speeds of 150 and 250 knots, the cur 


| 


titude because of usual _ is shifted up or down, respectively, by approximately 
lack of clouds and _ tur- 1000 feet 

bulance at this height, and 
because this altitude pro- 
vided the requirements of 
safety in the event of 
emergency. At this altitude 
the parabola can be flown 
utilizing the maximum 
performance of this partic- 
ular aircraft with the max- 
imum amount of safety; 
1.e., we could at this level 
effect corrective action in 
case of engine trouble that 
would enable us either to 
return to the base or eject 
successfully. 

At 20,000 feet, a sharp 
dive was started at 96 per- 
cent engine r.p.m. As the 
indicated air speed (iAS) 
built up to 350 knots, an Vmax 
altitude of 17,500 feet was ‘ig. 4. Optimal value of the initial angle of climb 
usually reached. Now, a dependence on maximal and minimal speed. 
sharp pull-out was begun The optimal angle steepens with increasing maximal 
resulting in a “‘positive”’ 3G speed and approaches 90° for very large speeds 
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condition, and the aircraft was put into an angle of climb of about 60 degrees 
from the horizontal at full throttle. As the IAS dropped off to 300 knots, forward 
pressure was applied to the control stick and thus the push-over initiated. At 
this point of the maneuver, a slight and momentary yawing of the aircraft 
occurred but was easily controlled by aileron movements. Slight changes in 
forward pressure were also required to control the attitude of the plane and to 
maintain the zero-gravity state. 

Air speed at the top of the parabola was about 180 knots, and altitude ranged 
from 20,000 to 20,500 feet. As the apex was reached, forward stick pressure was 
continued until the plane was diving at an IAS of 350 knots. When the angle 
of dive was approximately 75 degrees, a pull-out was started early enough to 
prevent the aircraft from passing its MACH limit and avoiding an excessive radial 
acceleration during recovery. Usually at this point, the maneuver was repeated 
again using the pull-out speed for the upswing into the next parabola (see Fig. 5). 


21,000' 


36S 
(17,000) 
28 SECONDS 
(IN TIME) 
Fig. 5. T-33 ‘‘zero-g’’ flight pattern: The maneuver starts at an altitude of about 18,000 feet, 
reaches almost 21,000 feet at the top of the parabola, and yields about 28 seconds of virtual 
weightlessness 


Theoretically, the IAS is not an important factor for producing the weightless 
state; in actual flying, however, it is of utmost importance. Yaw and roll 
movements of the T-33 during parabolas produced undesirable accelerations in 
all three axes owing to the sensitive aileron boost at low air speeds and rolling 
motions exaggerated by tip fuel. This was not the case in the F-94C which was 
used in later experiments. 

The standard g-meter installed in all U. S. Air Force fighter aircraft was 
employed as a primary reference. Furthermore, the weightless state was indicated 
by the release of some small object, usually a cigarette lighter, a glove or in several 
instances a flashlight in the cockpit. When the object was stationary or floated 
in space before the subject’s eyes, there was little doubt that zero-gravity was 
present. The parabolic arcs obtained in this fashion varied from 25 to 28 seconds, 
but the actual state of zero-gravity lasted for a few seconds only; while during 
the other part, the gravitational force was drastically reduced. For this reason, 
we call the entire condition the state of virtual weightlessness. 

These T-33 flights were not without incident, however. During the sub- 
gravity state at altitude, fuel in the main tank had a tendency to vaporize, 
resulting in an overflow from the tank out through the vent drain line. This 
vaporization prevented the fuel pump from supplying enough fuel to the engine 
to maintain the required engine r.p.m. Fuel pressure was constantly observed 
during the run, and as soon as a reduction occurred, the parabola was discontinued 
and application of ‘‘positive’’ g’s usually brought engine operation back to normal. 
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The few power reductions that occurred during zero-gravity were corrected 
immediately by reducing throttle and applying ‘‘positive” g-forces. Complete loss 
of oil pressure also took place but was of little concern because of the known 
ability of this engine to run long periods with no lubrication whatsoever. The 
aircraft’s hydraulic system was unaffected. 

As the experiments progressed it was felt that extended parabolas were 
necessary in order that future research concerning man’s reaction to zero-gravity 
could be successfully continued. Since the T-33’s capabilities had been exploited 
to their limits, and since the power loss that had repeatedly occurred during 
flight was certainly not consistent with safe aircraft operation, a request was 
forwarded to Headquarters, United States Air Force, for assignment of a two- 
place jet fighter capable of high thrust and high Macu performance with a 
pressurized fuel system to be used in the study of weightlessness. In May 1956, 
an F-94C Starfire was assigned for this purpose. 


23,000° 


15 6° 
(17,000) 


42 SECONDS 
(IN TIME) 


Fig. 6. F-94C ‘‘zero-g’”’ flight pattern: The maneuver starts at an altitude of about 
18,000 feet, reaches about 23,000 feet at the top of the parabola, and yields about 40 seconds 
of virtual weightlessness 


Once again various patterns were attempted using different entry air speeds 
and altitudes. For the same reasons as given above, the most satisfying altitude 
was about 20,000 feet. A dive was entered, engine r.p.m. at 100 percent, and as 
the IAS reached 425 knots a climb of 65 degrees to 70 degrees from the horizontal 
was executed. With airspeed dropping off, forward stick pressure produced a 
stable and lengthy parabola yielding almost 40 seconds of practical weightlessness. 
Since the F-94C has a pressurized fuel system, the treacherous power loss was 
absent and the 6 degree dihedral present in the Starfire’s short but able wings 
produced a parabola free of rock and roll that had previously presented severe 
control problems. The F-94C’s variable elevator boost made small aft and forward 
control changes both easy and instantaneous, allowing small corrections to be 
made without varying the G-conditions appreciably. The high Macu rating 
eliminated the necessity of a too early dive recovery. In short, this ship now 
performed with both a high degree of efficiency and safety so necessary in our 
experimental flights (see Fig. 6). 

The afterburner of the Starfire was also used to produce the longest period 
of weightlessness ever recorded, namely, 43 seconds. In this maneuver at 
20,000 feet with elevator boost ratio at 11:1, engine, r.p.m. was increased 
to 100 percent and the afterburner actuated. IAS was increased to 430 knots, 
and the aircraft eased up into a climb of 75 degrees from the horizontal. The 
afterburner was used until this angle was reached in order to obtain an IAS of 
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somewhat over 400 knots. At that time the afterburner was cut off and the 
parabola begun. Because of the high rate of fuel consumption, the afterburner 
was not used thereafter unless an extended period of weightlessness was required. 

Since we still lack an accurate instrument for indicating and recording sub- 
and zero-gravity, and the conventional g-meter registers accelerations in the 
vertical only, an auxiliary indicator of g-forces in the three axes was introduced. 
A golf ball, painted black and white for better visual reference, was fastened 
to the end of a fourteen inch long nylon cord. This contraption was hung in the 
center top of the windshield inside the pilot’s portion of the cockpit. Entry into 
the zero-state was determined by the conventional device. Then, as weight- 
lessness was achieved, the pilot tapped the ball slightly from below, lifting it 
just enough to allow it to float. This primitive but revealing device portrayed 
any acceleration in the three space axes by moving in the opposite direction 
because of its inertia. Through practice, these movements could be kept at a 
minimum, and corrections were made by the pilot by simply “flying the ball” 
so-to-speak. Moreover, a zero-accelerograph has been installed in the F-94C 
registering the vertically and longitudinally acting accelerations within the 
range of + 0.5g during the weightless phase. 

Both parabola patterns, described with the T-33 and the F-94C, had their 
advantages and their shortcomings. The first one with the sharp dive produces 
longer states of weightlessness after preceding states of markedly increased 
acceleration. The second one with the shallow dive before being practically 
weightless, yields a shorter zero-state, but the preceding acceleration of 1.25 vy 
generally remains unnoticed because of the slow rate of change. Hence, the 
second maneuver seems to be appropriate for determining the effects of 


weightlessness on the body without preceding increase of weight, which also 
affects the human organism. The pilot has flown all zero-gravity research flights 
at the School of Aviation Medicine, USAF, and — assuming an accumulated 
weightlessness of about 3 minutes during each flight — has been weightless for 
almost eleven hours with no apparent untoward effects. However, this figure 
does not mean too much because of the short periods of exposure during each 
individual parabola. 
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Abstract — Zusammenfassung Résumé 


Selenoid Satellites. Discussion of the LAGRANGEian solution of the restricted 
three-body-problem of constant configuration. The five possible positions are the 
inferior and superior conjunction, the opposition and two “‘trojan’’ positions or 
sextiles. These positions are computed for a symperiodic Moon companion of the 
Earth and an Earth companion of the Sun. 


Selenoid-Satelliten. Es wird die LAGRANGEsche Loésung des vereinfachten Drei- 
kérperproblems konstanter Konfiguration behandelt. Die fiinf mdglichen Positionen 
sind die untere und obere Konjunktion, die Opposition und zwei ,,Trojaner‘‘- 


Stellungen oder Sextile. Diese Positionen werden fiir einen symperiodischen Be- 
gleiter des Erdmondes und einen zu Sonne und Erde ,,trojanischen‘’ Erdbegleiter 
berechnet. 


Satellites sélénoides. Discussion de la solution lagrangienne du probleme simplifié 
des trois corps dans le cas particulier d’une configuration constante. Les cinq posi- 
tions possibles sont la conjonction supérieure et inférieure, l’opposition et deux 
positions “‘trojanes’”’ ou sextiles. Ces positions sont calculées pour un compagnon 
lunaire de la terre et un compagnon terrestre du soleil. 


With the advent of artificial satellites traveling around the Earth, and in 
view of the interest evoked by several serious papers on artificial satellites circling 
the Moon which have been presented before previous International Astronautical 
Congresses and published in astronautical magazines, the question may well be 
of interest: Under what conditions should it be possible to establish an artificial 
‘““SELENOID” or Moon Companion on such an orbit that it remains in a constant 
configuration relationship with Earth and Moon? Such a space station would have 
interesting properties which could become useful in any lunar satellite system 
telecommunication network, and, conceivably, in a project of checking the Moon 
and Earth mass ratio. 

The kinematics of such Selenoid orbits belong, of course, in the so-called 
Three-Body-Problem which is notorious for the difficulties with which the 
treatment of the general case is fraught. However, the present specific problem 


1 Presented at the VIIIth International Astronautical Congress at Barcelona, 
Spain, October 6—12, 1957. 

2 Missiles Engineering Department, Santa Monica Division, Douglas Aircraft 
Comp., Inc., Santa Monica, Calif., USA. 
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is a special case, which has been shown by the eminent mathematician, 
J. L. LAGRANGE, as early as 1772, to be soluble in closed form, in a celebrated 
treatise [1] which was awarded a prize by the then Royal French Academy of 
Sciences in Paris. 

In that paper — with a great deal of mathematical exercise and without the 
benefit of a single illustrating figure — he proved that three celestial bodies can 
travel in constant constellation with respect to each other around their common 
barycenter if they are situated either on a straight line or at the corners of an 
equilateral triangle lying in the plane of their mutual revolution. If the Moon 
were traveling in a circle around the Earth-Moon barycenter, then such a 
Selenoid would also have to travel in a coplanar circle around it, and the three 
distances, Earth-Moon-Selenoid, would stay constant. However, with the Moon 
traveling, as it does, in an elliptical orbit, the Selenoid companion would travel 
in a coplanar ellipse of the same numerical eccentricity and so that the ratios 
of the distance between the three bodies remain constant; in other words, so 
that the configuration formed by them remains similar. 

These conclusions were derived by LAGRANGE with great rigor and considerable 
apparatus of algebra. The solutions have also been derived by LAPLACE, 
CARATHEODORY, and BRENDEL; the latter’s proof is contained in Chapter X 
of a textbook for students of Celestial Mechanics, by Professor H. HAPPEL, 
Breslau [2]. What prompted us to take another look at the problem was a 
desire to present the fundamentals of it in concise form and to discuss its 
implications for any practical establishment of a Selenoid Satellite. 

We contented ourselves with simplifying the general problem by several 
theoretical assumptions: 1. The satellite is assumed to be a true “‘planetoid”’, 
that is to say, it is so small and light that it does not perceptibly influence or 
distort the gravity field in which it moves; also the satellite has no propulsion 
— it travels on a ballistic trajectory. 2. The Sun, though large and massive, is 
assumed too far away to influence the satellite movement perceptibly as compared 
to the influence of Earth and Moon. 3. Other astral bodies, such as neighboring 
planets, even Jupiter, are also considered as of negligible influence. 4. No tidal 
force nor any other energy-dissipating forces are deemed to be of sufficient 
influence to warrant taking them into account. 5. Only gravitational and inertial 
forces are taken into account, none due to electricity, magnetism, radiation, or 
cosmic dust. 6. We also confined our observations to the hypothetical case of a 
circular rather than elliptic Moon orbit. 

It is at once clear that constant configurations can only exist in a plane 
coplanar with the Moon’s orbit around the Earth. Even a small departure from 
the lunar revolution plane would evoke a restoring component of the lunar and 
terrestrial attraction of the Selenoid which would tend to bring it back to the 
lunar revolution plane. So long as the departure is very small it will merely 
cause the plane of the new orbit to appear tilted against the lunar orbit. Any 
large initial departure is likely to lead to an aperiodic motion and eventual loss 
of constellation. 

The conditions of constancy of constellation in the plane of revolution are, 
obviously, that the forces of gravitational attraction by Moon and Earth must 
exactly balance the inertial force in an orbit in step with the Moon. For circular 
orbits traveled at constant velocity, the only inertial force present is the centrifugal 
force directed away from the barycenter B of the system. The equilibrium 
condition is therefore most logically expressed in two components, one circum- 
ferential, the other radial. The geometry of the general situation is illustrated 
by Fig. 1, in which the Moon-Earth distance is assigned the value of unity so 
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that all other distances are expressed in non-dimensional terms of fractions or 
multiples of it, viz.: 


Opposition, S,----------* 


Fig. 1. Geometry 


relative distance from barycenter to Earth center. 
relative distance from barycenter to Moon center. 
relative distance from barycenter to Selenoid. 
relative distance from Earth center to Selenoid. 
» relative distance from Moon Center to Selenoid 
while the angles occurring in the two triangles are: 
@ = the angle encompassed at the barycenter between Moon and Selenoid 
= the angle encompassed at Selenoid between Earth center and barycenter. 
= the angle encompassed at Selenoid between Moon center and barycenter. 
= the angle encompassed at Earth center between Moon and Selenoid. 

It will be noted that A+ ¢=1 and that the ratio of the two sections, 
viz., €/A, is the inverse of the mass ratio of Earth and Moon. (This is readily 
verified by considering that the centrifugal forces of the two bodies, which are 
balanced by their mutual attraction, must be equal; these centrifugal forces 
are proportional to their respective masses and their respective radii of revolu- 
tion, the angular velocity being common.) 

Considering first the circumferential equilibrium of forces (per unit mass) 
at the Selenoid Satellite, it can be expressed, in non-dimensional terms, by 
merely equating the sine components of the two NEwTonian attractions, cancelling 
all constants common to both sides, viz.: 

ies Fh (1) 
n? A ¢ 
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However, as can be gleaned from Fig. 1, 

sin y = (€ sing) /7 
and 

siny = (Asing)/¢ 
so that eq. (1) becomes 

esingd esing 

a ee 

which can be fulfilled by 7 = ¢. Hence one locus of points of circumferential 
equilibrium is the bisecant of the Earth-Moon distance, independently of the 
Earth-Moon mass ratio. Another such locus is the Earth-Moon axis itself, because 
for it siny = siny = 0 in eq. (1). These two straight lines are indicated dot- 
dashed in Fig. 2. 

Now the radial equilibrium of the forces (per unit mass) is expressed by 
equating the sum of the cosine components of the two attractions to the centrif- 
ugal force on the Selenoid, cancelling identical factors which express, on the 
left side of the equation, the mutual Earth-Moon attraction and, on the right 
side, the centrifugal force of either body; viz.: 


, COS ¥ cos yp 


A (2) 


> 1 9 
n? Meg 
As can also readily be gathered from Fig. 1: 

COS ¥ = (0? — ni? — €2) 12 Ov 

2 adap & 


cosy = (0? + C2 — A?) C 


and 
2—An?+el?— el. 
Inserting these in (2) yields 


1—y? (14+ Aj/e — C? -f2(1+e)/A— 7? 


78 


or the quintic between 7 and ¢: 


2 73 3 = n? == fa ; 4 Th § : C3 f 73 IS C3 — (). 


(3 b) 
The locus of all points compatible with this equation is a curve whose main 
branch departs but little from the lunar orbit path except where it bulges out 
to loop around the Moon, while another short loop swings inside from the Moon 
center, as shown on Fig. 2 }. 

The only places where the satellite could be in omnidirectional equilibrium, 
and hence capable of following the constellation constantly, are those where both 
eqs. (1) and (2) are fulfilled, i.e. where the curves cross the dot-dashed axes on 
Fig. 2. These are the five points marked S,, S,, S3, S,, and S;. Their astronomical 
constellation names, their coordinates as distances from Earth (7), Moon (¢) 
and barycenter (0) (all referred to unit Moon-Earth distance), and their bearing 
angle from the Earth against the Moon are listed in the following table: 


1 If the barycenter were not inside the Earth, then a third branch of the curve 
would exist; it would very closely follow the Thales circle constructed between the 
Earth center and the barycenter, as far as it lies outside of the Earth, because at 
these points the Earth’s attraction is normal to the radius vector and the Moon’s 
influence is comparatively weak. 
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Superior Conjunction 5 .1676 1.1555 0 

Inferior Conjunction 858 .1510 .8369 0 

Opposition : 1.993 1.005 80° 
S,orS,  Sextiie’ ; 1.000 .994 60° 


& 


| 


By 


Fig. 2. Loci of peripheral and radial component equilibrium 


The common quintic equation for the collinear points reads 


iy = (2 +e)n*y (1+ 26) yn? — (lien? +2(l—e)n=1l—e. (4) 


This follows from eq. (2) by letting { 7 = 1 and observing that e+ A= 1, 


alson —o = 1, and cosy =1, cosy= 1. That the sextile point is also 
a solution is readily verified by trying 7 = ¢ = 1 in eq. (3a) or (3b), with 
cos 6 = 1/2. 

In general, all five possible constant constellations are kinematically 
unstable, except that, as RouTH has shown, the sextile is stable when 
e/A < 1/25; small orbits around the libration points are then possible. In the 
conjunction constellations (the only ones where the Moon is close enough to exert 
a restoring influence which would be perceptible as a small periodic oscillation 
superimposed upon the Selenoid orbit motion), the frequency mw of such 
oscillation would bear a relationship to the lunar orbit frequency 2, viz., 
w/Q = Vain? + «/€% for perturbations normal to the orbital plane and slightly 
different for perturbations tangential to the orbit. The numerical values of 
those frequency ratios for the mass ratio of the real Moon would be: 

Normal to Tangential to 
Orbital Plane the Orbit 
Superior conjunction “yh 87 
Inferior conjunction 2.27 2.33 

Against radial perturbations the conjunction positions are unstable. In the opposi- 
tion case, the Moon’s influence is so weak that the effect of a perturbation cannot be 
interpreted as manifesting itself in an oscillation about the old orbit; it simply 
establishes a new one which is not in permanence of constellation. Any perturba- 
tion of the Selenoid in the orbital plane would entail a change in orbital period. 
Any perturbation out of the plane would cause an ecliptic inclination of the new 


1 Also called Trojan constellation after some planetoids named after Trojan 
heroes discovered to be in apparently permanent nearly equilateral triangle 
arrangement with respect to Sun and Jupiter. 
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orbit element against the old, which implies a continued oscillation at lunar 
frequency. 

If any real selenoid vehicle were to be placed in space, it would presumably 
first have to be brought into one of the five libration points and then given a 
reactive impulse to match its velocity vector to that required to stay in per- 
manence in this constellation. To be sure, the orbit of the Selenoid would have 
to be not circular but elliptical, geometrically similar to that of the real Moon. 
This ellipticity is not great so that the behavior would not differ very much from 
that described under the hypothetical simplifying assumptions. The real path 
and time table of the artificial Selenoid could readily be computed by reference 
to the Moon. From a practical viewpoint the constellation of inferior conjunction 
would probably be the most interesting, inasmuch as the Selenoid should be 
directly visible in front of the Moon and distinguishable either against the lighted 
or the dark part of it. 

Perhaps it is worth mentioning that in the sextile and, particularly, in the 
opposition constellations the equilibrium of the Selenoid is much less precarious 
in peripheral than in radial direction. In fact, anywhere in the arc of the locus 
of radial equilibrium between these positions the Moon’s influence is so weak 
that an error in bearing would create only a very slow departure from the initial 
constellation. For instance, in a position of quadrature, i.e., at 90° from the 
Moon, the peripheral pull component of the Moon would be only of the order of 
a millionth of a g. Hence it may be possible to counteract it for an appreciable 
period by the thrust of a very weak gas jet after the manner of a Satelloid. 


Appendix 


Symperiodic Earth Companions 

Some day it might also become of interest to navigate a space vehicle into 
a position where it can remain in a fixed constellation with respect to the Earth 
and Sun. Again there will be — aside from perturbations — five equilibrium 
positions. Three of these, the sextiles and the opposition, would be two and 
six months, respectively, ahead or behind the Earth in its annual orbit around 
the Sun, practically at the same distance from Sun as Earth. The other two 
are the superior and inferior conjunction which are both located very close to 1% 
of the Sun’s mean distance from the center of the Earth, approximately 
1.5 million km, assuming a mass ratio of Earth to Sun of 3.037 « 10-®. 

This mass ratio is so small that it becomes permissible in eq. (4) to anticipate 
that 7 = 1 + 6 is very close to 1, so that when the powers of 9 are developed, 
all terms higher than 6° or e 6? can be dropped for a first approximation. Hence 
eq. (4) reduces to 3 6? — e (1 + 6)? = 0 and within 2/3% accuracy: 6= ¥/¢/3. 

This approximation gives a good idea of the distances involved, viz., almost 
4 times that of the Moon from the Earth. For any practical navigation purposes 
the ellipticity of the Earth’s orbit would have to be taken into account and also 
the perturbations due to occasional passages of the Moon, and perhaps Venus 
and Jupiter. The perturbation caused by the Moon’s motion is of an amplitude 
of the order 1/140 of the Earth’s attraction; that of Venus in closest constellation 
comes to about 1/900, that of Jupiter to 1/570. 
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Abstract — Zusammenfassung — Résumé 


On Relativistic Rocket Mechanics. Most authors, treating rectilinear rocket flight 
in non gravitational space, consider the rocket plus exhausted masses as one mechanical 
system, and apply the relativistic law of conservation of momentum. In this article, 
only the rocket plus still included fuel is considered as the mechanical system and 
the differential equation of rectilinear motion, and also of curvilinear motion in non 
gravitational space, is directly derived from the basic equation of relativistic mechanics. 
Further the astronautical aspect of the relativistic time dilatation is discussed. The 
acceleration of the vehicle with respect to a general metric field is of paramount 
importance. In order to define this I field, the space time structure 
of the universe as a whole may play a fundamental part. 


Uber relativistische Raketenmechanik. Die meisten Autoren gehen bei der Be- 
handlung der geradlinigen relativistischen Raketenbewegung im schwerefreien Raum 
von dem relativistischen Impulssatz aus, und betrachten dabei die Rakete und die bereits 
ausgestoBene Masse als e1m mechanisches System. In dieser Arbeit wird nur die Rakete 
und die noch darin befindliche StoBmasse als das mechanische System betrachtet 
und die Bewegungsgleichung der geradlinigen und auch der allgemeinen Raketen- 
bewegung im schwerefreien Raum direkt aus der Grundgleichung der relativistischen 
Mechanik hergeleitet. 

Weiter wird der astronautische Aspekt der Zeitdilatation diskutiert. Die 
fundamentale Bedeutung der Beschleunigung des Fahrzeuges in Beziehung auf ein 
allgemeines metrisches Feld wird hervorgehoben. Zur naheren Bestimmung dieses 
allgemeinen metrischen Feldes wird der weltumfassende Raum-Zeit-Zusammen- 
hang herangezogen. 


Sur la Mécanique Relativiste des Fusées. r aj juer la | 

conservation de la quantité de mouvement, la plupart des auteurs congoivent 
l’ensemble de la fusée et des gaz expulsés comme /e systtme mécanique. Dans le 
présent article le systeme mécanique ne comporte plus que la masse de la fusée a 
l’instant considéré et l’équation du mouvement, méme non rectiligne, est dérivée 
directement de l’équation fondamentale de la mécanique relativiste. La dilatation 
relative du temps est alors discutée du point de vue de l’astronautique. L’accélération 
du véhicule par rapport a un champ métrique général joue un réle particuli¢rement 
important. La structure spatio-temporelle de l’univers est essentielle dans la défini- 
tion de ce champ. 


1 Presented at the VIIIth International Astronautical Congress at Barcelona, 
Spain, October 6—12, 1957. 
2 Lector K. M. A., St. Ignatiusstraat 99a, Breda, Holland. 





J. M. J. Kooy: 


In classic mechanics we have as fundamental equation: 
dv 
m 


K= ; 
at 


(1) 
In (1) K is the force by which the particle with mass m is acted upon, whereas ¥ 
denotes the speed of the particle and ¢ the time coordinate. Now it is very 


essential to observe that the force K does not formally follow from (1), but must 
be defined in each physical case. Without such an independent definition of 
force, it has no sense to speak about the mass m, for no method could be indicated 
in order to measure m. In relativistic mechanics we have as fundamental equation: 


— d M, V d [ v 
K — dt — = 0 arene ; —— My d ] a = ? (2) 
(Vi—vye "at \VT— ve 


in which m, is the rest mass of the particle, acted upon by the force K. Again 


we can observe that it is very essential that the force K does not follow formally 
from (2), but must again be defined in each physical case. For otherwise no 
method can be indicated to measure Mp. 

Following this natural line of thought, let us try to derive in direct way the 
differentia] equation of rectilinear motion of a rocket in non gravitational space, 
assuming constant fuel consumption and constant exhaust speed, controlled by 


the crew. In that case K//v, so that then the corresponding general eq. (2) 
reduces to: 
v v 


d 
K = =, {|= = M . 
° at 7 "3ta — *(\/1 — y2/c2)3 (3) 


In order to apply the general eq. (3) in the case of a rectilinear rocket motion, 
we can consider the rocket + still included fuel as the mechanical system coming 
into play. The rest mass of this system then varies with time, so that then in 
the general eq. (3) my represents the tnstantaneous rest mass. The force K by 
which the system is acted upon must now be defined in this special case, independ- 
ent on eq. (3). Therefore let us firstly imagine that the rocket is at rest on a 
proofstand, while the rocket motor 
TTT works (see Fig. 1). 
rocket vehicle Let the force by which the rocket 

vehicle is acted upon be directly meas- 
ured by the compression of a spring 
Fig. 1 (dynamometer), indicated by a point- 

er sliding along a scale. 

By definition, the force by which the rocket vehicle is acted upon 7s then this 
pointer reading. Now in this case of the rocket at rest on the proofstand, we 
may be quite sure of it that the force, as defined in this way, will be equal to the 
momentum generated per second by expansion of the gases in the nozzle. If ay 
be the exhaust speed, A m)* the rest mass of the expelled matter per second 
and c the speed of light, this momentum generated per second becomes: 











SCalE 


A mo* a 

V1 — a,2/c? 
If the corresponding pointer reading of the dynamometer be P, we may then 
write: 


= Mo Ag: 


P = [lg Gp. 
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Let us now indicate the time coordinate by ¢, and assume that at 4, = 0 the 
rest mass of the rocket vehicle + included fuel be My. The total quantity of 
‘energy expelled per second, energy of rest mass included, becomes: 

A m,* c? 
Vi— a,4e* 
and the rest mass of this total energy (= rest mass energy + kinetic energy) 
becomes: 
A m,* 
\/1 — a,2/c? 

Hence the rest mass of the rocket vehicle + still included fuel at any time f, 

becomes: 


<a Mo- 


My — Moto: 

Let us now, as next stage in our line of thought, consider our rocket vehicle in 
rectilinear flight in non gravitational space. Let us thereby assume — for sake 
of simplicity — that the mass of the rocket motor + content is still very small 
in comparison to the instantaneous mass of rocket vehicle + still included fuel. 
We can then again define as magnitude of the thrust the pointer reading of the 
dynamometer. (This pointer reading may be conveyed to the terrestrial observer 
by telemetering.) Then we have to substitute in (3) for AK the quantity: 


in which now A m,* and a, are the corresponding quantities as measured by the 
crew of the rocket vehicle, that is as to the system of reference at rest as to the 
rocket vehicle, and with a corresponding clock, at present in the rocket vehicle. 
The time coordinate, as measured by this astronautical clock, will now be 
indicated by ¢), whereas the terrestrial time will be denoted by ¢. Hence, applying 
the general eq. (3) we obtain in this way as differential equation of motion: 
(M, — Mo to) i ae = Ug Ap. (4) 
Eq. (4) is quite in accordance with the result of KRAUSE [1], who considered 
rocket + exhausted fuel as the mechanical system coming into play and applied 
accordingly the relativistic law of conservation of momentum. Further following 
KRAUSE, we can multiply (4) by dt, = |/1 — v2/c? dt, so that then: 
dv Mg A ty 
(1 — v7/c2) — My— Hot 
If the times ¢ = 0 and 4, = 0 coincide, and at ¢ = 0, v = 0, we obtain by integra- 
tion [1] the well known formula of ACKERET [2]: 
f + “ky = M, 5 
1 — v/c My, — Moly : 
by which the mass ratio can be computed required for obtaining a speed v. From 
(5) we find: 
1 — a 


1 + u/c 


(6) 


My — Hoh = Ma 


Substituting (6) in (4) we obtain: 
c/2a 
: dv|dt 
m| (= oF/caye ~ Mo“ 
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whence follows: 
AM Fe i gh c/2a, ; 
i, | 1 | Z _ & lai OE (7) 
Ho % J \l + v/C¢ (1 — v?/c?)3/2 
0 


In (7) the integral can always be evaluated numerically. By (7) we can compute 
the time required for obtaining the final speed v or any speed v during the 


powered rectilinear flight. 
If in this way v = v(t) is found numerically, the way passed through at time 


t becomes: 
(8) 


In case of a photon rocket no matter, but photons are expelled. If E be the 
energy expelled per second astronautical time, the mass of this energy is equal 
Ejc?, and the momentum E/c, so that then: P = E/c. 

In that case the differential equation of motion for rectilinear flight and 
constant thrust in non gravitational space becomes: 


E 
(M, at 
2 


Hence in this case eq. (5) becomes: 


i +uv ‘J ; a M, 
—vic]}  M,—(E|c?)t) 
and eq. (7) reduces to: 


cM, it - : 
E Jj \itvfe/ ( 


0 
Now the expression under the integral sign can be transformed to: 


(I + ve) (1 — vjc)8 (1 +0 
dv . 
| (1 + v/c)4 (1 — ofc)? 


Hence we may write for (11): 


| 1 — v/c 


v 


cM, [ dv Ly 
E J (l1—vfc) (1+ v/c)? ace 


0 
Now we can split up the integral in (12) in partial fractions, by writing 
I F B C 


(1 — v/c) (1 + o/c)? ae | 7 + vic a (1+ vc)? 
Hence: 

1=A (1+ v/c)?+ B(1 — o/c) (1 + v/c) + C (1 — o/c). 
Or: 

1=A (14 2v/c + v?/c* 2/c?) + C (1 — vJ/c). 


Thus: 
1=A+B+C+4+0/c(2A —C)+ v2/c? (A — B). 
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This relation must avail for all possible values of v, from which follows: 


A+B+C=1 
2A—C=0; thus A=1/4, B=1/4, C=1/2. 
kaa 
Hence by (12): 


so that: 


cM, {c l+u/c | _ 
E |4 In; ae i —— os (13) 


By means of (13) we can find for any v the corresponding value for ¢, so that 
also v = v(¢) can be determined numerically. The way passed through at any 
time ¢ then again follows from (8). 

Further by (10) and (13) we can find the rest mass of photon rocket and still 
included fuel at any terrestrial time ¢ during the powered flight. For by (13) 
we can find for any speed v the corresponding terrestrial time ¢, and then the 
corresponding value of M, — (E/c?) t, follows from (10). In case of the rocket 
expelling matter, we can find in similar way by (6) and (7) the rest mass of rocket 
vehicle + still included fuel at any time ¢ of the powered flight. 

Now by (5) we can already conclude that the exhaust speed must be at least 
of the order of magnitude of the speed of light, if we like to obtain a speed v 
comparable with c. Of course the most advantageous case is the photon rocket, 
but we have to bear in mind that we have today no idea how to obtain a 
concentrated photonbeam giving a thrust of some technical importance. As well 
known a large exhaust speed can be obtained by acceleration of charged particles 
(ions) in an electric field. If V be the electric potential passed through, e the 
charge and m, the restmass of each particle, the exhaust speed a, follows from: 


eV = myc | —1). 
| | — @,*/c* 


If m be the number of particles jettisoned per second, the corresponding jet 
power becomes 


—_— 2 , trhic * 
neV=nmy)c ( ): in which My = A m,*. 


Of course an equal number of particles of opposite charge must be expelled, 
in order to keep the vehicle neutral. 

It would be very advantageous if this acceleration of electric particles could 
be combined in some way by applying atomic energy obtained by fusion of 
nucleons, being the most powerful source known today. 

Let us imagine we have a gaseous mixture of 5H and 3H nucleons, through 
which an electric discharge occurs. Let us indicate the particle charge by e and 
the masses of the 3H and 3H nucleons by 2 m, and 3 my. If then v, be the speed 
of a 3H nucleon after having passed through a potential drop J’, we obtain: 


l 
eV =2 mc? (— —1 
Vi— 1 2ic2 


“1 7 
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whence follows: 


a ns oe . ; ry 3 
4m," c4 / e=V2+4eV mc? 


\,,~ =C i — omar og ———— oar / = = - = 
“1 | (eV +2m,c?)? Nees, Myc? + 4m,” 


eee 1 
and similar as to 3H: 


[V2 4+ 6eV mc? | 
er | eV2i6eV my, c2 + 9m, c4 ; 


Hence after having passed through a potential drop V, the relative speed of 
the accelerated 5H nucleon as to the accelerated 3H nucleon becomes: 


vv, —v. 

1 2 2 

Vrel = 2° (16) 
] — v, v,/c 


Substituting (14) and (15) in (16) we obtain: 
Urel = F(V). (17) 


By means of (17) we can determine the potential drop V pin in order to obtain 
the required fusion: 
3H + 3H = 3He — {He + jn. (18) 
From (16) it follows that v, tends to the speed of light if V increases, for if 
we write v,  c, we obtain by (16): 
’ c—v 
lim tq = ——_—_ =c¢ 
vc 1 ag Vp/C 
Of course only fusion occurs in case of an encounter. If the density of the 
mixture is small, such encounters will be rare and the fusion energy which will be 
gained will only be a small fraction of the energy required for maintaining the 
current. By increasing this density a value will be attained at which the gain 
of fusion energy will cancel the loss of energy required for current maintenance. 
On the other hand, the density of the mixture may only be increased to such an 
extent, that the fusion heat development remains below a certain value. In this 
way it seems possible to come to a controlled employ of fusion energy, which 
could be used for driving the turbo generators maintaining the current. The 


1 1 2 : 
»H and 3H nucleons and also the formed 4He particles can then be used as 


propulsion material. The quantity of expelled «He particles however must 
necessarily be small and their contribution to the jet can be disregarded. Thereby, 
as a consequence of the special theory of relativity, the scattering influence of 
the COULOMB repulsion tends to zero, if the exhaust speed tends to c. Also in the 
gaseous mixture, by the magnetic field of the convection current, the charged 
particles will be acted upon by a LORENTZ force, causing a tendency to keep 
these particles in stream direction, thereby protecting the walls of the vessel. 
On the other hand, the neutron radiation due to the disintegration 


2 2 0 
5He + 4He + jn 
will give rise to serious difficulties. For the walls a material must be used which 
can endure this neutron bombardment. 
Further, as already stated above, always an equivalent number of electrons 


must be emitted in order to keep the space ship neutral and maintain the thrust. 
The ejection of these electrons can further contribute to the thrust. 
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If A m,* be the total rest-mass of 5H and 3H nucleons expelled per second 
astronautical time, the total thrust due to these nucleons becomes: 
_ 2/5 Am *y, | 3/5A m* v, 
mon - - : 7 - 507: 

\/1 — v,7/c? | 1 — v,2/c 
in which v, and v, follow from (14) and (15). For simplicity let us neglect the 
contribution of the expelled electrons to the thrust, as well as their mass. If 
we then assume S {formula (19)] as constant, and write: 


Ss (19) 


2/5A my* . 3/5A mo* 
\ — v,7/c 
we obtain instead of (4): 
; dv/dt =. 
(My — Mo 4o) (I — 02/0282 == §. 


Hence again multiplying by dt, = dt / -—v2/c2 we obtain: 


Hence: 


This introduced in (21) gives: 
= ufc ‘iaaa dv|dt 
M,| ( : v2/c2)3/2 = 


1 + v/c 


v 


1 — a dv 
1 + v/c (l — v2/c2)3/2 7? 


t 


e 


0 


whence follows again v = v(t) and s = | v(t) dt. For the rest it may be observed 


0 


that in the discharge vessel also neutral hydrogen or another neutral 
medium could be brought, which is heated up by the fusion heat and exhausts 
through a nozzle. In this way however, assuming a temperature of about 3000° C 
in the discharge vessel, only exhaust speeds of the order of 10 km/sec. can be 
obtained. 
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Now let us generalize (4) by assuming that yw» and a, are not constant, but 
prescribed functions of ¢). We then obtain: 


7 . 
(1, = | Molto) a) (1 — v2/ c2)3? = Mo(to) 4o(¢o)- 
; 


Then again multiplying by dty = \j1 — v2/c2 dt we find: 


dv __—__ Hallo) Golfo) alo 
1 — vJc? ry 


, 


ty 
M, — f Mo(to) ato 


In (22) the right member g(f)) can be numerically evaluated for any value 
of tj), so that v = u(t)) becomes known. Then further: 


at | — = 
- = /1 — 1/c? [o(t) 2. 
so that: 


ys 24 
V1 — 1fc? (v(t)? wie 
By numerical integration of (24) we find t= 4(¢), so that then also 


v(to) = v(to(t)) = v(t) becomes known. Then further the way passed through 
at any time ¢ during the powered rectilinear flight again follows from: 


$= [+ at. 


oe 


0 


Let us now consider the more restricted case that ap(f9) = a4) = const, whereas 
A m,* = A m)*(ty) is variable and prescribed. In that special case (22) sim- 
plifies to: 
to 


Mo(to) dty 





Or writing 
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we obtain: 


so that: 


(25) 


to 


M, — Jf tolty) a 
0 


(25) is again the well known formula of ACKERET which avails for all cases of 
rectilinear flight in non gravitational space, as long as a, is kept constant. (For 
the rest, as soon as we think in terms of the speed of light, ordinary gravitational 
forces practically do not count.) The formulae above not essentially alter if we 
consider the more general case that different types of particles are simultaneously 
emitted with different exhaust speeds. 

As example let us consider a space ship emitting positive and negative 
particles (the normal case of ion propulsion). 

Let A m),* be the rest mass of the positive particles and A m,* the rest mass 
of the negative particles emitted per second astronautical time ¢, and let dp, 
and a), be the corresponding exhaust speeds as to the rocket system of reference. 
Let A m,*, and thus also A m,*, and further aj, and ao, be prescribed as func- 
tions of ¢). Then for rectilinear motion we obtain: 


dv|dt Foy (0) Ag, (to) + Hos(to) 4oo(to) 
(1 — v2/c2)32 ty 
M,— f (Ho, (40) | Moo(to)) dt 
6 
in which 
A mg, * (to) A mo,* (to) 
: Hog = 


7 = ee ' = 
ji (49, (to) }? : [4o(fo) }° 





c2 c2 


Again by multiplying with yi — v2/c? dt = dt, and subsequent integration we 
obtain: 


v ty 


. d(v/c) Cc 1 + v/c ‘ad Lg, (¢o) Ay, (to) + HMoo(to) A q0(fo) 
. 3 = >in _ dt. 
1 = v2/c2 ys l — vic J ty ; 
My — J (Ho, (to) Te {go (to)) dt, 


0 


Vv 


The right member of (27) can be integrated numerically, so that v = 
be determined. Then further we obtain: 


=t +t, =1,(t), 





40 


so that: 


If ay, and a, are maintained at constant value, and for therest A my, * = A mo,* (to) 
and A m,* = A mp,*(t9) be prescribed, we may write (27): 


t ‘, 


1 + v/c [ Ho, (to) do _~ dty 
In — =A) —___— + Ay, ia 
1 — v/c . M (ty) M (to) 


Now let us write: 


We then obtain: 


to 

- * 

Cc 1+ vic 0 

2 — 01 a ] 02 
0 


Let us further write: 
dg, = ky ,, 
Then: 


i 1 + v/c 
2 Il—vfe 
Now: 
— dM (ty) = [Mo (to) + Moo(to) ] 49 = 
= [B, A mo,*(to) + By A mog* (to) ] dig = (By + Bg Rg) A mMo,* (to) do, 


that we may write: 


ty 
[ (By + Ry By) A mo, * (to) ato 
M (ty) 


Hence if we write: 
By + Fy he Be _ 
By + he By 
we get: 


Hence: 
M, 


2 a dy, "M(h) | 

(28) is then again the formula of ACKERET for this special case. Let us now 
proceed to the general case of relativistic curvilinear motion of the same 
rocketship, emitting positive and negative particles, moving in non gravitational 


c 1 + vic 
In ———_ = ] 
1 —v/c 


(28) 
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space. In this case the directions of speed and thrust will be different. The rest 
masses of the positive and negative particles jettisoned per second astronautical 
time and the corresponding exhaust speeds are again indicated as above. Further 
the magnitude of the thrust (= the force by which rocket vehicle + still included 
fuel is acted upon) is again equal to the dynamometer pointer reading as imagined 
before, and therefore becomes 
Ho; %1 + Moe %e compare eq. (26). 

The direction of this thrust now depends on the instantaneous position of the 
axis of the rocket, and will be different for terrestrial observer and occupant of 
the vehicle, on account of the LORENTZ contraction of the space of the latter. 
Therefore in order to avoid mathematical complications, let us prescribe 4 mg,* 
and A m),*, being the rest masses of the positive and negative particles jettisoned 
per second astronautical time as well as the magnitudes ay, and dy, of the 
corresponding astronautical exhaust speeds, as functions of ¢, whereas the 
common direction (thrust direction) of the vector quantities a), and ag,, coinciding 
with the instantaneous axial direction of the rocket, at any astronautical time 4p, 
be prescribed with respect to the terrestrial system of reference. (The numerical 
values of the vector quantities @), and @), are dy, and 4p,.) 

Hence in accordance with the fundamental eq. (2) we then obtain as differen- 
tial equations of motion: 


to 


ro ad 
Mo =e | (Mo, (fo) 4 - Mog to) | a} a 


(29) 


Then in (29) the force on the right of the vector equation, as prescribed func- 
tion of astronautical time ¢), refers to the terrestrial system of reference xyz, 
as to magnitude and direction. (This terrestrial system of reference may be 
chosen with the earth center as origin, and does not rotate with respect to the 
celestial sky.) (29) is a system of 4 simultaneous differential equations of first 
order, with ¢ as independent variable, and v,, vy, v, and fj as dependent variables. 
(The vector equation stands for 3 component equations corresponding with 
x, y and z direction.) Starting from the initial state: 


— Oty = => 75 ==) ()) Vy = v, = 0, 
this system can be solved numerically, whether by the method of RuNGE-Kutta, 
or by the method of successive approximations. Let us write: 
Lo, (to) 40, , (49) + Mog (to) A199 (to) 


to 


M, - [ Ho, (49) + Mop (to) | dt, 


7 Px(lo 





and similar p,(¢)) and #,(to) 
Carrying out the differentiations 
d Vx 
dt Ji — (v2 + vy? re =a diea 
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we then obtain the following set of equations: 


1 — (vy? + v,?)/c? dv, , Vz Vy/c? dv, ‘ 
- _ (1 i - (v," + Vy? aa v,”)/c?) 8? at 
Vz U;/c? dv, 
ae: | 7 2p R/c2\s2 gp Px(t) 
(1 — (v,? + v,? + 9,*)/c?)?? de 


dv, 1 — (v,? + v,?)/c? dv, 
is ) ' 


(1 ise (v 24 ye + v,2)/c2)92 dt 


1 — (v,? + 0,7 + v,*)/c2)9? dt 


Vy U;/c? dv, 


(1 — (ve? + v,? + v,)/c2)3? dt Py (to) 


. 


7) ’ 2 ) 
dv, , Uz Vy/C dvy 


2 uP de + (T—w2+ 0,2 +0) dt’ 


1 — (v,? + v,?)/c? dv, _ () 
(1 — ("+ v,? + v,”) /c?) 3” dt Palo 


dty_y/\_ 
dt | 





The first three eqs. (31) are linear in the differential quotients dv,/dt, dv,/dt 


and dv,/dt, so that we can solve these quantities from these equations. 
can write (31): 


7 = F, (4g, Uy, Vy, U;). 





Then we 


Starting from the initial state = 0 +4 = 0,v, = 0, v, = 0, v, = 0, let us 
integrate (32) by the method of RuNGE-KutTta. We then obtain the scheme: 


t—+h, tp +k, vz +l, vy +1, vy >. 


1 = i 1 
seal te AE tous t GM 


1 ] 1 
q=Zitse +3 4s + | 4% 


L, = Fe (to, Vz, Vy, Us) 


A k 
Ji h=Fi(y+%, 
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hy = Fy (x + Lg, Vy + Mg, Vz + Gg) A Ly = Fg (ty + hg, vz + Jy, 


Vy + Ng, Vz . q3) h 





and similar and q. 


The computation according to the scheme (33) must be carried out in the 
sequence ky 1, 1, G, Rg ly Me Yo Rs 13 M3 Yq Ry ly M494, and is suitable for a digital 
electronic computer. Repeating the procedure with half the number of steps, 
the difference in result is about 15 x the order of magnitude of the remaining 
inaccuracy of the result of the first computation. 

By this step by step integration, we then find: 


v4 v,(t), y vy(t), Uz v,(t). (34) 


Then further the coordinates of the rocket vehicle at any terrestrial time ¢ 
become: 


t t t 


. 


i= [ 0 dt + Xp, yo | v,(t) dt + Vo, z= | v,(t) dt + 2p. (35) 


« 


0 0 0 
The integrals in (35) must again be computed numerically. In connection with 
the first eq. (34) we can then further determine: 
V, = Us(ty), Vy i UV, = 0, (é9) a 
% = X(t), y= 4 2 = 2(t,). (36) 


After having carried out the computation, we can arrange the program of 
navigation for the crew, in terms of astronautical time fy. The required consecutive 
directions of navigation (directions of rocket axis) can be indicated by remote 
celestial objects (spiral nebulae). 

We can also proceed in different way by prescribing the orbit in space and 
time, and determine the required program of navigation. In that case the 
functions 


x = x(2), y = y(?), z= 2(f) 
are given, so that the functions: 
vs = v,(C) 
are known. 
We have again to start from the system (29). Let us write: 
d ( v Hoy (Co) Go, (6 ) + Hog (to) oo (to) 
1 


/ M,— p) [ Ho, (fo) + fog (to) ] dty 
0 
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If v = v(t) (hence (38)) is prescribed, the left member of the first eq. (29’) 
as vector function of ¢ is known. Let us indicate this left member by #(é). Further 
by the last eq. (29’) we obtain: 


12 
2 ~— at. 

The integral must be computed numerically. In this way we find ¢ = ¢(¢). 
Then v = V(t) = U(t(to)) = V(t), so that also p = H(ty) as function of f, becomes 
known. 

Then the first eq. (29) is equivalent with the three component equations: 


Ho, (to) oy (to) + Moo (to) doy to) 
Px(to) —— SS ae | 
My — f[ (Hoy (to) + Hos(to)) Ho f (39) 
0 
and similar for y and z. | 


We may now write the first eq. (39): 
to 


[Hoy (fo) + Mog (to) | aly. 


0 


Ho, (fo) ao, (¢)) + Hoo(to) Ag, (to) 
: 1, aS x x 

P x(t) 
d_ [Hox (40) do, (to) + Mog (to) Moo (to) 


Zs Pr(ty) 
and similar for y and z. 


| = Mg, (40) + Ug, (to) | (40) 


Now let us assume 4 m,,* and A m,,* constant with time, and let us write 


hte he eo. a ee, ~ 7 : ae 

again: dy, = ky a,, A mg,* = k, A my,*. We then obtain: 

ao, ky ao, 

A m,,* 
. \1 2 2 2 

— (Zo, | — 41. — 


/ * / * 

A Mo, | kA My, 

ss 2 21 Wr WG | wey 7 Fa rere Fe 2) / 2 
| . (40, aay 49, <s 4, | )/e | 1 hy (49. + "1, cs 4, | )/e 


Hence carrying out a stage further, the system (40) becomes: 


( P+ ay? + a,?) / c2 
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d 401 | 
a a3 2) /c2 
dty \1 —k, (4, * + Ao * + Moy ) |e? 
[Px(to) a 


* 
A My, 


ae + 
+k, k,A Mo, 


/ 
\/1 — (ao, 7+ Gq, ” 
1, | 01, 
: kA my, 


a apes 21 2 
1 ky (ao, Ao) 





and similar for y and 
In (41), 


’ Ap x(ty) dp ,(t) 
x t x 
Px (to) dty dt dty 


in which again ¢ = ¢(¢)) must be substituted, and similar py’ (fj) and #.'(f). The 
quantities p,’ (2) » Py'(d) and p,’ (t) are obtained by differentiation of the left members 
of (31), whereas Vz, Vy, Vz and v,, v,, and ¥,, appearing in the expressions, are 
again known functions following from (38). Further carrying out the differentia- 
tion in (41), we obtain a system of 3 simultaneous differential equations, which 
are linear in day, /dty, day, [dty and day, /dty, so that the equations can be solved 


px'(t)- 


with respect to these three differential quotients. We then obtain the system 


day, 
at, 
dag, ‘ 


dty 


d ag, 
2 


Fy (40, > Ao, » 49, > to) 


= Fy (ap, 2 41> 1 ty) 





Fs (ao, » 40, » Ag, . tae 


dty 


Let us again assume that at ¢ = 0, f) = 0, 2, 0, v, a 0. Then at 
the time of start 4; = 0 (coinciding with ¢ = 0), we obtain: 


> 


+ (Vz)s, =0 


» hb * 
Ry ky A mg,* (49,)t, 


eer 2 
| L — (a ,)2, = 0/¢* om tees. i * (aq,)1 : 
from which (49,)4—0 can be solved numerically {because the functions (38) are 


prescribed, also the functions 7, = v,(t), vy = 7 ’y(l), ty = v,(é) are determined, 
so that also the quantities (v,);,-» = 9, (V5):,—0 , (v2)4,-0 = 9 are known}. 
We then further obtain: 


[(a,)t, =o)]z = (4o,)t, =0 


and similar 


[(49,)t, = 0 ly 
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[At ¢; = 0 (coinciding with ¢ = 0) the directions of a, with respect to the terres- 
trial system and rocket system of reference are identical. |} 
Now, starting from the initial state 
ty = O — [(d,)t=o0]x, [(4,)4= oly» [(40,)4 =o]: 
we can integrate the system (42) by the method of successive approximations, 
or by the method of RuNGE-KutTta. Again choosing the last one, we obtain the 
scheme: 


— I, ay, > 
: z 





a 
P 





ky = F, (a oe ks, a, + le, do, + Ny, to thyh 


and similar » and /. 

The computation must be carried out in the sequence fy J; n, ky ly Ng kg ls Ny 
k,l, m4. The accuracy can again be estimated as above. 

After having determined: 


40) | = A, to), 4), = do, (to), 401. — do, (fo) 


in this way, we obtain: 
A, = 4, (to(t)) = 4, (#) and similar dp, (¢) and 4p, (é).] 
x x x y Zz 


These quantities ay, , 4, , %, , determined as functions of ¢, refer to the 
x y Zz 


terrestrial system of reference. 
Further the coordinates of the spaceship with respect to the terrestrial system 
of reference, as functions of ¢) become: 
x(t) = x(t(tp)) = x(t) and similar y(¢)) and 2(é), 
so that by these results of computation a program of navigation can be indicated, 
using different remote celestial objects as consecutive directive points. The 
required numerical value ,, at any astronautical time 4), then becomes: 
a, = | (ao, (to) J” + (oq, (40) ]” - (dq,, (to) ]. 

After these pure theoretical considerations, let us turn to the question what 
the formulae have to tell us about the prospects of interstellar space flight in a 
remote future. Firstly let us consider the power required. Let us call the quantity 
of kinetic energy per second astronautical time, for maintaining the jet, J 
(jetpower) 
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J= Ams | 


1 
yi — ay”/c? 2 
The corresponding thrust then becomes: 
A mo* a 
yi ay2|c2 


Expanding in (43) (1 — a,?/c?)"?, we obtain: 


P= 


Hence if a, <c, (43) and (44) reduce to: 


J = 5 Am)* a,” and 


so that then: 
] 
J = 3 P Ay: (45) 


If we take as example a) = 10,000 km/sec = 10? m/sec, (ap/c)? = 1/900, so 
that we can use the last formula (45). If we further assume for P the very small 
value of 15 kg we then obtain: 

J =7.45 x 10% kg/sec = 106 metric H.P. 


Hence for ay = 10,000 km/sec, we require for any 15 kg thrust a million H.P. 
If our interstellar space ship has a weight of 150,000 kg, we should obtain an 
acceleration of 0.0001 g if g = acceleration due to gravity at the terrestrial 
surface. This acceleration may be sufficient for an interplanetary electric space 
ship, for an interstellar space ship that must reach a final speed comparable with c, 
it is uttermost inapplicable. By the very long acceleration period all profit of 
relativistic time dilatation would be excluded. Further with this exhaust speed, 
we obtain according to (5) a mass ratio of astronomical magnitude. The space 
ship would have to jettisone itself completely. On the other hand, if we increase 
the acceleration to g, the jet power becomes 10! metric H. P. Even if our propul- 
sion instalment would have a thermal efficiency of 99°94, the space ship would 
at once be destroyed by the waste heat. And meanwhile the required mass ratio 
still remains the same: If we increase the exhaust speed a», the energy situa- 
tion becomes still more severe. If we increase the initial mass of the space ship, 
maintaining the same acceleration and exhaust speed, the situation remains the 
same. We must confess that we are confronted with insurmountable difficulties. 


Only tf mankind succeeds in generating the enormous jet powers required prac- 
tically without any waste heat development, interstellar space flight with a speed 
comparable with c will have a chance. Further fusion of nucleons will be insufficient. 
A complete conversion of matter in jet energy, without intermediate heat stage, will 
be necessary. 

The solution of this formidable ‘problem is perhaps not for ever excluded, 
but in every case it seems to be far beyond our technical range for the first ages 
to come. 

And even if this problem will have been solved in a remote future, still 
enormous mass ratios will be required, as soon as we leave the stellar neigh- 
bourhood of the solar system. 
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In order to pass in free flight through a distance of about 100 lightyears — 
as measured by the terrestrial observer — in an astronautical time lapse of about 
10 years, we require a time dilatation: 


dt, % 
vo | 
| 


whence follows a travel speed 


= S l — ae my 0,99 C. 


100 
Hence with this speed a distance of 99 lightyears (as measured by the terres- 
trial observer) is passed through in an astronautical time lapse of 10 years. If 
a = c (photon rocket), the required mass ratio in order to obtain this speed 
becomes by (5): 
| 1 + 0.99 
¥ 1— 0.99 
If we like again to reduce this speed to zero at the end of the voyage, the 
required mass ratio becomes (| 200)? = 200. This simple consideration already 
shows that the nearest stars can then be reached within the range of a human life. 
Now let us contemplate which mass ratio will be required in order to pass 
through zm free flight, after a period of acceleration, a distance of 1.5 x 108 
lightyears (= distance of nearest galaxy) in about 15 years astronautical time. 
Then the required time dilatation becomes: 


15 
- = 10-5. 
1.5 x 106 


~ 200 x 14. 


Hence 


I 
J1 — 10-9 ~ 1 — = - 10-1, 


Cc ~- 


By (5) the required mass ratio then becomes, if ay) = c: 


ees oe 
[pe ee 10 


-~ 


1 , 
> 19~* 

If we should like not only to attain the travel speed v = c (1 — 3-10~!%), but 
also again to reduce this speed to zero in order to visit the remote object, a mass 
ratio of 4- 101° will be required: 

From these figures it already follows that whatever may be our technical 
achievements in the remote future, still intergalactic distances will be incon- 
vincible — at least if we like to pass through the way in one human life of today 
and base on the rocket as principle of locomotion. In fact SANGER comes to the 
same conclusion [3]. 

But why only to base our hope on the rocket principle? The mighty astron- 
autical barrier: gravitation, is in itself still a complete mystery. Why is gravita- 
tion always attractive? Is there any interdependence between gravitation and 
electrodynamic forces? Is perhaps “‘gravitation’’ some weak mean effect of an 
internuclear state of motion? If so, it seems in principle probable to attack 
gravitation directly on the atomic level, by influencing this internal state, 
perhaps converting gravitational attraction into gravitational repulsion, with 
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simultaneous neutralisation of all stresses due to inertia. Here we are scarcely 
at the very beginning of scientific research. But whatever may be the ultimate 
way according to which interstellar spaceflight will once be realized despite all 
obstructions (including the obstruction of interstellar matter), the application 
of the time dilatation will remain an essential independent feature. Therefore 
let us now turn to this point. , 

The time dilatation, as well as the LORENTz contraction, which are fundamen- 
tal features of the special theory of relativity, will be well known to the reader. 
The special theory of relativity is strongly confirmed by experiment, so that 
there can be no doubt about the real appearance of the time dilatation when the 
travel speed tends to the speed of light. However, by the reciprocity of these 
phenomena, as a consequence of the formulae describing the space and time 
interdependence, it seems at first view that the astronaute cannot have, at the 
return, any real advantage of the time dilatation as to the terrestrial inhabitant 
who was still staying at home. For by this reciprocity, from the astronaute’s 
point of view the physical processes on earth slow down in the same ratio. 
However, these reciprocal relations are only valid for observers in free flight, 
moving with respect to each other with constant speed. As soon as the space 
ship accelerates with respect to the terrestrial observer, this reciprocity is 
disturbed. At the end of this paper we return to this point. 

Further we have to bear in mind that the paradoxical reciprocity is only a 
consequence of our restricted outlook in terms of separated space and time. 
The physical world however is not a world of instantaneous objects, but a world 
of events. Events, which are simultaneous for one observer may have different 
time coordinates for another observer, so that the point events, constituting for 
one observer an object at a given time, will not constitute at all an object at a 
given time for another observer. 

Hence an “instantaneous object’’ has no absolute existence, it is a product 
of pure mindspinning corresponding with our conventional restricted outlook 
on the world in terms of separated space and time, a result of our preference of 
permanence in the structure of events. The events are the basic constituents of 
the physical world. This world is neither static nor dynamic, but only ¢s, in non 
temporal sense. Hence comparing the worldlines of the astronaute and the 
terrestrial inhabitant between the intersection points corresponding with the 
start and the return of the space ship, we have only to count the number of clock 
beats (point events) along each world line. (The clocks concerned are supposed 
to be physically quite similar.) We have then all reason to expect that the number 
of clock beats along the terrestrial world line will be the larger one, and that the 
gain of time for the astronaute will be practically in accordance with the result 
obtained by using the formulae of the special theory of relativity, the system 
of the terrestrial observer thereby considering as “‘the system at rest’’. Of course 
we now surpass the special theory of relativity, by adding — also independent 
on the general theory of relativity — the hypothesis that there must be a genera! 
metric field, defined by the total space time structure of the universe by which 
“the system at rest’’ can be defined in each special region. Is there any reason for 
such a supposition? In this connection it must be emphasized that in the special 
theory of relativity no explanation is given of the space and time interdepend- 
ences, as described by the formulae. Now in cosmical respect, there isan enormous 
difference between the state of the terrestrial inhabitant and the astronaute, 
travelling with a speed nearly to c. The last one has not only this enormous 
speed with respect to the earth, but also with respect to all other masses, at 
least, of the cosmical neighbourhood. This last fact may have a predominant 
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influence on the rate of all physical processes going on in the space ship and may 
ultimately be also responsible for the time dilatation and LORENTz contraction 
as described by the formulae of the special theory of relativity. 

According to the conceptions of MAcH and EINSTEIN, the mass of any particle 
can be conceived as a function of its interdependence upon all other masses 
throughout the universe. This conception is strongly emphasized by modern 
quantum statistics. 

However, we have already advanced above that the objective world of 
physics is not a world of material objects, but a world of events, not only extend- 
ing in space, but also in time. In connection with this insight the principle of 
MaAcH must not be applied to a spatial conception ‘“‘mass’’, but to the more 
general four-dimensional conception “‘action’”’ (energy x time). From this a 
kind of four-dimensional causality emerges, which can be expressed as follows 
in mathematical terms. 

The action density F(x, y,z,¢) at any point xyzt of space time, in which 
x, y and z are space coordinates and ¢ a cosmical time coordinate, must be a 
function of the distribution of action throughout all space time. In symbols, 
we then obtain: 

F(x, ¥,2,8) = | es, 9,28)t, 289 BLURS SEF) Ve dx’ dy'dz' dt’ (46) 
in which y represents the type of (unknown) interconnection, while the integral] 
must be extended throughout space time, which may be curved and closed. 
| g’ isa function of x’, y’, 2’ and ?’, depending on the metric structure of space time. 

For an intellect knowing the function y in specialized form, it is theoretically 
possible to solve this integral equation, by which all events throughout space 
time would be known. 

For the rest, eq. (46) can be conceived in such a way that the action density 
F(x, y,z,t) at any point xyzt of space time can be considered, to some extent, 
as the superposition of the action densities at all other points x’y’z’t’, any term 
of the summation being multiplied by a certain factor: 

y(x, y, 2, t, x’, y', 2, Ff) | g’ dx’ dy’ dz’ dt’ 
dependent on the nature of this interconnection. Hence, to some extent, we can 
say that at any point of space time, all other events throughout space time are 
represented. 

An integral equation of the type (46) has in general no solution, unless the 
function y is of special form. If we write more generally y = A~! y’, in which A 
is a parameter, we can find an approximate solution by putting: 

n 
F(x,y,28) = SS csi x y,z,t) (47) 
Ay Vise ee VELA STs 
$=] 
the y; being functions chosen in a suitable way, and the c; unknown constants. 
Substituting (47) in the integral eq. (46) we find, after arranging: 
n 


D> cildyilx.y.2t) — Elx,y,2,0)] = (48) 


¢=] 
in which: 


&, = f yp’ (x,y,2,t,x%',y',2 ft’) yi(x',y’,2’,t’) | g’ dx’ dy’ dz’ dt’. (49) 


The integral in (49) must be extended throughout space time. Determining 
the constants c; in such a way that (47) satisfies (46) at m points scattered 
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throughout space time, we obtain by (48) homogeneous equations in the ¢,, 
from which the unknown quantities c;/c; can be solved, after determination of 4 
from the equation: 
D=0, (50) 
D being the determinant of the system. 
For the rest, the method of least squares can also be applied. Writing (48) 
in abbreviated form: 


we then obtain for the c; the set of equations: 


n 


d : 
dc; fiz Cj n| Ve dx dy dzdt = 0, G=1,; 


$= 1 
in which Ve is a function of x,y,z, and ¢. 


Or: 


Md . 

Y / . 

Zz 4 | ning dx dy dz dt = 0, = 1,2...m, (51) 
i=l . 

the integral being extended throughout space time. A then follows from the 

equation: 


D’ = 0, (¢ 2) 


D’ being the determinant of the system (51). 

If the metric structure of space time is conceived as dependent on F(x,y,z,t), 
the integral eq. (46) becomes an equation of non linear type. Further it may be 
of some interest to observe that, if space time were flat and infinite, and the 
action density finite throughout space time, and if further the function y were 
only dependent on the interval, the convergence of this function would neces- 
sarily be stronger than the convergence of the reciprocal of the fourth power 
of the interval. 

Further the reversed problem, to determine the function y, if F(x,y,z,t) 
throughout space time would be known, is of interest. We can then assume as 
approximation of y: 


n 
+ 


= s Cri (%,¥,2,t,%' ,y’,2',b’) (53) 
i=1 
in which the y;’ are functions, chosen in a suitable way. 
Substituting (53) in (46), we find: 


n 
y’ 

F(x,¥,2,t) meena Ci a;(x,V,2,2), 
$=1 


in which: 


csteined) = f Fata yi! (%,4,2,t,%',y',2',t') Ve’ dx' dy’ dz’ dt’ 
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in which the integral must be extended throughout space time. Applying the 
method of least squares, the c; can be computed from the equations: 


. n = 
d : VW Pei 
0 = Zz, F(x,¥,2,t) — a Mit \edx, dy, dz, dt\, (56) 
Ve nn 
eo 


in which Ve again is a function of x,y,z, and ¢, the integral being extended 
throughout space time. Carrying out (56), we then obtain the system: 


[ Fosvetalonee | g dx dy dz dt = 
n 


Vv’ - 
ci | a;(x,¥,2,t) a(x, y,2,) | g dxdydzdt 


from which the c; can be solved. 

For the rest it may be observed that, if we confine our attention to the 
distribution of action on a cosmical scale, disregarding the fluctuations of smaller 
order of magnitude, it is very well possible that the corresponding function p 
obtains a less complicated form, suitable for mathematical treatment. 

From the foregoing it follows that no event exists on itself; an event is only 
real by its relations with all other events. Now we have to emphasize that the 
cosmical time coordinate ¢ in eq. (46) may not be identified with the time 
coordinate in the special theory of relativity. It will be obvious that the system 
of coordinates xyzt in (46), embracing the whole universe in space and time, 
must be chosen in such a way that thereby the “function of universal inter- 
dependence” y becomes as simple as possible. In order more nearly to determine 
this most suitable system xyzt, we must know something more of the space time 
structure of the universe as a whole. 

Now the conception “‘universe’’ implies in the very first place the feature of 
completeness, so that the geometrical representation of the universe ought to 
express this feature. Now the plain idea of a time endless in past and future 
and of space of infinite extent, that is the conception of a universe infinite in 
space and time, has essentially the characteristic of non completeness. For 
whatever extension it may be thought to have, it always has to surpass its own 
limits in order to embrace more without ever becoming all embracing. But just 
the conception ‘‘universe’’ is equivalent with “‘all embracing existence’. Hence 
if we really believe in the universe (= “‘all embracing existence’’), we have to 
accept that it is of finite extent. Or better said: we must try to represent it in 
geometrical terms by an image of finite extent, because only in doing so an 
infinite regression of ‘‘all embracing’’ existence is avoided. 

Further there must be with respect to any event, past and future, and with 
respect to any body, a surroundings of other bodies, so that the image may not 
be bounded, neither in time, nor in space. Hence space time must be not 
bounded and nevertheless finite, in the same way as a closed surface is not 
bounded in itself, although finite in extent. Another general point of interest is, 
that the physical properties of material systems vary if all dimensions are 
increased or decreased in the same ratio. Hence the geometry of space time has 
also to reflect this general feature, and must therefore be not invariant as to 
conformal transformation. 
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Going on, it seems a reasonable hypothesis that everywhere in the universe, 
throughout a region of sufficient large dimensions the general (over all) structure 
of interdependence of the events, that is the general structure of space time, is 
the same. In this way we come.to the idea of a hyperspherical space time model, 
in which space time is represented by a four dimensional spherical surface. 

Let us now turn — after these reflections — to the physical world as it appears 
to our senses. This visible world then appears to us as an enormous system of 
clusters of galactic systems (spiral nebulae) which are on a large scale evenly 
distributed in space. 

Now the most remarkable feature of this gigantic system of clusters of galaxies 
is that it expands, in such a way that all the mutual distances increase with time, 
and every galactic cluster can be considered as the center of expansion. It is 
this universal tendency of scattering, by which we can really speak of a universe, 
instead of a mere haphazard aggregate of masses. According to HUBBLE, taking 
into account the newest estimates, the speed of recession increases at a rate of 
about 55 km/sec per million light years. 

Hence assuming in first approximation this expansion as linear with time 
“since the beginning’ (in which now time is a cosmical time coordinate), this 
beginning must be some 5500 million years ago. In our spherical space time, 
this “beginning” is no absolute birth of the universe, but only a radiant of 
worldlines of galactic clusters. In other words on the cosmical scale we have to 
do with a system of galactic worldlines, radiating from a point. These world 
lines will be geodesics (large circles on the four dimensional spherical surface). 
Then, in order to account for an approximate linear expansion ‘“‘since the 
beginning’, we must assume that the radius of space time is very large in compar- 
ison to the geodesic distance of the radiant. If we accept in this model for space 
and time the same natural units as in the special theory of relativity (which seem 
to express a still mysterious feature of the absolute world), this geodesic distance 
(in four dimensional sense) would be 5500 million light years. 

The way in which this hyperspherical model of space time can be tested by 
an astronomical program of observation has already been indicated in a B.I.s. 
article [4). The interesting question, if the galacted radiant observed be the 
only radiant of space time or not, will not be discussed here. If there were only 
one radiant, we should obtain an elliptical space time model, a slightly modified 
kind of spherical continuum in which opposite points are considered as identical. 

Accepting the cosmical space time structure indicated above as a rough 
approximation of the truth, we are now enabled to specify our natural reference 
system +%,y,z,¢ in eq. (46). 

As expression of the squared line element of spherical space time we obtain: 


ds* = r® (dT? + sin? T {dX? + sin? X (dO? + sin? 0 dp?)} (58) 


in which r denotes the radius of space time and .\, # and @ are the coordinates 
of instantaneous spherical space. The time 7 (expressed in arc measure) is 
cosmical time; the cosmical time direction in any small and therefore practically 
flat region of hyperspherical space time is prescribed; it is the direction of the 
worldline of a point with respect to which the distribution of the speeds of the 
spiral nebulae is radial symmetric, the radial speeds increasing with the distance. 
For the rest the choice of the space coordinates XY, 4 and @ is not prescribed. 

The center of gravity of the Milky Way system can practically be considered 
as such a point, and in connection with this, also the earth. (Thereby we assume 
that the speeds of the spiral nebulae are only due to the expansion of space; 
small superimposed motions are disregarded.) 
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From the above it follows that in the model advanced, only by orientation 
with respect to the radiant of galactic cluster worldlines, the cosmical time coordinate 
can be defined. This is in accordance with the remark advanced above, that the 
“cosmical expansion’’ is the first physical evidence that we can really speak of 
a universe and not only of a haphazard aggregate of events. If there would be 
more galactic radiants in space time, cosmical time comparable with our 
ordinary conception of time can only have physical significance in the neigh- 
bourhood of a radiant. Of course we can then mathematically extend our cosmical 
time (with “‘our’’ radiant as base of orientation) throughout spherical space time, 
in the same way as we can imagine meridians subdividing the terrestrial surface. 
But this extrapolated cosmical time will then only correspond with our sense 
of time in the neighbourhood of our radiant. If we split up the four dimensional 
world in space and time as defined by (58) we obtain a harmonically oscillating 
spatial world of which the intergalactic world space is spherical. The radius of 
space curvature then becomes in connection with (58): 

R=vrsin T. (58’) 

Then in connection with the natural units of space and time as they appear 
to give the most simple description in the range of the special theory of relativity, 
we may expect that the present radius of curvature will be of the order of 
magnitude of 5500 million light years. 

However, we have to bear in mind that the actual world is the hyperspherical 
world of events, and that the conception of an oscillating spatial world is only 
a restricted view, approaching our ordinary life conceptions. Further this os- 
cillating spatial world is only the complete counterpart of the whole if the structure 
of the visible universe (in space and time) can be extrapolated over the whole. 
In that case of elliptical space time — which in itself only zs, being neither static, 
nor dynamic, 7 only varies from 0 to 2/2. Returning to the integral eq. (46) 
this equation becomes in case of spherical or elliptical space time, as defined 
by (58): 


F (X,0,9,T)=r4 [ vixen PX al, T+ 


e 


» F(X’, 6,9’, T’) sin’ T’ sin? X’ sin 6’ dX’ d’ dg’ dT’, (59) 
in which the integral must be extended throughout space time. 

Now returning to relativistic rocket mechanics, it seems logical to introduce 
the general metric field defined everywhere (or at least in our cosmical space 
time neighbourhood) by the observer for which the distribution of the recession 
speeds of the clusters of galaxies is radial symmetric. In connection with the foregoing 
considerations it seems very probable that the speed of any vehicle with respect 
to this general metric field will be of predominant importance as to the processes, 
going on in the vehicle. The coordinates in (59) also refer to this general metric 
field. 

It will be obvious that a terrestrial system of reference including terrestrial 
time, with the earth as origin, not rotating with respect to the celestial sky (or 
better the sky of galaxies) practically coincides with the general metric field as 
defined above, in the small and therefore flat region of our cosmical neigh- 
bourhood. 

The function y in (59) must be such that the solution F(X,0,9,7) of the 
eq. (59) gives a distribution of action density, defining the events throughout 
space time in such a way that in any small and therefore flat region also the 
reciprocal LORENTZ contraction and the reciprocal time dilatation is accounted 
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for, as described by the formulae of the special theory of relativity, if we compare 
the measurements of an observer at rest with an observer in uniform motion, with 
the special addition that “‘at rest’’ refers to the general metric field. By this addition 
we only seem to return to the old conception of absolute motion. For there are 
no instantaneous objects in the four dimensional world “which move’’, but only 
events. 

In our considerations above we have still assumed that the red shift of spectral 
lines of the distant nebulae must be explained in convential way as DoppLer- 
effect, leading to the conception of an expanding universe. However, we have 
still to bear in mind that in cosmology we have to deal with values of time, of 
distances and of large scale physical phenomena which far exceed our terrestrial 
experience. 

Considering the latest preliminary results of the investigation of the large 
scale distribution of matter, it appears that the stellar systems are arranged in 
clusters of galaxies. These clusters appear to be space fillers, so that only by way 
of exception a galaxy belongs to no definite cluster at all. In case of globular 
clusters of galaxies, the density distribution appears to be similar as in an 
isothermic gassphere, satisfying the well-known differential equation of EULER [5). 
Hence the tendency of clustering is produced by gravitation. Further the average 
speed of galaxies in a cluster relative to their neighbours is of the order of 
magnitude of 100 km/sec. to 5000 km/sec.; on the other hand, no lateral motions 
of galactic clusters with respect to one another have been observed. This whole 
dynamical image of the visible world points into the direction of a sfatic universe. 
Moreover, investigating the frequency of clusters of galaxies as a function of 
their angular diameters, the preliminary results of observation also favour the 
hypothesis of a mon-expanding universe, whereas the radius of space curvature 
(assuming spherical space) obviously appears still to be too large for detection [6). 
Therefore ZwIcky suggests that the universal red shift in the spectra of very 
remote objects may be caused by a transfer of energy from the traveling light 
quanta to a possible immense background of zero energy of the whole universe. 

Hence, in connection with these newest observational results we have — for 
sake of completeness — also to consider the possibility that the spatial universe 
is non-expanding. Thereby also the discordance between the age of the spatial 
universe and the age of the celestial objects, as required in astrophysical theories, 
would disappear. 

Now in case ofa static universe, if intergalactic space is spherical — which 
again may be assumed in connection with the same general reasons as advanced 
before — the radius of space curvature must be constant with “‘time’’, in which 
“time” refers to any observer at rest with respect to the galactic cluster centers. 

Then as to space time as a whole, assuming homogeneity of metric structure, 
two main possibilities can be advanced: space time may be either cylindrical, 
being infinite in time direction, or space time may be spherical. 

It seems not to be very probable that the image of a cylindrical space time 
is in accordance with the actual universe. For if there were an infinite past time, 
it seems inconceivable that the universe is still in a state of energy far from 
complete dissipation. 

If space time is spherical and the radius of space curvature is constant with 
time, instantaneous space can only be represented by a largest three dimensional 
spherical manifold in space time, so that the radius of space curvature and the 
radius of space time must coincide and be equal every-where. This largest 
threedimensional spherical manifold is then at the here-now in question, per- 
pendicular to the local time direction, which may vary with the local entropy 
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gradient or direction of worldlines. Hence this instantaneous space must be 
only considered as an extrapolation of the flat spatial region of this here-now. 

The radius of space curvature (identical with the radius of space time) could 
then be determined in principle by counts of centers of clusters of galaxies in 
different concentric spherical shells of definite thickness, as follows: let be 
the number of centers of galactic clusters per unit of volume in our flat neigh- 
bourhood. Then the total number of galactic clusters at distances between R X 
and R(X + dX) (in which X denotes the geodesic distance in arc measure) 
becomes: 

4a R*sin?X-RdX-n=42 R®sin? XdX-n= A. 

The distance (between RX and R(X + dX) can be measured by using the 
constant of HUBBLE for the red shift, determined within our flat neighbourhood, 
assuming in first approximation that this quantity is independent on the distance 
of the clusters. Hence we have to count the number of galactic clusters of which 
the galaxies have red shifts between the corresponding limits, so that A can be 
determined observationally. If we only investigate in this way a solid angle 
of the sky, and denote the corresponding counted number by A’, we obtain: 

4a 


A A’. 


(a) 


On the other hand, if intergalactic space were flat, the number of galactic clusters 
at distances R Y and R(X + dX) would be: 

n-4a R2X2RdX = 1-42 R38 X2dX = B, 
so that B can be computed. We then further obtain: 


A __ sin? X a ta 
Ha. eee! ae aie 


Further the distance D= RX, hence 


Now in (60): 
so that: 


Neglecting X?, etc., we obtain: 


x2 A , A\ 
aie a ee T= 1/ Gl — F/ a0. 
31 1 B’ or X | | ‘| 


Hence the radius of space curvature the follows from: 


ne (63) 


Of course R may then turn out to be much too large for detection with the 
telescopic power available for the first time to come. 

Concluding, it will be obvious that in our considerations of relativistic rocket 
motion above, the general metric field will now (in case of a static universe) be 
determined by all observers everywhere at rest with respect to the general mass 
of galactic clusters. 
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If S,, S, and S, are the centers of three galactic clusters, we can define S, 
as the origin of a rectangular system xyz, whereas S, is situated on the x axis 
and S, in the xz plane. We thereby assume that the spatial region embracing 
S,, S, and S, is sufficiently small, so that it can be considered as a flat region. 
In case of an expanding universe, S, and S, have only radial speeds with respect 
to S,, so that as to the system xyz there will be no centrifugal field due to rotation. 
The system xyz then locally represents the general metric as defined above. 
Only with respect to this system xyz, or as to a system x’y’z’ having a uniform 
motion with respect to system xyz, the fundamental dynamical eq. (2) may be 
applied — disregarding gravitational fields. 

Hence from the dynamical point of view, only the acceleration as to the 
general metric field (being locally the system xyz mentioned above), or as to any 
other inertial system x’y’z’ as defined above, is of fundamental importance. 
By this acceleration in general the mass 

Mo 
\1 — (v?/c?) 
increases, and remains constant as long as v remains constant. The time dilata- 
tion can then be dynamically “‘explained’”’ as due to this increase of mass. 

Summarizing the interdependence of general metric field and time dilatation 
we can say: only if the space ship accelerates or decelerates with respect to the 
general metric field there will be as to the space ship system of reference an 
inertia field. Also, if the acceleration of the space ship with respect to the general 
metric field is unless zero, there will be a rate of variation of the rate of the space 
ship clock as to any system of reference having a uniform motion with respect 


to the general metric field. This rate of variation will be a deceleration of the rate 
of the space ship clock if the relative speed of the space ship clock increases and 
an acceleration of the rate of the space ship clock, if the relative speed of the 
space ship decreases. 

(In mathematical symbols we have: 


a*ty es (v/c?) (dv/dt) 


dt? = (1 — (v?/c?)) 3 


in which v denotes the numerical value of the relative speed. 
Hence if 


As soon as 


so that then the rate of the space ship clock with respect to the used inertial 
system of reference will be constant. In accordance with the rate of the space 
ship clock, the rate of all physical processes going on in the space ship will be 
varied.) 
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Abstract — Zusammenfassung — Résumé 


Interplanetary Ballistic Missiles, a New Astrophysical Research Tool. The idea 
of exploding an H-bomb on the moon must have occurred to many people and no 
originality can be claimed for the concept. However, no proposal seems to have 
been put forward which is at all realistic or indicates a good reason for such an 
undertaking. Yet an agreement on atomic disarmament may raise the question 
of how to dispose of the bombs usefully. 

The purpose of the present paper is to show that the explosion of an H-bomb 
carried to the moon by means of a missile is completely feasible and approximately 
equal in difficulty to the firing of an ICBM (Intercontinental Ballistic Missile) with 
an H-bomb warhead; to show that it is desirable from the point of view of test- 
ing, and worthwhile scientifically. These three factors combined, in the author’s 
opinion, make such a project highly desirable. Most of the paper is devoted to 
the many astrophysical applications of this new research tool; the legal and 
geopolitical aspects of this operation are beyond the scope of this paper. 


Interplanetarische ballistische Geschosse, ein neues astrophysikalisches Forschungs- 
geriit. Der Gedanke, eine Wasserstoffbombe auf dem Mond explodieren zu lassen, 
mu8 vielen Leuten gekommen sein; fiir diesen Plan kann keinerlei Originalitat 
beansprucht werden. Immerhin scheint kein Vorschlag gemacht worden zu sein, der 
tiberhaupt realistisch ist oder eine gute Begriindung fiir ein solches Unternehmen gibt. 
Ein Abkommen tiber Atomwaffenabriistung muB aber die Frage aufwerfen, wie man 
die Bomben niitzlich verwenden kann. 

Der Zweck der vorliegenden Arbeit ist es, zu zeigen, daB die Explosion einer 
Wasserstoffbombe, die mittels eines ferngelenkten Flugko6rpers auf den Mond ge- 
bracht wird, durchaus ausfiihrbar und in ihrer Schwierigkeit annahernd gleich dem 
Abfeuern eines interkontinentalen ballistischen Flugkérpers mit einem Wasserstoff- 
bomben-Kriegskopf ist. Es soll ferner gezeigt werden, daB dies einerseits vom Stand- 
punkt der Erprobung wiinschenswert, anderseits wissenschaftlich lohnend ist. Die 
Zusammenfassung dieser drei Gesichtspunkte macht nach Ansicht des Verfassers ein 
solches Projekt 4uBerst anstrebenswert. Der groBte Teil der Untersuchung ist den 
vielerlei astrophysikalischen Anwendungen dieses neuen Forschungsgerates gewidmet; 
die gesetzliche und geopolitische Seite des Unternehmens liegt auBerhalb des Ge- 
sichtskreises dieser Arbeit. 


1 Presented at the VIIIth International Astronautical Congress at Barcelona, 
Spain, October 6—12, 1957. 

2 Professor of Physics, Physics Department, University of Maryland, College 
Park, Md., USA. 
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Engins Balistiques Interplanétaires, instrument nouvel de recherche de |’astro- 
physique. L’idée de faire exploser une bombe H sur la lune doit avoir germé dans 
plus d’un esprit et ne peut étre considéré comme originale. Cependant aucune proposi- 
tion réaliste ou bien motivée n’a été avancée pour la réalisation d’un tel projet. Et 
pourtant un accord en matiére de désarmement atomique souléverait le probleme 
d’utiliser a bon escient les bombes existantes. 

Le but du présent article est de montrer que l’explosion d’une bombe H, portée 
jusqu’a la lune par un engin, est une entreprise réalisable, d’une difficulté équivalente 
au lancement d’une fusée balistique intercontinentale avec téte atomique. De plus 
cette entreprise, interéssante en tant qu’ essai, serait riche d’ enseignements scienti- 
fiques. Dans l’opinion de l’auteur, ces facteurs combinés rendent la réalisation de ce 
projet hautement désirable. 

L’article est surtout consacré aux nombreuses applications astrophysiques de ce 
nouvel instrument de recherche. Les aspects légaux et géopolitiques de l’opération 
sortent du cadre de ces considérations. 


Introduction 


It is safe to say that there are probably not very many peaceful applications for 
thermonuclear explosions. Yet if a general atomic disarmament is agreed upon, some 
applications must be found for existing bombs. 

Certainly exploding such devices far away from the earth is a desirable step. 
An explosion on the surface of the moon is not only peaceful but also useful and, 
therefore, worthwhile. In particular, such explosions can provide a new astrophysical 
tool which can tell us a great deal about the environment of the earth, the properties 
of the interplanetary medium, and in general deepen our understanding about the 
nature of the universe. 

The transportation of the thermonuclear device to the moon involves rockets and 
guidance techniques which are of importance for astronautics. It is, therefore, 
appropriate that this paper be presented at the VIIIth Congress of the International 
Astronautical Federation. In fact, we as astronautics enthusiasts should take special 
pride in the fact that astronautics provides at least one peaceful application of 
thermonuclear weapons. 

A project to explode thermonuclear bombs on the surface of the moon raises many 
problems and questions. Some of them at least will be answered in this paper, e.g.: 
(1) How difficult is such a program compared, for example, with firing an ICBM; 
(2) What are the hazards involved in such an operation; (3) Will the flash from the 
explosion blind us; (4) Will the surface of the moon be destroyed; (5) Will the orbit 
of the moon be affected; (6) What can we observe about the explosion, in addition 
to the light flash; (7) What after-effects are likely to be encountered and how will 
they affect life on the earth; (8) What precisely can we learn about the nature of 
the interplanetary medium, about the environment of the earth, about the surface 
of the moon? (9) How could we start, and how soon ? 

The explosion of H-bombs on the moon is certainly an intermediate goal. A less 
ambitious proposal, and a necessary first step, would be to explode bombs beyond 
our atmosphere at varying distances. Such experiments can give us important informa- 
tion about astrophysical quantities, e.g., the density of hydrogen gas in the vicinity 
of the earth. But there has been something about the moon which has intrigued man 
for centuries and the idea of creating a permanent crater as a mark of man’s work 
is an appealing one. Also the scientific pay-offs are considerably higher. 

The growth potentials of this set of experiments are in two directions. (1) One 
would be to explode thermonuclear devices on other planets as well, in order to study 
the composition of their atmospheres, perhaps by studying the selective absorption 
of the light flash from the explosion or an induced photoluminescence. (2) Once we 
have learned to explode safely thermonuclear devices away from the earth, we can 
construct truly cosmic thermonuclear devices resembling stars and we can, therefore, 
initiate a new experimental field of astrophysics: star making. Much may be learned 
from such pursuits, perhaps even the secret of carrying on a safe continuous 
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thermonuclear reaction on the earth for the purpose of producing electric power. 
Certainly this is one of the most challenging of all problems facing mankind at the 


present time. 
The discussion in this paper will be on a non-mathematical level, although it will 


be made quite evident how the conclusions are calculated. For those who wish to 
do so, an appendix is available. The accuracy of calculation is not particularly high 
and can be improved mainly by using data on H-bomb explosions which are at the 
present time not openlv available. However, order of magnitude results are quite 
satisfactory for the purpose of the present paper. 


The purpose of this paper is to propose the establishment of IPBM’s (Inter- 
planetary Ballistic Missiles) which, armed with a hydrogen bomb warhead, 
could be used to blast craters on the surface of the moon. In this paper we (A) 
first develop a justification and discuss the many advantages of such a scheme 
and try to show how this type of weapon testing may promote world peace. We 
next take up (B) the interesting technical aspects of this operation to establish 
feasibility, and finally discuss (C) scientific benefits of this kind of operation. 


A. Advantages of IPBM’s 


Sending IPBM’s to the moon in order to explode H-bomb warheads seems 
to have several very attractive features, not the least of which is the large 
distance of the moon from the earth (384,400 km or 240,000 miles). As H-bombs 
become more powerful, the point will soon be reached where tests on the earth 
may present a health hazard to the world’s population as a whole, including 
the nation conducting the tests. Our proposal would do away with this hazard 
by exploding H-bombs on the moon, and measuring their performance from the 
earth: (1) by means of gamma-ray detectors in the high atmosphere, (2) the 
light flash from the ground, (3) by carefully scaling the lunar crater produced 
by the explosion. By these methods (discussed later) one can judge quite easily 
the effectiveness and power of the H-bomb device: The H-bomb race between 
the big powers would then be reduced to the much more tractable problem of 
seeing who could make a bigger crater on the moon. 

This scheme has many advantages: (1) First of all it can give a good record 
of the power of the H-bomb for all to see. By conducting the explosion on 
the moon and in full view of all nations, any competent scientist will be able 
to deduce the effectiveness of a similar explosion on the earth. 

(2) H-bomb testing on the earth is difficult and expensive, particularly for 
the larger weapons!. It must be difficult also to measure the efficiency of the 
H-bomb explosion on earth because of the influence of the atmosphere, and terrain. 
For example, most of the radiant energy of the bomb is absorbed by the atmosphere 
which takes up momentum and produces a strong pressure wave. A test conducted 
on the moon in a condition of vacuum would permit a better calculation of the 
energy output and therefore of the efficiency of the bomb. 

(3) The testing of long-range space vehicles is also difficult. There are no 
test ranges in existence which extend over half the globe, and in any case, it 
would be difficult to find someone to check the accuracy of the impact point 
at the other end. This problem does not exist with a moon rocket since there the 
impact point is clearly in view. However, to make it visible one needs an indicator 
and an H-bomb explosion does provide such an indicator. It is therefore apparent 

1 Cost of Operation Redwing is quoted as more than $ 150 million (Pegasus, 
Aug. 1957). 
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that the combination of an IPBM plus H-bomb makes a nice package for testing 
both the missile and the warhead. That this test is realistic both from the point 
of view of propulsion and guidance is discussed later in Section B. 

(4) An additional point is that after the test is-completed, and the data from 
the explosion have been reported, one is left with a nice small crater on the moon 
which is unnamed and therefore provides unique opportunities for perpetuating 
the names of presidents, primeministers, and party secretaries. 

(5) There need be no limit to the size of such a lunar bomb. Since its use as 
a weapon on the earth is clearly impractical, it had better be termed a “‘device”’ 
instead of a ““‘bomb’’. From an astrophysical point of view it would be interesting 
to construct and test truly cosmic fusion devices, to simulate processes in the 
interior of stars. With larger devices and higher temperatures one may test 
new types of fusion reactions; or investigate the effects of rapid rotation leading 
to mixing; or construct such fusion devices in concentric layers of varying 
composition to investigate the burning of stars where mixing is inhibited. 

(6) Finally, we should mention the actual scientific benefits of such tests. 
The results of an explosion on the moon’s surface can be used scientifically in 
various ways: a) it gives a means of checking the prediction of the theory of 
meteor craters; by knowing the energy output of the bomb and measuring 
afterwards the size of the crater. b) The explosion results in the ejection of a 
great deal of vaporized rock, of fine dust, and of rock in the form of rubble. A 
large fraction of the material escapes from the gravitational field of the moon 
and is captured by the earth’s gravitational field. In entering the earth’s at- 
mosphere it provides a unique opportunity for meteor observations since the 
fragments will produce light trails and ionization in the upper atmosphere. The 
very smallest dust particles probably will not be visible in the atmosphere but 
their optical effects can be studied by means of the sunlight which they scatter. 
These problems are discussed in Section C. It will be shown there that studies 
of this artificially produced “‘cosmic dust” simulates an enhancement of inter- 
planetary dust and can be used to study the motion of the interplanetary gas 
with respect to the earth, as well as the effect of interplanetary magnetic fields 
and of the earth’s magnetic field on the motion of the interplanetary gas. We can 
also study the effects of the dust on the earth’s weather and climate. 

We have here a new type of probe for studying the conditions in the outermost 
regions of the earth’s atmosphere. The prospects for astrophysics and geophysics 
from such tests are therefore quite exciting. In Section C we calculate the expected 
effects, their observability, and indicate the type of results which one may obtain 
and how they will illuminate for us the conditions existing in the earth’s 
environment and in interplanetary space, as well as the properties of our own 
atmosphere. 


B. Technical Aspects 
We want here to compare the technical problems involved in constructing 
and testing an IPBM as against the conventional ICBM. The three points 
considered are propulsion, guidance, and the actual testing of the fusion device. 


1. Propulsion 
For a ballistic rocket one requires a burn-out velocity of orbital magnitude, 
approximately 25,000 feet per second; for a moon rocket about 35,000 feet per 
second or an increase of 40%. Offhand, therefore, the IPBM would seem to 
require a great deal more in the way of propulsion, perhaps one or two more 
stages. But this is not quite correct, mainly because the IPBM payload can be 
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made quite light. For the IPBM the problem of re-entry does not exist since the 
moon has no atmosphere. Therefore, with no need to protect it from the 
atmospheric heating, all of the weight of the warhead can be given over to the 
actual H-bomb. Neither is it necessary to include fuzing mechanisms and other 
complicated bomb devices. For the IPBM, we need only a small clock, which 
activates the bomb for a short period after a time interval given by the travel 
time from the earth to the moon along a predetermined trajectory, plus a simple 
impact or proximity fuse. The resulting saving in weight of the warhead can, 
of course, be realized in a simplification of the propulsion system. This would 
seem to make the problem of an IPBM not much more difficult than an ICBM 
from a propulsion point of view!. 


2. Guidance 


As can be seen from the comparison in Table I, the guidance problem for a 
moon rocket is simpler than the corresponding problem for an ICBM designed 
to hit a target at a distance of an earth radius. In order to make this comparison 
we have used data published by the RAND Corporation on sample trajectories 
from the earth to the moon; even if a different regime is used, the data in Table I 
give an approximate idea of the accuracy required. The lower accuracy required 
in the IPBM guiding system reflects itself, of course, in a reduction in the weight 
of the last stage and therefore a reduction in the size and complexity of the over- 
all propulsion system. 


Table I. Comparison of guidance accuracy for IPBM and ICBM 





Nominal Velocity | Velocity Error Angular Error 





IPBM#4 35 000 ft/sec + dé + 0.1° 


ICBM¢ 20 800 ft/sec - 2 + 0.02° horizontal plane 
t 0.3% vertical plane 

a) GEORGE H. CLEMENT, The Moon Rocket, in ‘Earth Satellites as Research 
Vehicles”. Philadelphia: Franklin Institute, 1956. 

b) To hit surface of moon facing the earth. 

c) For a range of 1 earth radius (4000 miles) and a range accuracy of + 1 mile 
(along a minimum energy trajectory). 

d) R. C. WENTWORTH, private communication. 


3. Bomb Testing 

If we take a nominal 20 megaton H-bomb?, we can calculate the size crater 
produced on the moon. Within the accuracy of available theories and assuming 
a detonation below the surface layer of the moon, this turns out to be a crater 
of angular diameter one second of arc, which is just visible. For a comparison 
of crater sizes see Table II. The release of this energy will produce a light flash 
corresponding to a luminous intensity as a star of magnitude — 16, or 1/10,000 
that of the sun. If we assume a visual acuity of one minute of arc, then to 
a dark adapted eye the point of light from the H-bomb flash will be twice as 
bright as a point on the sun. The gamma-rays and neutrons from the explosion 
will not reach the lower atmosphere and present no hazard; measurement 


1 It is unfortunately not possible to supply actual numbers here. 
2-1 MT (megaton TNT equivalent) = 4.2 x 102? ergs. 
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of their radiation flux will, however, give considerable information on the 
operational efficiency of the bomb and on the absorption properties of the inter- 
planetary gas between the moon and the earth (see discussion in Section C). 
As can be seen, therefore, exploding an H-bomb on the moon allows an un- 
excelled measurement of its power, efficiency and radiation properties. 


Table II. Observable effects of lunar H-bomb explosions 
| 





ee | | Angular Dia- 
lameter Depth | meter at 
of Crater i 
(ft) | Distance of 
(ft) M 
oon 


Crater 
Volume 
(cu mi) 





(Arizona meteorite) 4150 | 700 | 0.67” 
10 MT bomb! | 5500 950 0.9” 
(Ungava, Quebec 11,500 | 1,330 1.9” 


meteorite) 
100 MT bomb! 12,500 1,800 2.0” 
1000 MT bomb! 3,000 | 4.0” 
Piazzi Smyth 3,500 | 5.1” 
Madler | 7,500 17.2” 
Tycho ale od 12,000 | 46” 
Copernicus ae 1. 11,000 | 48” 
Clavius i. 16,100 | 125” 


1 Assuming an explosion below the surface of the moon. 


C. Seientifie Aspects 


The scientific applications of the lunar H-bomb explosion as a new astro- 
physical research tool are so numerous and of such great variety that it might 
be best to organize them under various headings. We will discuss, therefore: 
(1) the visible phenomena seen from the ground, (2) the X-ray and gamma-ray 
phenomena seen from the top of the atmosphere, and (3) the radio phenomena 
observable at the earth. All of these constitute electromagnetic radiations 
coming at the instant of the explosion. Shortly after the explosion, there will 
arrive on the earth corpuscular radiation consisting mainly of neutrons. Their 
measurement is discussed under 4. Finally there will arrive on the earth par- 
ticles from the lunar crater, ranging from tiny dust particles which filter slowly 
through the earth’s atmosphere, to larger drops which become solidified, up to 
fair-sized boulders which can be recovered and analyzed chemically; they lose 
little mass in traversing the earth’s atmosphere. The rock gas and the extremely 
fine dust (“‘smoke’’) from the explosion will not reach the earth or at least will 
not be easily detectable as it reaches the earth; but because of its light scattering 
power it can be seen by its optical effects, as discussed under point 7. 


1. Visible Effects* 

We can describe in a non-mathematical way what an observer on earth 
may see. Let us assume that the impact occurs on the dark side of the moon, 
just beyond the terminator line; the observer is located on the night side of the 
earth. Now a nuclear fusion explosion releases a lot of energy per gram of 
material, 10’ times higher than TNT, which releases 4.2 x 10?? erg/10!2 gm 


1 The use of bomb explosions to produce light flashes has been suggested by 
K. A. EuRICKE and others, to aid in the acquisition and tracking of space vehicles. 
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while in the transformation 4H — He about 1/1000 of the mass appears as 
energy according to the EINSTEIN relation E = MC?. Therefore 1 gm of bomb 
material produces 10-3 x (3 x 101°)? ~ 1018 erg/gm, assuming 100% efficiency. 
This energy appears mainly in the form of radiation, although a small fraction will 
undoubtedly go to the kinetic energy of the bomb material and container. One- 
half of this energy goes outward from the moon and will be visible on the earth 
as a brilliant flash of light. The ultraviolet portion of the radiation is absorbed 
in the high atmosphere, but the gamma-rays will be able to penetrate quite deep 
into the atmosphere and should be detectable at balloon altitudes. After this 
initial flash is over, we will begin to see the effects of the radiation directed 
towards the moon. Again the visible radiation will be absorbed by the adjacent 
rock which will be immediately vaporized. The gamma-rays and neutrons will 
penetrate deeper and extend the volume of nearly instantaneous vaporization. 
The rock gas in this deeper layer will be under high pressure which is released in 
an explosion. It is this explosion which gouges out a large crater. In the immediate 
vicinity of the explosion the material will be vaporized; at some distance the 
rock will be molten, and further still it will be pulverized and broken up into 
rubble. All of this material will be ejected with high velocity. Most of the volume 
is ejected in the form of rock dust and rock rubble, very similar to the case of a 
crater produced by the impact of a meteorite. 

The hot rock gas (with a temperature of at least 2200 °K) will be visible as 
a point of light, of orange-red color; it slowly expands as the hot gas diffuses 
from the point of explosion. Its rate of cooling is very slow so that the glow will 
remain visible for many minutes. 

Some seconds after the explosion a new phenomenon comes into view. The 
escape velocity of the moon is only 2.3 km/sec, while the mean thermal velocity 
of the rock gas is ~ 1 km/sec and the rock dust, too, is ejected with high 
velocities. As the gas and dust rise above the lunar surface, they will enter the 
region of solar illumination, with spectacular consequences. The gas will scatter 
sunlight and start to give off a bluish color, almost as bright as the daylight sky, 
i.e. not much different from the brightness of the illuminated surface of the moon. 
The dust on the other hand will diffract sunlight and appear as a white dot 
which slowly expands. 

It now becomes possible to study the diffusion and motion of the rock gas 
and rock smoke, the latter consisting of very fine particles of about optical size 
05 micron to a few microns in diameter. Its rate of diffusion will indicate 
the density of the interplanetary gas between the moon and the earth, 
while its motion will indicate the motion of the interplanetary gas with 
respect to the earth. This question of the existence of a streaming effect or 
“interplanetary wind” is one of the most fascinating aspects of the whole 
investigation and could shed a great deal of light on the properties of the earth’s 
outermost atmosphere, i.e. the region between 20 to 60 earth radii, the latter 
being the distance to the moon. In particular, we would like to know about the 
control of magnetic fields over the motion of the interplanetary gas by studying 
the motion of the rock gas and the rock smoke. Does the earth’s magnetic field 
still predominate at these distances or has the interplanetary field become strong 
enough to take over? These studies can be closely tied in with such geomagnetic 
problems as the origin of the aurora, the existence of a ring current to explain 
magnetic storms, and the deflection of low energy cosmic rays by magnetic 
fields near the earth. A solution of the geomagnetic question by means of this new 
technique would therefore illuminate many of these most urgent astrophysical 
problems and would tie in with a whole range of other astrophysical phenomena. 


Astronaut. Acta, Vol. IV, Fasc. 1 5 
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2. Ultraviolet, X-rays and Gamma-rays 


It may be expected that a good percentage of the electromagnetic radiation 
from the explosion will be in the ultraviolet region of the spectrum and even in 
the X-ray and gamma-ray region because of the high temperatures produced in 
the explosion and because of various nuclear reactions which go on. Some of the 
latter are a result of the absorption of neutrons by materials surrounding the 
point of explosion. In any case these radiations would come to the earth, having 
been absorbed more or less depending on their wavelength and depending on the 
nature and amount of interplanetary gas between the moon and the earth. 
Herein lies the most interesting application of the measurements, namely to find 
out what types of gas exists between the moon and the earth, i.e. in the earth’s 
outermost atmosphere, what its state of ionization is, and how much of it there is. 
Probably the best way to tackle this problem is by measuring the spectrum of 
the ultraviolet and X-ray radiation at various levels of the ionosphere with rocket- 
borne spectrographs. A good fraction of the radiation will, of course, be absorbed 
only in the earth’s atmosphere itself and will produce an enhanced ionization 
there which might be directly measurable from the ground by noting increased 
radio reflections, i.e. by ionospheric sounding methods. Once we reach the region 
of gamma-rays the absorption coefficient becomes small; they will be able to 
reach the atmosphere down to balloon altitudes so that measurements will be 
facilitated. 


3. Corpuscular Radiation 


A large number of neutrons are emitted in the fundamental fusion reactions 


of an H-bomb. The energies are as high as several Mev and may range down to 
very low energies depending on the nature of the materials surrounding the bomb. 
The fastest neutrons will arrive near the earth about 10 seconds after the explosion 
and those of lower velocity and lower energy will arrive later. The very slow 
neutrons will not arrive at the earth for two reasons: (1) They will decay along the 
way since their halflife is only 12 minutes: Then they become protons and will 
be affected by the earth’s magnetic field and deflected away from the atmosphere. 
(2) Also, low energy neutrons are likely to be scattered very effectively by the 
hydrogen nuclei between the moon and the earth. Here again we have a means 
of measuring the amount of material between the moon and the earth provided 
our detection methods can be refined sufficiently. 


4. Radtosignal from the Explosion 


A rather new point which should be considered quantitatively is the produc- 
tion of a large radio burst similar to that produced by a stroke of lightning in 
the atmosphere. This burst of radio energy comes about because there is 
created suddenly a large amount of ionized material and the differential 
expansion of positive and negative charges will undoubtedly carry with it 
some electromagnetic effects. It now remains to be determined which of 
these can be detected on the earth. Effects of very high frequency, more 
than 50 megacycles, propagate through the ionosphere and could therefore 
be viewed from sea level by means of radio telescopes pointed towards the moon. 
In the interval between 50 down to perhaps 1 megacycle the ionosphere acts 
as an effective barrier and if observations are desired they would have to be 
carried out from rocket-borne receivers at altitudes of at least 200 km. Lower 
frequency radio waves, however, may penetrate through the ionosphere in a 
manner very similar to that of the so-called “‘radio whistlers’’. If so, they will 
follow the magnetic lines of force. It would be tremendously important to find 
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out where the radio energy ends up on the earth: in other words, which magnetic 
line of force does it follow? There exist now many radio whistler receiving 
stations. They are quite simple to set up and require only a long wire which acts 
as an antenna and a high gain audio amplifier. Since large geographic coverage 
is necessary, amateurs could participate in the observations very effectively. 
The purpose would be mainly to find the impact zones of the radio power on the 
earth’s surface and thereby establish the probable path of the radio signal and, 
therefore, the trajectory of the magnetic line of force. 


5. Lunar Material Captured by the Earth 


The lunar material captured by the earth must be massive enough so that the 
earth’s gravitational field overcomes the forces of the interplanetary wind which 
tend to blow away the very fine particles, the rock smoke. Here we are considering 
particles of about 100 micron diameter and larger. These micrometeorites will 
enter the earth’s atmosphere some considerable time after the explosion. De- 
pending on their initial velocity, which must be larger than the escape velocity 
from the moon (about 2.3 km per sec), they will reach the earth with times as 
short as a few hours up to several days. This means that they will be distributed 
rather uniformly over the earth’s surface. If they are charged by the solar 
ultraviolet radiation as recent studies indicate, and if the frictional effect on the 
gas between the moon and the earth is still appreciable, then they will enter the 
earth’s atmosphere with velocities much smaller than the escape velocity of 
11.2 km per sec. But long before they approach the earth’s atmosphere itself 
they will be deflected by the earth’s magnetic field because of their charge and 
low momentum. In fact, it is fairly sure that they will be deflected towards the 
poles and probably be observed only in the auroral zones. Because of their low 
velocity they will not produce any spectacular effects in the earth’s atmosphere 
but filter down slowly into the atmosphere and be detected by collection methods 
from balloons or mountain tops. One interesting detection method which is not 
usually applicable to micrometeorites could be applied here. Since we can be 
fairly certain that these particles would be radioactive because of the intensity 
of neutron bombardment from the H-bomb explosion, radioactive or radiochemical 
techniques can be used to make the detectors much more sensitive. 

One of the most interesting effects which these dust particles could produce 
are changes of the earth’s weather and associated climatic changes. An important 
school of thought holds that climatic changes are caused by dust particles, either 
accreted by the earth as it moves through interstellar dust clouds, or due to dust 
produced in planetary or asteroidal collisions, or dust produced in volcanic 
eruptions on the earth itself. Here we can produce a controlled influx of dust 
in large quantities which can be used to verify some of these hypotheses, e.g. will 
the incoming dust provide additional nucleation centers for water vapor and 
thus cause increased rain fall as has been suggested by Bowen. Will this 
increased rain fall remove water vapor from the atmosphere, decrease the 
percentage of cloud cover, therefore lower the albedo and therefore increase the 
earth’s mean temperature? Or will the incoming dust act chiefly as a reflector 
or diffractor of solar visible radiation, its size being too small to affect the 
infrared radiation emanating from the earth, with the end result that the albedo 
will increase and the earth’s climate will get colder? It is possible that both 
effects will happen one after the other. It would be fascinating to be able to 
study this problem in a controlled laboratory type of investigation. 

In a number of places on the earth there have been found little glassy objects 
called tectites which are thought to be of extraterrestrial origin. UREy, the 

5* 
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noted cosmochemist, has suggested that they are lunar material which has been 
splashed out when meteorites impacted on the moon, that they solidified on the 
way to the earth and then landed at sea level. This represents another hypothesis 
which could be verified by a lunar H-bomb explosion. 

Particular interest attaches to the larger or faster objects coming from the 
moon. The faster objects will act as meteors and produce luminous and ionization 
effects in the upper atmosphere which will provide us with a controlled means 
of studying the upper atmosphere, almost like artificial meteors. The larger 
objects, particularly those which enter with very low velocities, corresponding 
to the escape velocity from the earth, may land without having lost much of 
their mass and without having been greatly heated!. These objects might impact 
directly on the earth, or could be captured by perturbations, chiefly by the 
earth’s atmosphere. Such braking ellipses will cause eventual entry velocities 
of less than 11 km/sec. With these samples in hand we have an unequalled 
opportunity of studying the nature of the lunar surface material long before we 
have an opportunity of visiting the moon in person. Even a simple measurement 
of the density of the rock sample will tell us whether there is stratification of 
rocks (as in the earth) indicating that the moon has been liquid at one time. 
Very fascinating chemical analyses can be carried out which undoubtedly will 
tell us more about the origin of the moon by comparing chemical ratios with 
those of the earth. 

Of particular interest to the writer is the question of how long this surface 
material has formed the surface of the moon. This may be determined by a 
method which I have termed the ‘“‘cosmic ray age’’ method. As cosmic rays 
bombard the surface of the moon, they will produce many nuclear disintegrations. 
In these nuclear disintegrations two interesting nuclides are produced in large 
quantities, tritium and helium-3. Tritium is radioactive with a halflife of about 
12 years while helium-3 is stable. In the samples of lunar surface we could measure 
both the tritium and the helium-3. The tritium concentration would tell us 
immediately the present level of cosmic ray intensity hitting the moon. By 
comparing it with the cosmic ray intensity which we know to exist in free space 
we could, therefore, tell whether the moon possesses a magnetic field which keeps 
away some of the cosmic radiation. From the helium-3 content of the sample 
we can tell immediately how long the sample has been exposed to cosmic rays, 
i.e. how long it has formed part of the surface of the moon, because the cosmic 
rays will not produce helium-3 in any material which is more than a few 
centimeters below the surface. We would expect that the helium-3 content of 
the sample corresponds to a time interval between the time when the particular 
portion of the moon was hit by meteorites and the present. This method would 
then allow us to take various points on the lunar surface and establish a time 
history for the lunar surface and, therefore, for the bombardment of the lunar 
surface by meteorites. In this manner we might be able to state when various 
large meteorites hit the moon and we will be able to tell something about the 
prehistoric frequency of meteorite impacts. One might expect that it is much 
higher than the present rate of meteorite impacts but by how much? The answer 
to this question will tell us much about the origin of meteorites and asteroids. 


In summary, we see that experiments carried on by H-bombs shot to the 
moon (and eventually to other planets) by means of IPBM’s will touch on many 


1 The possibility of blasting loose portions of the moon and recovering them on 
the earth for chemical study has also been suggested by UREy in a recent issue of 
the journal ‘‘Observatory”’. 
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problems of current interest, only some of which have been mentioned here. 
Such experiments will open up fascinating prospects for astrophysics, for 
cosmochemistry and for studies of the origin of the solar system. 

We hope to have demonstrated that the project is both feasible and 
worthwhile, and can therefore look forward to seeing it become reality in the 
near future. 
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The Communication Satellite’ 
By 
R. P. Haviland?, ARS 
(With 12 Figures) 


Abstract — Zusammenfassung — Résumé 


The Communication Satellite. The interrelations between an artificial satellite 
and the earth and the characteristics of satellites are reviewed to determine their 
effect on communication systems. The requirements for typical communication 
systems are studied. A set of services are proposed for integration into a large 
communication satellite. 


Der Satellit fir Ubermittlung von Informationen. Die gegenseitigen Beziehungen 
zwischen einem kiinstlichen Satelliten und der Erde sowie die Charakteristika von 
Satelliten werden untersucht, um ihre Auswirkung auf Nachrichteniibermittlungs- 
Systeme zu bestimmen. Die Erfordernisse fiir typische Ubermittlungssysteme werden 


studiert. Es wird vorgeschlagen, einen Satz von Einzeldiensten in einem groBen In- 
formationssatelliten zu vereinigen. 


Le Satellite d’Information. Les caractéristiques des satellites et de leurs orbites 
sont passées en revue du point de vue de leurs possibilités comme transmetteurs 
d’information. Les performances exigées des systemes de télécommunication sont 
mises 4 l’étude. On propose un ensemble de services d’information a intégrer dans 
un grand satellite artificiel. 


The use of the satellite vehicle as a platform or base for communication 
services has been proposed previously [1, 2, 3]. This paper extends consideration 
of the requirements for such service in some detail, in order to arrive at the 
optimum conditions for design and operation of such a service. 

The basic factor which makes the satellite attractive is its height. It is 
equivalent to a radio station having a very high antenna mast. This extends 
the line-of-sight coverage, and makes the use of very high radio frequencies 
for‘long distance communication feasible (as will be seen, it also makes the use 
of the ultra-high frequencies necessary). 

The approach of this paper is to review first those characteristics of satellites, 
and of the satellite-earth system which affect the communication service. Next 
some of the aspects of communications are considered. Finally, some of the 
possible communication services are studied. In all cases the approach is that 
of the system engineer interested in established the magnitude of the problem 
rather than a detail solution. This is accomplished by the use of simplified 
models and approximations, rather than by exact solutions. 


1 Presented at the VIIIth International Astronautical Congress at Barcelona, 
Spain, October 6—12, 1957. 

* Missile and Ordnance Systems Department, General Electric Company, 
Philadelphia 4, Pa., USA. 
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A. Coverage 
The problem of coverage by the satellite can be divided into three parts: 
The instantaneous coverage of a single satellite station. 
The total coverage of a single station. 
The number of stations required to give continuous coverage to a given 
on the earth’s surface. 











The instantaneous line-of-sight coverage of a single station is readily calculated 
from geometrical considerations: these values are shown in Table I. The relative 
coverage for various heights is shown by the chart of Fig. 1. It is evident that 
the coverage is large even for modest heights. 

The total coverage for a single station is shown in Table II for the three 
conditions of an equatorial, polar and 45° inclination orbits. It is evident that 
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Table I. Instantaneous Coverage of a Satellite 





l 
Vision Arc | 
Miles Degrees 
| 


Subtended Angle | °/ of Earth 


/0 





2,800 
4,200 
5,600 
7,000 
8,400 
9,800 





| 


Table II. Total Coverage of’a Single Satellite 





Max Lat- Time to Max Lat- 
itude of | Next itude of 
| Coverage, Passage, Coverage 
Equatorial | Equatorial |45° Inclined SE = 

Orbit |Orbit, Hours Orbit Equatorial Polar 


Max Interval Between 
Coverage, Hours 








| 
257 | 20° | 65° 
620 30° ; 75° 
1,210 | 40° | 85° 
2,222 | 50° 3. 90° 
4,000 | 60° | | 90° 
7,650 70° | 90° 
19,000 | 80° | 90° 

22,300 81.5° 90° (b) 


(a) Appears stationary over a point on the equator. 
(b) Appears to move from 45° N to 45° S. 
(c) Appears to move from 90° N to 90° S: 
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the polar and inclined orbits are not desirable, since they increase the coverage 
of uninhabited regions at the expense of more desirable areas, and since the 
time to return is large compared to the orbital period. For these reasons it does 
not appear worthwhile to consider them further. 

The relative total coverage for various heights and equatorial orbits is shown 
in Fig. 2. Considering the distribution of population over the earth’s surface it 
appears that any of the orbits above 2220 miles would give satisfactory coverage. 

The number of stations in equatorial orbits required to give continuous 
coverage to a given point is shown in Table III. From 3 to 5 stations are seen 
to be ample if the stations are above 2200 miles. 


Table III. Number of Satellites to Give Continuous Coverage Equatorial Orbit 





| 
| Integral Number 


No Overlap on: ney 


Station Height Exact Number 





257 
620 
1,210 
2,222 
4,000 
7,650 
19,000 
22,300 | (a) 


(a) For worldwide coverage: a single station will give coverage over essentially a 
hemisphere. 
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B. The Influence of the Satellite Orbit Condition 


A factor in the selection of operating condition for the communications 
service is the effort to be expended for various satellite orbits. This problem 
cannot be answered in an absolute sense at this time, but'it is easy to secure a 
relative answer. 

It is assumed first that continuity of communications is important. As has 
been seen, this appears to limit consideration to equatorial orbits, and requires 
use of several stations, except for the special case of the synchronized orbit. 

Second, two “‘limit conditions” may be assumed for the size of the platform: 
at one extreme, it can be assumed that the size of the system measured by mass 
is independent of the number of platforms used in the service, and, at the other 
extreme, that the total mass of the system is independent of the number of 
stations and their operating conditions. The “point of equality’ of mass is 
assumed to occur with a single station at 22,300 miles. 

Finally, it may be assumed that the total effort and expense is measured 
adequately by the payload energy of operating (KE), which is defined by: 

(KE) = 4M (V,+ V,—Va—Va—V,+ V,)?. 
Where 
mass of:system or, payload of ascending rockets 
ideal takeoff velocity 
ideal orbital velocity 
ideal velocity of arrival at orbit 
loss due to drag 
z = loss due to acceleration of gravity 
y = gain due to rotation of earth. 
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Values of the first three velocity terms are derived in the Appendix. The sum of 
the remaining velocity terms is estimated to amount to a loss of 1,000 ft/sec. 

The relative kinetic energy calculated on the basis of these assumptions is 
shown in Fig. 3. 
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Fig. 3. Relative kinetic energy for satellite system 


These curves indicate that: : 

a) On the basis of the pessimistic assumption of constant station mass the 
desired service requires less energy if the orbits are high. 

b) The more optimistic assumption of constant mass to establish the service 
favors the lower altitudes. However, the difference between the lowest altitude 
for good coverage and the higher altitudes is small. 

Since it is probable that the true situation is between the limit assumptions, 
it appears reasonable to conclude that the effort involved in establishing a 
satellite communication service is essentially independent of the satellite operating 
conditions chosen. Therefore, these may be selected to give the best grade of 
service. 


C. The Effect of Satellite Motion 


Motion of the satellite with respect to the surface of the earth introduces two 
problems: first, a Doppler shift is introduced into the radio frequency signals: 
second, if directive antennas are used on the ground they would have to track 
the satellite. 

The Doppler shift is readily calculated for the equatorial plane and an eastward 
orbital motion and is found to be: 

AF 22xR,[1 1 
— = —— |= — =] cosy. 
F Cw aT 
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AF = Doppler shift, mc/s 
F = operating frequency, mc/s 
= radius of earth, km 
= velocity of light, km/hr 
y = elevation angle of satellite 
P = period of satellite, hours. 


The value of this is not particularly large: for example, for the 1200 mile 4 hour 
orbit the maximum shift amounts to about 900 cycles/sec at an operating 
frequency of 100 mc/s. This would not be serious for a wide-band system, but 
would definitely require an automatic frequency control for narrow band-widths. 

The amount of Doppler shift decreases with operating altitude, and becomes 
zero for the 24 hour orbit. This is a definite advantage. 

The fact that there is, in general, relative motion of the satellite and earth 
indicates that any directional earth surface antenna will have to track the 
satellite. The tracking itself is not a serious limitation, since the maximum 
tracking rate cannot exceed about 4 degrees per minute, and is much less for 
satellite heights of 1200 miles or more. However, the acquisition of the next 
satellite to come into view is much more troublesome, since it will be necessary 
to have a rapid retrograde motion of the antenna, or to introduce two antennas 
and the necessary switching. These problems are also eliminated with the 
synchronized orbit. 

It appears that the importance of these effects depends on the nature of the 
service. For point-to-point relays the special equipment such as AFC and tracking 
antennas would not be a serious problem. However, for the broadcast service, 
with perhaps millions of installations, such equipment would be a major system 
drawback. 

The inverse problem, that of keeping the satellite antenna oriented with 
respect to earth will have to be solved for any altitude. This may be accomplished 
with either tracking antennas, or with fixed antennas by controlling the angular 
motion of the satellite. The fixed antennas appear superior. Controlling the 
satellite angular motion will certainly be easier with larger satellites, since the 
effects of personnel movement, rotating machines, etc. will tend to cancel, and in 
any event will give smaller angular motion for a given momentum change. 


D. Propagation from the Satellite 


Any practical satellite will be above at least part of the ionosphere. An 
estimate of influence of this on communication is made as follows: 

a) The minimum useable frequency, by reciprocity, corresponds to the 
maximum useable frequency of normal transmission, and is 


MUF = fc seca. 


Where 
MUF = Minimum useable frequency 
fe = Critical frequency for vertical incidence at layer 
om = Angle of arrival at layer. 
b) The ionosphere layer is assumed to be very thin, to be located at the virtual 
height, and to be of constant intensity. 
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With these assumptions the arrival angle « can be determined geometrically 
from Fig. 4, which gives 

R. 
R, +M 


= COS Xmax COS y 


Ss Cos = cos y 


virtual height of layer 
= elevation angle of satellite from 

earth 

radius of earth. 
That is, the minimum useable frequency 
at a given elevation angle is independent 
of the height of the satellite above the 
earth. 

The value of the MUF/fc = seca 
is given in Fig. 5 as a function of 
layer height for various values of el- 
Fig. 4. Geometry of propagation. S satellite, evation angle. 

M ionosphere layer height, 7) satellite height The values of known layer heights 
R, radius earth, p elevation angle of satellite, and critical frequency are time varying 

a“ arrival angle at layer quantities, which depend on time of day, 
solar conditions, and other factors. 
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Fig. 5. MUF factor. gy satellite elevation angle 


Typical values are shown in Table IV A. The corresponding minimum useable 
frequencies are shown in Table IV B. 
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Table IV 
A. Typical Values of Ionosphere Critical Frequency Fc and Height 





: : Fc, mc/s, Values For 
Layer Sunspot _— . 
Designation Summer Maximum Sunspot | Minimum 
Winter | Summer | Winter 




















B. Typical Values of MUF for Satellite Propagation 


MUF, mc/s, Values For 
Layer | Sunspot | :; 
Designation Summer | Maximum | Sunspot Minimum 
Winter | Summer | Winter 





20 y 25 
) 16 


Es — E sporadic. 





It is evident that the minimum frequency 
for complete coverage is around 60 mc/s. Allow- 
ing for neglected factors, such as ionospheric 
and atmospheric bending and absorption, it 
appears that it is safe to assume that fre- 
quencies above 100 mc/s are always useable. 

At the other end of the frequency spectrum 
the maximum useable frequency is determined 
by atmospheric absorption. The contributions 
of water vapor and oxygen to this attenuation 
are shown in Fig. 6. These are the main compo- 
nents. This indicates that frequencies below 
10,000 mc/s are useable. 

The allowable band of frequencies for the 
satellite communication service thus covers 
the range between 100 and 10,000 mc/s. On 
an absolute basis this is about 10,000 times ———_ 
. the bandwidth now available for reliable long . ! 3 
range communication, or, on a_ percentage sca iallies 
basis, just double the present spectrum. These ig 6. Atmospheric absorption. 
factors indicate that there is ample room for ——— water vapor, 
the satellite service. oxygen 
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E. Basis for Communication Studies [5, 6| 
Numerical calculations for the various communication systems will be on: 
a) The so-called beacon equation, for one-way transmission: 


‘ 
P; = G — A,—A,—K + WN + F a N + B t Pr. 
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Where 
P; = transmitted power, db referred to 1 watt 
G = free space attenuation between isotropic antennas, db 
A,, A, = gain of transmitting and receiving antennas, db 
K = system improvement factor, db 
S/N = desired signal to noise ratio, db 
F = fading factor, db 
noise figure of receiver, db 
- line and other loss, db 
= theoretical receiver sensitivity, db referred to 1 watt. 
b) The so-called radar equation for two-way reflection transmission, written as 
; S : > 
P,=2G—2A+4 ee K+F—-o+N+B+4P, 
] 


Where 
o = 10log,, target area in square ft. 


c) The energy equation, in appropriate units 


E2 
P,;=A 
‘ 1202 
A = area to be covered 


E = desired signal strength. 
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Fig. 7. Free space attenuation 


The free space attenuation between isotropic antennas (path attenuation) 
is given by 


G = + 36.6 + 20 logy) D + 20 logy, fmc. 
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Where 
D =distance of transmission, miles 
fmc = operating frequency, mc/s. 
This factor is shown in Fig. 7. 
The gain of a parabolic reflector is given by 
G = 20 log fmc + 20 log.) d — 53 
d = diameter in feet. 
The beam width @ of the parabola is approximately 
27,000 


Oo 
co) 


9? — 


Where 


g= 1¢ 


= numerical gain. 





db 
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Fig. 8. Size and gain of a parabola illuminating the visible earth 


For the special case of an antenna at the satellite which is to illuminate the 
entire visible sector of the earth’s surface, the beam width is determined by 
geometrical considerations, and is shown in column 3 of Table I. The required 
antenna size as for various frequencies, and the gain of such antennas are shown 
in Fig. 8. 





R. P. HAviILanpD: 


The system improvement factor is determined primarily by the type of 
modulation employed to convey intelligence. Typical values are: 





Modulation System Improvement Factor K 





Single sideband telephony +3 db 
FM Broadcast +15 db 
AM Telegraphy +17 db 
FSK Telegraphy +21 db 
Pulse Code Telegraphy (typical) +28 db 
Television | 0 db 


Double sideband telephony 0 db 
| 
| 
| 


The theoretical receiver sensitivity is a function of bandwidth of the receiver, 
and is 144 db below 1 watt per megacycle of bandwidth. For typical systems the 
bandwidths and corresponding sensitivities are: 





Modulations System Bandwidth | Theoretical Sensitivity 








kc/s | —166 dbw 
kc/s —169 dbw 
kc/s —155 dbw 


Double Sideband Telephony 
Single Sideband Telephony 
FM Broadcast 7 
kc/s | —172 dbw 


mc/s —139 dbw 
mc/s —136 dbw 


FSK Telegraphy 
Pulse Code Telegraphy 
Television Broadcast | 


6 
3 
5 
AM Telegraphy 0.1 ke/s | —184 dbw 
1.7 
3 
6 


The desirable signal to noise ratio depends on the system and the grade of 
service desired. For study purposes an average value of 20 db is satisfactory. 
The fading factor may be assumed to be 10 db, and the lines loss to be 3 db. 

In the case of television broadcast services in the USA, the Federal 
Communication Commission has established the following standards for minimum 
signal levels, for the peak value of the signal: 





Signal Levels 
Channel | | | Grade A | Grade B 
| | uv/m | 





a | 68 
7 | 77 71 
14—83 | 80 74 


Relative levels are in db above 1 uv/meter. 

There is reason to believe that the requirements for the two higher bands 
are excessive when applied to the satellite service, since, in part, these were 
established to permit use of simple dipole antennas. From an overall system 
view it appears more desirable to assume antennas having an effective area 
which is independent of frequency. For this reason service levels will be calculated 


on the basis of those for the low band. 
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F. Preliminary Consideration of Communication Systems 


Before investigating communication systems in detail it is desirable to 
determine the effect of height on their feasibility. This can be done by considering 
a limited number of system types. 





60° ANTENNA 
250° ANTENNA 
600" ANTENNA 
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Fig. 9. Effect of height on a passive PCM relay 


To secure a wide range of requirements, the systems chosen are: 

a) Pulse code passive relay telegraphy 

b) FM relay 

c) Television area broadcast. 

The following assumptions are made as to the operating conditions: 

a) The PCM passive system operates on 10 cm, with a 1 megawatt ground 
transmitter, against a spherical reflector. The reflector size is determined as a 
function of height for three ground antenna sizes. The system is operative 
anywhere within the visible area, and provides the S/N ratios of section E. 

b) The FM relay system operates on 30 cm, with a 60’ dish on the ground, 
and a satellite dish to completely cover the visible area, with the S/N ratios 
of Section FE. Antenna pattern shaping to give uniform signal strength is not 
used. 

c) The TV broadcast system is caleulated to give FCC signal levels on channels 
2—6 over the visible area. Antenna pattern shaping is used to give uniform power 
density over the illuminated area. 

The effect of height on the three systems is shown in Figs. 9 to 11 inclusive. 
The following conclusions appear justified. 

Astronaut. Acta, Vol. IV, Fasc. 1 6 
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Fig. 10. Effect of height on a FM relay 
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Fig. 11. Effect of height on TV broadcast 
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Assuming a 100’ radius sphere or equivalent as the practical limit for the 
satellite, the passive relay system would be useable to an altitude of about 
1400 miles with a 60 foot dish, which does not appear unreasonable. At greater 
altitudes either the power or dish size would have to be increased. Tracking 
dishes of large size are probably not practical, but a stationary one might be. 
This indicates that the use of passive communication with the synchronized 
22,300 mile satellite may be feasible, and should be studied further. 

The power requirement for FM relay service is modest, and is essentially 
independent of satellite height. The system chosen is probably out of balance 
in terms of cost, since increasing the transmitted power will permit reduction in 
antenna size. 

The power requirement in the TV broadcast service also changes slowly 
with altitude. Provision of the FCC Grade B signal over the visible part of the 
earth can be accomplished with present techniques, but the primary coverage 
signal level requirements appear excessive. However, it appears possible to 
provide the primary coverage over smaller areas of the earth surface. 

Comparison of the requirements for active and passive systems shows that 
the power and antenna requirements are more modest for the active system. 
However, this may not be true if the economics of the system are considered, 
since equipment at the satellite will be the most expensive to install and operate. 


G. The Optimum Orbit for Communication Service 


The following factors, developed in the previous sections, are of importance 
in selection of the optimum orbital height: 

a) The equatorial orbit appears to be superior in all cases. 

b) The coverage of a single satellite obviously increases with altitude, but 
appears to be entirely adequate for any altitude of 2220 miles or greater. 

c) The number of stations required to give continuous coverage to a given 
point decreases somewhat with increasing altitude, but not by an important 
factor. 

d) The synchronized 22,300 mile satellite permits establishment of a ‘‘partial’”’ 
service, giving continuous coverage to wide areas with a single satellite. All other 
cases give world wide coverage when continuous coverage is established. 

e) The cost of establishing world wide service measured in terms of payload 
energy appears to be essentially independent of orbital altitude. The cost of 
continuous coverage to a point or moderate area is probably less for the syn- 
chronized orbit, since a single satellite is adequate. 

f) The effects of orbital motion are smaller at great altitude, and become zero 
for the synchronized orbit. This is probably not important for limited communica- 
tion service, but is important for the broadcast service. 

g) Propagation problems are independent of orbital altitude. 

h) When used as a passive reflector in the PCM relay service the system 
requirements are less severe at the lower altitudes. For the synchronized orbit 
the elimination of tracking requirements may be more important than other 
system factors. 

i) In the FM relay service the system requirements are quite modest, and are 
essentially independent of altitude. 

j) In the TV broadcast service the requirements appear attainable for 
acceptable wide area coverage, and are essentially independent of altitude. Wide 
area high quality coverage does not appear feasible at any altitude considered. 

6* 
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k) Small area high quality TV broadcast coverage problems are essentially 
independent of altitude. 

Since only two of these factors favor the lower altitude orbits, and since the 
synchronized 24 hour orbit appears to be the best of the high altitude orbits, 
it appears reasonable to conclude that the communication satellite will be based 
on the use of a platform at 22,300 mile altitude. 


H. Further Consideration of the Television Broadeast Service 


The provision of several communication systems from the 22,300 synchronized 
satellite is now considered in more detail. Because of its more severe technical 
requirements, the Television Broadcast service is considered first. 

It should be noted that the television power levels quoted previously are 
peak powers, measured at the synchronization level of the USA standard signal. 
The carrier power is smaller than this, by a factor of 0.66. However, in practice 
the actual radiated power must be greater than that calculated by area alone, 
since practical antennas do not have “‘ideal’’ patterns. Further, an aural transmit- 
ter of 50—70%, of the power of the video transmitter is also required. For this 
study it is assumed that peak power and pattern effects compensate, so that the 
calculated values are the carrier level, and that the aural and video transmitters 
have equal power. 

To review, the power requirements for illumination of the visible part of the 
earth are: 





Service Level Kilowatts Power Required 





Primary 14,400 
A 3,600 
B 35 


The first two of these are clearly excessive, so that it will be necessary to 
restrict the coverage area when the best grades of service are to be provided. 

If it is assumed that a 50 kw transmitter represents a practical limit, and 
that the “A” grade coverage is desired, the total area coverage possible is 
1.15 x 10® square miles, an area about equal to that part of the USA which 
lies east of the Mississippi River, or to about that of Western Europe. This 
coverage appears to be entirely ample, and does have the additional desirable 
feature of limiting the coverage on the earth to a span of about two time 
zones. 

The antenna pattern needed for this limited area coverage depends on the 
geographical location of the area, and on the longitude of the satellite. For a 
satellite of 100° west, to give good coverage at the Americas, the beam required 
to cover the eastern third of the USA is approximately 2.7° in width and 3.3° in 
heigth. At a frequency of 100 mc/s the reflector would need to be about 270 feet 
in width by 200 feet in height. 

Considered on a world-wide basis, it appears that the major features of the 
TV broadcast service would include the following: 

a) A network of three satellite stations. A station for the Americas would 
be located at 100° west, one for Europe/Africa at 30° east, and one for 
Asia/Australia at 120° east. This nonuniform spacing is indicated by the non- 
uniform distribution of land masses and population. 
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b) Each satellite would include a general coverage channel, to furnish a “B” 
level signal to the entire visible part of the earth. The transmitter would have 
a power of 35—50 kw. The antenna, from Fig. 7, would have a beam width 
of 17°, and a diameter, for 100 mc/s, of 45 feet. 

c) Each station would have two larger antenna systems, one for high level 
coverage to northern industrial areas, the other to southern areas. (It is assumed 
that the present acceleration of industrial development in the southern latitudes 
will continue.) Each of these will consist of a single large reflector, about 
200 x 300 feet in size, with multiple feeds. Three transmitters per large dish 
appear to give ample coverage. 

d) Overall, the equipment at each satellite amounts to a total of seven video 
transmitters, and seven aural transmitters, amounting to a total power output 
of 700 kw. 

e) The system described lends itself to development in stages. The initial 
stage could consist of the single general coverage transmitter. The second stage 
could be achieved by adding one of the limited coverage antennas, with one or 
more of its transmitters, and so on. 

f) The system also lends itself to expansion. This may be accomplished by 
increasing the number of transmitters, or by increasing the power of a transmitter. 
For example, megawatt transmitters are technically feasible, which would permit 
better service levels over wide areas. 

g) It would appear that the satellite service and the more restricted coverage 
surface transmitters would complement each other, with the satellme service 
being primarily used for network-type programs, and the surface transmitters 
for local-interest programs. 


h) Considering the demonstrated appeal of television programs, particularly 
for children, it is interesting to speculate on the lingual and sociological impact 
of the world-wide coverage possible. These speculations are not pursued here. 


I. Reconsideration of Passive Relay System 


It has been found that the passive relay system working against a 1000 foot 
radius spherical satellite of 22,300 miles requires an excessively large earth 
antenna. 

A major factor in this lies in the nature of the assumed reflector since a 
sphere reflects isotropically. In the satellite application this means that all 
energy lying outside a 17° wide cone is wasted. A means of concentrating this 
energy is needed. 

The first thought is a corner reflector. However, an ideal reflector returns 
all of its energy to the source, whereas the desired system scatters this energy 
across the visible segment of the earth. What is needed is a diffusing system: 
that is, a convex reflector. This suggests using a segment of a sphere, which is 
permissible in this application, since other antennas will require stabilization 
in any event. 

The geometry of the problem requires that the reflection lie in a 17° wide 
cone, approximately 27/100 steradians. Since the radar cross section is defined as 


Power scattered per unit solid angle 
a oe : 
Power incident per unit area 


the cross section in such a case is approximately 200 a?, where a is the radius 
of the segment base. Since the required cross section is 108 square feet, for the 
system previously assumed, the required base radius is 400 feet. This still appears 
large. Therefore it appears necessary to increase the size of the ground antenna. 





C= 
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A reasonable balance in requirements appears to be a ground antenna of 150’ 
diameter. This decreases the required cross section to 2.5 x 10® square feet, 
and the base radius of the reflecting segment to 65 feet. 

This system may not require a special satellite reflector. The area of the 
television antenna suggested for limited coverage in the preceding section is 
very nearly the same as that required for the passive link. If the energy incident 
on it were reflected at the feed point it would be returned to earth. However, 
with normal feeds the energy would be concentrated into a narrow beam, so that 
a special design is needed. 

It should be noted that the passive system is inherently broad-band, since 
addition channels do not require additional satellite equipment, and since the 
system requirements do not change as the frequency changes, providing the 
antenna and reflector sizes are maintained. Therefore, the system is capable 
of a large degree of expansion, by adding earth surface transmitter and/or 
receiver stations. 

However, because of the power requirement, it appears that it is best limited 
to the relay of telegraphic signals. In this service, using PCM modulation, each 
transmitter is capable of handling around 100 simultaneous messages. These can 
be received at any point on the visible segment of the earth. In practice, it 
appears that the system could be made automatic, by the use of destination 
codes, which would allow the receiving point to select the messages directed to it. 


J. Reconsideration of FM Relay Systems 


The FM relay system previously discussed was based on the transmission 
of high fidelity music. It was found that system was not in balance, since antenna 
size appeared to be excessive. 

By increasing the radiated power from 2 watts to 20 watts the ground 
antenna can be reduced to a diameter of 20 feet. This appears to be a better 
balance for a limited number of channels. A further increase in power is possible: 
if this is sufficient the system becomes attractive for the broadcast service. For 
example, with a 2 kw of power, the required ground antenna is a parabola 
slightly over 2 feet in diameter, or alternately, a corner reflector antenna of 
nearly the same dimension. The cost of such an antenna is sufficiently low to 
be attractive. 

Another type of relay service in which FM techniques are useable is long 
distance telephone communication. By multiplexing, a system capable of carrying 
high fidelity music can carry 5 simultaneous speech circuits. This gives a power 
requirement of 0.4 watts per channel if the 60’ antenna is used. 

It appears that a 5 channel link would be grossly inadequate for the relaying 
of telephone signals. For example, the capacity of a coaxial cable is about 
600 channels. In the satellite service, since the power required is porportional 
to bandwidth, this would require a total power of about 250 watts. 

This system is probably not the optimum for this service, since the satellite 
antenna covers the visible segment of the earth. By limiting the coverage to 
smaller areas on the earth the required power can be reduced. However, it does 
not appear profitable to pursue this optimization further at this time, since the 
requirements are modest. 


K. Interstation Relays 


To provide world wide service the communication system must provide for 
communication and relaying between the three satellite stations. Since directive 
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antennas will be needed, this service could be on the same frequencies as are 
used for earth coverage. However, to avoid interference problems within the 
station it appears desirable to use frequencies outside the earth coverage band. 
This suggests use of the centimeter band. 

Since the proposed satellite stations are not uniformily located about the 
earth, the transmission distance varies with the stations, from around 30,000 to 
around 40,000 miles. Assuming that 30’ dish antennas are used, that the relayed 
signal is 6 mc/s wide, corresponding to television signals, and that the allowance 
for signal/noise ratio, fading, etc. amounts to 53 db, the required power is 2.5 watts 
per channel. This appears to give a satisfactory system balance. For other types 
of relaying the same value may be used: for example such a channel could 
accomodate about 600 voice channels. 


L. The Influence of the Communication Service on the Satellite 


By now, it seems obvious that the communications satellite will have two 
major features: a large power supply, and a number of antenna reflectors. To 
arrive at the extent of these, the following assumptions are made concerning 
the services provided by each of the satellite stations: 

a) The television service includes 2 general coverage channels, plus a total 
of six limited area channels, divided into a northern set and a southern set of 
three each. 

b) There is a passive relay reflector. 

c) The system includes 100 relay transmitter links, each having a capacity 
equivalent to 600 one way voice channels. 

d) The system also includes the capacity of 100 relay receiving links. 

e) Two FM broadcast transmitters are provided. 

f) Interstation links are provided to each of the other two satellite stations. 
The total capacity of these is equivalent to 100 FM relay links. 

For such a system the power requirements are: 





System Power/Transmitter Number of Transmitters | Total 





| 
16 | 800 kw 


TV Broadcast 50 kw 
FM Relay | 0.25 100 | 25 
FM Broadcast 2 2 4 


100 | .25 


Interstation | .0025 | 


It is assumed that the efficiency including receiving, terminal and modulation 
equipment will be 50%. The total demand on the power supply is therefore 
about 1600 kilowatts. 

The antenna requirements for this system would be, assuming maximum 
utilization of each antenna: 





System 


Antenna 





TV Broadcast 


Passive Relay 
FM Relay and Broadcast 
Interstation Relay 





1— 45’ dish 

2— 200’ x 270’ dish 
1— 65’ convex reflector 
1— 4.5’ dish 

2—30’ dishes 
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All antennas would be stabilized with respect to earth. 

It appears evident that a system as large as this would have to be designed 
for manned operation on a long term basis. This, in turn, appears to require a 
synthetic gravity, obtained by rotation of the station. However, the antennas 
cannot be allowed to rotate, since they must remain fixed with respect to earth, 
and must also maintain the direction of antenna polarization constant. 

The solution to these opposing requirements is to mount the rotating part 
of the station as a wheel on an axle which carries the nonrotating parts. The 
axle would be oriented parallel to the axis of the earth. There would be some 
friction, so the axle and wheel would require torque jets, to maintain constant 
angular velocity. Additional jets would be needed to bring the rotational period 
of the assembly to 24 hours, so that the antennas always point to earth, and to 
make corrections. 

A reasonable arrangement would place the limited coverage antennas at 
each end of the axle, with the rotating wheel at the center. The passive reflector 
could bridge the ends of the axle, outside of the wheel on one side. 

To avoid slip ring problems it appears desirable to keep all communication 
equipment in the non-rotating part, probably without air. This introduces the 
problem of servicing while weightless, and in a space suit, but these problems 
are probably less important than the possibility of perfect vacuum in tubes, 
the lack of dust and moisture, and so on. The communication equipment would 
need to be enclosed in metal, for shielding, and protection against photo-electric 
emission. 

The power supply for such a station appears to be a much larger problem than 
the communication equipment itself. Solar energy does not appear feasible with 
the efficiencies possible at present, although a 500 kw unit has been proposed. 
The size and weight of a nuclear reactor is negligible, but the shielding and 
generation equipment would be massive. However, nuclear propulsion systems 
for aircraft are being seriously studied. The problems appear solvable in this 
application, and since the power rating is orders of magnitude larger than needed 
here, it appears safe to assume that a solution for the satellite is feasible. 

The space requirements for the communication service have not been detailed. 
It appears that the 400 ton, 250 foot diameter ring of VON BRAUN [7] is too small 
in some respects: on the other hand the 1000’ x 3000’ station of Romick [8] 
appears oversize. Probably a station which is between VON BRAUN’s and ROMICK’s 
1500 ton 40’ x 500’ “Second Phase”’ in size and mass would be satisfactory. 

In any event the station would represent a major undertaking, and is clearly 
beyond the reach of present rocket technology. With nuclear fuels it should be 
straightforward: with advances in fuel energy it may become feasible. The 
question of desirability is separate: this depends on complex economic factors, 
and on sociological and political factors. These will have to be considered later. 


Appendix 
The velocity for establishing a satellite may be derived by assuming that 
the total energy required is the sum of that needed under “‘ideal’’ conditions 
plus that needed for “‘practical’’ considerations. 
Assuming that the rocket is of the two period burning type, it can be shown 
that the optimum “ideal” trajectory is that shown in Fig. 12. 
For this letting 
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if can be shown that the orbital velocity is 


ne” 


‘. a. 


V.= velocity of escape. 
The velocity of takeoff, which must be devel- 
oped to rise to orbital height, is: 
k 
k+1 
The rocket arrives at orbital height with an 
arrival velocity 


V2=V2 


1 
k(k +1) 
Correction terms must be added for practical effects. These are: 
Vaz = The equivalent velocity due to atmospheric drag. 
V, = The equivalent velocity due to gravity action during finite burning periods. 
V, = The velocity of rotation of the earth. 
The total velocity required to establish the rocket in the orbit is accordingly: 
Vi=V,+ Vy — Va — Va— Vz + Vy. 


V2=V2 
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Instrumentation of Artificial Satellites 


By 
F. [. Ordway, HP, ARS 


(With 21 Figures) 


1. Introduction 


In a previous report” a number of proposed I.G.Y. satellite experiments were 
listed. Since that time four instrumentation packages have been tentatively 
accepted as final for on-board experimentation. These involve satellite envi- 
ronmental measurements, Lyman-alpha measurements; cosmic ray observa- 
tions, measurements of interplanetary matter; geomagnetic measurements; 
investigations of the radiation balance of the Earth and the measurement of 
cloud cover and albedo of the planet. In addition, a number of other on-board 
experiments may be carried out, but at this time their inclusion is not definite. 

Geodetic measurements, studies of the ionosphere, and air density meas- 
urements, experiments not requiring active instrumentation, will also be conducted. 
There are also plans to use minimal and sub satellites to facilitate the carrying 
out of some experiments. 

This report can only be considered as preliminary, since instrumentation 
design and operating criteria have yet to be frozen, and, indeed, some instrumenta- 
tion is still in a relatively early developmental stage. In the case of the fourth 
instrumentation package, it is not yet known (October 1957) whether the radiation 
balance or the cloud distribution and albedo experiment will be carried out: as 
it stands, one or the other, and not both, will be flown. 

When the instrumentation packages have been fully designed and checked 
out, and when final figures are released, a more complete technical summary 
can be given. 


2. Progress Towards Satellite Launching 


Vanguard’s engines have now reportedly passed qualification _ tests. 
The third stage solid propellant motor, about which little was known until 
recently, passed pre-qualification and static tests, and reportedly flew on 
the Viking 74 Vanguard Test Vehicle. The spring-loaded ejecting mechanism 
that separates the satellite from the rocket (differential velocity: about two 
miles per hour) has passed tests. Separation techniques for the first and second 
stages (six explosive bolts) and second and third stages (rocket powered turntable 
plus retro rockets) are satisfactory. Development of the Minitrack, gyro- 
reference system, and launching equipment schedules are reportedly pro- 
gressing well. 


1 Project Director, General Astronautics Corp., 11 W. 42nd St., New York 36, 
N. Y., USA. (Now, Huntsville Field Office, Box 656, Huntsville, Ala., USA.) 
2 F. I. Orpway, III, Astronaut. Acta 8, 67 (1957). 
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Test vehicles TV—O and TV—17 (Viking 13 and 74 rockets) have been fired 
from Patrick Air Force Base. Viking 73 was reported previously; Viking 74 
flew on 1 May and rose to 120 miles when the Grand Central Rocket Company’s 
second stage solid rocket detached for a successful continuing flight. 

On the 23rd of October TV —2 was fired, 
rising to 109 miles and recording a range of 328 
miles. Top speed was 4250 mph and the flight 
time was 140 seconds. Dummy second and third 
stages were used with the full scale first stage 
powered by the General Electric engine. 

The next test will be 7V—3, which will 
incorporate General Electric powered first and Fig. 1. Orbits produced by pro- 
Aerojet-General powered second stages. The  jecting satellite not horizontally. 
third stage will be a dummy. In the following 4 downward projection case, 
TV —4 test, a Grand Central Rocket Co. third B upward projection case. (By 
stage will be substituted for the dummy. courtesy of: U.S. Naval Research 
Finally, tests TV —5 and TV —6 will represent Laboratory) 
essentially the full Vanguard system. 

The thrusts and firing times of the three stages have now been released as 
follows: 


First Stage Second Stage Third Stage 


Thrust, Ib. 27 000 7500 2350 


Firing time, sec. 146 120 


Fig. 2. Basic 48-channel telemetering system. (By courtesy of: U.S. Naval Research 
Laboratory) 


At the conclusion of the TV —0O and TV—/7 Viking and the five Vanguard 
or Vanguard-type tests, it is hoped the six scheduled firings, which are cur- 
rently planned, will be largely successful, and that four satellite vehicles will 
be established in orbit around the Earth within the 200 mile perigee, 1400 mile 
apogée limits. 
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Fig. 3. Small light-weight Minitrack transmitter. 
(By courtesy of: U.S. Naval Research Laboratory) 


The last four test fir- 
ings will carry small “‘min- 
imum”’ satellites of some- 
what more than six inch 
diameter, and weighing 
about four pounds. They 
will carry two radio trans- 
mitters, and _ will incor- 
porate six radio antennae. 
One transmitter will op- 
erate from chemical bat- 
teries allowing ten mil- 
liwatts of continuous radio 
frequency output for some 
two weeks, while the other 
will employ six exterior- 
mounted solar cells (permit- 
ting the transmitter to 
radiate at more than five 
milliwatts). The transmit- 
ters will operate, respec- 
tively, on 108.00 mc and 
108.03 me. 


Fig. 4. Plastic foam incased electronic package is inserted into its gold plated container, 
(U.S. Navy Photo) 
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3. Pre-Satellite Instrumentation Checkouts 


All instrumentation has been, and will continue to be, laboratory tested. 
Some equipment has been flight tested in Aerobee rockets, including satellite- 
type thermistors, differential pressures gages, microphones to record micro- 
meteorite incidence, Lyman-alpha ion chambers, solar aspect cells, and transmit- 


ting equipment. 


4. Listing of Tentatively Accepted Experiments 





Satellite 
Package 


Description of Experiment 


Agency 





4b 


Measurement of Solar Ultra-violet Intensity 
in the Lyman-alpha Region 

Satellite Environmental Measurements (pres- 
sure, temperature, meteoric incidence, skin 
erosion) 


Cosmic Ray Observations 
Measurements of Interplanetary Matter 


(meteoric detection experiment) 


Satellite Geomagnetic Measurements 


Investigation of Radiation Balance of Earth 


Measurement of the Earth’s Cloud Cover 


and Albedo 


Naval Research 
Laboratory 
Naval Research 
Laboratory 


State University of lowa 


Air Force Cambridge 
Research Center 


Naval Research 
Laboratory 


University of Wisconsin 


Army Signal Engineering 
Laboratories 


Note: The size of satellite instrumentation compartment is 5-1/2 inches in diameter 


by 7-1/2 inches high. 
d oD 


batteries. 


Therein are all electronic circuitry, Minitrack transmitter, 


Circuits are mounted on 5-1/2 inch round cards, 3/4 inch high, encap- 
sulated in foam plastic forming shallow wafer. 


5. Listing of Three Additional Experiments 





Description of Experiment 


Agency 





Measurement of Ionospheric Structure 


Measurement of Meteoric Dust Erosion of a 


Aberdeen 


Satellite’s Skin? 


Determinat 
Ray Nucle 
than Eight 


ion of Flux of Primary Cosmic | Research 


i with Atomic Number Larger 


Institute 
Study, Martin Co.; 
Foundation 


Ballistic Research Laboratories, 


University of Maryland 


Advanced 
Research 


for 
Bartol 


‘ With slight modifications this experiment can be used for solar photon, or 


ultra-violet 


studies, and cosmic ray studies. 
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6. Instrumentation Packages 


A. Package No. 1 
(7) Lyman-alpha Measurements 
The major experiment of the Group 1 Package consists of small ionization 
chambers designed to measure 1215.7 A (Lyman-alpha) radiation from the Sun. 
This is the strongest emission line of the atomic hydrogen spectrum, responsible 
for most or all of D-layer ionization. 


Fig. 5. Tube at right is ionization chamber for measurement of Lyman-alpha radiation. 
Card contains electrometer tube, resistor, and batteries comprising circuit for measuring 


ionization chamber current. (By courtesy of: U.S. Naval Research Laboratory) 


The window area of the ion chambers is about one square centimeter. The 
chamber can withstand wide temperature fluctuations, high accelerations, and 
long-period operation. It is made of copper free of oxygen, and is about an 
inch long, 0.8 inch in diameter. NRL reports that it will give a current of 
approximately 5 x 10-* amp when exposed to a normally incident flux of an 
erg/cm?/sec of Lyman-alpha radiation. 

Lithium fluoride was chosen for the window because of its transparent 
qualities in the far ultraviolet regions of the solar spectrum. Inside the chamber 
is nitric oxide gas with an ionization threshold of 1340 A. 

The experiment consists of two of these ion chambers almost entirely sensitive 
to the subject wavelength, a solar aspect cell, two magnetic memory circuits, 
an orbital switch, and a resetting circuit. The second sensing chamber permits 
the experiment to have a large degree of aspect freedom!. Ion chamber 
development is considered complete. 


1 A detector has a 120° field of view and will be equatorially mounted. This will 
allow a solar signal to be obtainable for approximately a third of each spin period. 
The solar aspect is the angle between the Sun and the normal to the chamber window. 
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One of the memory cores stores data as the second modulates the Minitrack 
transmitter with the peak signal stored during the period of the immediately 
preceding orbit. As the satellite moves from the shadow to the sunlit zone, 
orbital switching occurs (upon signal from the silicon photoconductive solar cell). 


Fig. 6. View of interior of partially assembled satellite with upper half shall removed. 

Cylinder containing circuit packages is mounted on spin axis. Four antenna rods project 

radially through equator of sphere. Lyman Alpha ion chamber is shown mounted on shell 

with window exposed through surface in lower foreground. (By courtesy of: U.S. Naval 
Research Laboratory) 


The total weight of the ion chambers, solar cell, memory circuits, switch, 
resetting circuits and general circuitry is 1.7 pounds. A pre-prototype model 
has been low-pressure tested at several temperatures. It is expected that the 
experiment will detect variations in absolute intensity of better than five percent 


from normal. 


(2) Satellite Environmental Measurements 


Measurements will be made of environmental conditions of the satellite, such 
as temperature, pressure, skin erosion and micrometeoric incidence. 

Thermistors will be employed to determine the temperature! of the internal 
instrument package and of two points on the skin of the satellite, namely at one 
1 It is desired that temperatures be carefully regulated to keep values within the 
efficient operating range of batteries and transistors, i.e. 0°—10° C and 60° C as 
outside limits. To control the internal energy absorption and radiation balance, a 
special optical covering has been developed for the satellite, which, it is felt, will 
provide an average temperature of 20° C. 
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pole and at a position at the equator. The thermistors will be about the size of 
a pinhead, and are composed of a mixture of metal oxides. As environmental 
temperatures change, resistances will change, and it is resistance that will be 
measured in the experiment. 


Chromium strip erosion gauge 


Thermistor bead 


Piezoelectric transducer 


Differential pressure gauge 





Photosensitive micrometeorite detector 
(CdS cell) 


Fig. 7. Location of environmental detectors. (By courtesy of: U.S. Naval Research 
Laboratory) 


The pressure inside the satellite will be carefully ‘“observed”’ by simple aneroid 
pressure gauges, located inside the pressure-tight chambers that will be incor- 
porated within the shell (weight of these chambers is 2°/, pounds). When and if 
a meteor punctures a chamber, a pressure drop will immediately follow, and 
this will be recorded. To provide for knowledge of one or multiple punctures, 
simultaneous punctures, and steady leakage it is expected that a bellow-actuated 
potentiometer will be utilized to determine pressure variations between two 
puncture zones. One zone will be monitored by a pressure switch. 

In order to measure skin 
eroston three thin chromium resist- 
| ininaiiinil — tra ance strips (metallic film evap- 
a Yt Ye CK orated on pyrex glass) and a 

I. single cadmium sulfide shell will 
be placed at four points on the 
ie os shell. The film resistance erosion 

gauges will be cemented at posi- 
tions near the poles (two) and 
at the equator (two). It is 
expected that changes in elec- 
trical resistance (increased by 
Fig. 8. Photosensitive micrometeorite detector. continued particle impingements) 
(By courtesy of: U.S. Naval Research Laboratory) of ten per cent will provide use- 
ful data. 

Very sensitive microphones will count impinging micrometeoric matter, 
yielding information on micrometeoric incidence. All impact counts will be stored 
on a magnetic core. Barium titanate type microphones will be used sensitive to 
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impacts by micrometeorites of 2 x 10~> ergs of energy. Counts up to 1000 can be 
made and stored on saturable magnetic cores. 


B. Package No. 2 


(7) Cosmic Ray Observations 


The cosmic ray experiment will attempt to measure the total intensity as a 
function of both time and position. In two parts, it will effect a continuous 
transmission of the instantaneous intensity and will permit the storage of intensity 
on a magnetic tape. Readout will occur by command when the satellite passes 
over the telemetering fence. Knowledge of cosmic ray intensity distribution, 
geomagnetic field orienta- 
tion, cosmic ray albedo, 
and relative strengths of 
the terrestrial and inter- 
planetary magnetic fields 
should be increased. 

A GEIGER-MULLER tube 
and a tape recorder are 
the essential components 
of the experiment. The 
experiment will, it is 
hoped, provide important 
data on both temporal 
and positional variations 
of primary cosmic ray 
intensity. The counts will 
be totalled during a com- 
plete cycle and, upon 
command, readout will 
occur to be followed by 
erasure of the tape and 
the commencement of a 
new counting series. A 
ratchet system, actuated 
each second by a time 
base channel, will drive 


the tape forward step by 
step (0.005 inch each). Fig. 9. 20 inches diameter cosmic ray satellite. 
Recording can continue (By courtesy of: U.S. Naval Research Laboratory) 








for 120 minutes. 
A scaling circuit records the G—M tube pulses, reducing the rate of operation. 


The scaler’s output is one pulse each five to twenty seconds. A 512 cps tuning 
fork, in a parallel channel, drives a scale of 512, producing a pulse per second. 
These channels supply an anti-coincidence circuit (except when a pulse is seen 
at the G—M tube scaler output) the output of which is tape recorded. 

In conducting this experiment it is essential that data be stored representing 
the whole orbital track, and that it is known at exactly what point on the track 
a specific counting rate occurred. Therefore, a highly accurate internal time 
standard had to be incorporated into the device. 

The counter will fit into a 5—1/2 inch package, largely occupied by foam and 
batteries. The plate, G—M tube, and connectors weigh 0.36 lb., while the tape 
recorder weighs 0.52 Ib. The batteries weigh nearly nine pounds. Other items 


Astronaut. Acta, Vol. IV, Fasc. 1 7 
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include the receiver (nearly half a pound), transmitter (0.38 Ib, with HV power 
supply, fork circuits), modulator and scalers. 


(2) Measurement of Interplanetary Matter 


The micrometeorite bombardment experiment employs thin resistance strips 
on the skin of the artificial satellite. There will be four groups of three detec- 
tors... twelve in all... of which eleven will consist of square patches laid side 
by side approximately a centimeter on an end. These will be wound by a contin- 
uous layer of enamelled wire 17 « in diameter. The remaining detection element 
will be a thin layer of strontium between flared platinum connecting terminals. 
All will be wired in parallel. 

The net resistance of the detectors is part of the frequency determining element 
of the free-running multivibrator, subcarrier modulation generator. When a 
meteor hits the detectors the circuit will open to alter the modulation frequency. 
Assuming a heavy micrometeoric flux, all detectors will open rather quickly 
and the strontium element will become abrazed. The extent of this abrasion will 
determine the degree of shift in the modulation frequency. 

Unfortunately, few technical details of this experiment have been made 
available at the time of this writing. 

C. Package No. 3 
Geomagnetic Measurements 

It is planned to investigate 
both diurnal and irregular 
variations occuring in the 
magnetic field of the Earth 
caused by ionospheric cur- 
rents, and to determine the 
existance or non-existance 
of the extraterrestrial ring- 
current. The effects of mag- 
netic storms on the field and 
changes caused by the sup- 
posed ring-current of streams 
of charged particles will be 
carefully studied. Equally 
important will be the im- 
provement of our knowledge 
of the main magnetic field of 
the Earth, and not merely 
of disturbances. 

A proton precession mag- 
netometer under development 
by Varian Associates will be 
used, weighing some three 
to four pounds. Devices of 
this type have seen consid- 
erable experience in high al- 
titude research rockets, and 

ume /NoIY are relatively simple and free 
-— aia i is from errors. An accuracy of 


Fig. 10. Magnetometer satellite. (By courtesy of: U.S. better than ten gammas is 
Naval Research Laboratory) assumed. The unit of intensity 
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of the Earth’s magnetism is the gauss, being the intensity of a magnetic field 
acting with a force of one dyne upon a magnetic pole. The gamma is 1/100,000th 
of a gauss, and is used in magnetic surveying. The magnetometer used derives 
its operation from the magnetic moments exhibited by protons. These are aligned 
and released following which they precess about the Earth’s magnetic field at a rate 
which depends on the scalar value of that field (i.e. independent of aspect). 


Fig. 11. Magnetic field satellite: Minitrack transmitter (left), telemetering transmitter 
(right), command receiver (center, top), antenna matching networks (bottom). (By courtesy 
of: U.S. Naval Research Laboratory) 


A magnetic field of about 100 gauss is created by passing a current through 
a coil placed in a substance rich in protons. The proton’s magnetic moment is 
now polarized, and when the polarizing field is rapidly withdrawn proton 
precession occurs. The moment induces a voltage in the coil which has been 
switched to a measuring circuit. The signal is audio-amplified and passed to the 
telemetering transmitter. 

To begin a measurement, a relay in the command receiver is closed upon 
interrrogation from a Minitrack station. Telemetering and magnetometer 
circuitry are then on, and within half a second the command receiver relay will 
open. It becomes possible to apply a polarizing current to the sensing coil for 
a period of two seconds. Following the switching of the coil to the amplifier, the 
amplified precession signal can be transmitted to the telemeter for from one 
and a half to two seconds. Circuits then go off, pending a new interrogation. 

7 
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Fig. 12. Magnetic field satellite: module containing the magnetic amplifier and switching 
circuits. Diameter: 81/, inches, weight: 15 ounces. (By courtesy of: U.S. Naval Research 


Fig. 13. Miniature tape recorder with cover removed. Programming switches are in center 
section; magnetic tape in bottom section. (By courtesy of: University of Wisconsin) 
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Both the signal and a 100 kc 
standard are magnetic tape recorded 
at the ground station. It is with ref- 
erence to this standard that the preces- 
sion frequency is counted. 

It is pointed out that data storage 
will not be used, but rather meas- 
urements will be accomplished when 
the satellite is within range of Mini- 
track stations. There are two reasons 
for this: firstly, it is felt that there 























Fig. 14. This figure, prepared by the Naval 
Research Laboratory, illustrates how the 
cause of magnetic disturbances may be 
solved, i.e. are they caused by the post- 
ulated ring-current or by ionospheric dis- 
turbances? It is not known if ionospheric 
currents can cause the major disturbance 
field, or if they merely cause irregularities. 
The following description is given: If the 
current lies solely in the ionosphere the 
disturbance field, Hp, at the satellite should 
add to the Earth’s main field, F, as il- 
lustrated. If the disturbance is created 
instead by a ring current, its field at the 
satellite will subtract from the Earth’s main 
field. In both cases the disturbance field at 
the Earth’s surface subtracts from the main 
field. Thus, through comparison of simulta- 
neous measurements at the satellite and at 
the Earth’s surface the location of the dis- 
turbing current is found. During the initial 
phase of a storm the Hp vectors are all re- 
versed and the same argumentsapply. Hp dis- 
turbance field, F Earth’s main field. (By cour- 
tesy of: U.S. Naval Research Laboratory) 
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ANTENNA —— 
Magnetometer satellite instrumen- 
(By courtesy of: U.S. Naval Re- 

search Laboratory) 


Fig. 15. 


tation. 


are too few magnetic observatories in 
existence to provide good surface 
reference for comparison with satellite 
measurements, and secondly ‘‘as the 
disturbance: field is found by sub- 
tracting the undisturbed main field from 
the measured intensity’, knowledge 
of the magnitude of the main field 
would be essential. Now, to determine 
the main field, “measurements must 
not only be obtained during periods 
of magnetic calm but on a_ very 
wide-spread, dense basis all over the 
globe. This has not been accomplished. 

It is expected that about 50 meas- 
urements a day will be achieved, and 
that the active life of the satellite will be 
between 70 and 100 days. Each time the 
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satellite comes within range of a Minitrack station a few measurements will be 
taken. While there will be 16 orbits daily, station overlap will permit some 24 


passes. 
D. Package No. 4 


A decision has yet to be made as to which of the following two experiments 
will be conducted on-board an Earth satellite vehicle. Both programs are 
progressing rapidly, and it is expected that a decision will be reached before 


this Winter. 
(1) Investigation of the Radiation Balance of the Earth 


Researchers working on this experiment have likened the Earth’s atmosphere 
to an enormous heat engine, with the net incoming solar radiation representing 
the heat input at the boiler and outgoing long wave energy representing the 
condenser heat sink. Because of the variable nature of cloud masses, both as to 
geographic coverage and density, the atmospheric heat engine must function 

with a nonconstant input of 
short wave energy. It was 
therefore decided that an ex- 
periment should be devised 
to determine accurately the 
changing input and loss rela- 
tionship. 

Measurements will be made 
of the magnitude of radiation 
currents, including solar radia- 
tion, Earth-reflected solar 
radiation, and energy radiated 
out by the planet as a whole. 

i, ae ee . The first two supply energy 

g. 16. ite and black spherical sensors. Dissem- at shorter than 2.5 u wave- 
bled unit shows KEL-F thermal isolating support. Age” 

(By courtesy of: University of Wisconsin) lengths and the latter Hi - 

the greater than 2.5 w region. 

Sensors enjoying wavelength 

discrimination can separate the long from the short wave radiation. For example, 

to detect the reflected shortwave radiation, a sensor would be used that responds 

only to this and not to direct shortwave or terrestrial radiation. 

Specially surfaced spheres will be employed as sensors (two are 1.25 inch 
coated spheres; the remaining two are smaller and are fitted with sunshades). 
In the above example it would be necessary to shield the sphere from the Sun 
and employ a surface almost black in the shortwave region and with very 
low absorptivity characteristics in the longwave region. 

It has been reported that the sphere has such a sensitivity that a change of 
0.001 cal/cm?/min will produce a temperature change of approximately 0.2 °C. 
It follows that if we use three spherical sensors responding to selective radiation 
currents it will be possible to measure the resulting temperatures and temperature 
changes. It should be noted that the temperatures will be affected by altitude 
changes of the orbiting vehicle. 

Small pingpong ball size spheres will be placed on the ends of radio antennae. 
Temperatures would be measured every half minute, representative of about 
150 miles of satellite track. Three simultaneous equations will be solved to 
obtain incoming solar radiation, reflected solar radiation and outgoing planetary 
infrared radiation. Once values have been obtained we shall be in a position of 
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knowing the energy balance and how it varies with position and time. The data 
storage and telemetering system should be of sufficient capability to read 0.2 °C 
changes. 

The basic elements of the instrumentation for this experiment include four 
thermistors (to measure the average fourth power temperature of the sensing 
elements), a coding oscillator (its PRF is controlled by the resistance value of 
each thermistor in sequence), a time standard (a 512 cps tuning fork is counted 
down to form 1/2 second pulses, providing precise time intervals for gating the 
coding oscillator and ratchet drive), a “temporary” storage element, which is a 
ten binary digit counter (two used), and a “‘permanent”’ storage element, namely 
a small magnetic tape recorder. 








LL keturn 











Fig. 17. Block diagram of radiation balance satellite. (By courtesy of: University of Wisconsin) 


If the instrumentation operates over the 80 day period, 230,000 sets of observa- 
tions will be made, figuring on 180 sets per orbit (a set consisting of five numbers 
between 0 and 1024). The magnetic tape received from the telemetering posts 
will be directly fed to an electronic digital computer. 

Electronics and the tape recorder weigh less than three pounds. Assuming 
nearly eight pounds of batteries for 80 days operation, the package comes to 
about 11-1/2 pounds. Power requirements are less than 200 mw. All items are 
to fit inside a six-inch cylinder. 


(2) Measurement of Cloud Cover and Albedo of the Earth 


This experiment is also designed to contribute to knowledge of the Earth’s 
energy budget. Optical techniques will be employed and observations from the 
satellite will be based on contrasting reflections from land, sea and cloud forma- 
tions. Radiation reflected from many parts of the planet will be scanned, and, 
when tied to knowledge of precise satellite orientation in terms of the Earth, 
will yield data on cloud cover distribution. 

Two photocells (photoelectric telescopes) observing in opposed directions 
form the basic detection system. One telemetering channel is needed. Signals 
generated are mixed with a 300 cps subcarrier, and stored on a magnetic tape 
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recorder. Upon command, playback occurs for a one minute period presenting 
50 minutes of data. The photocell will sweep the horizons in its view. At 
perigee (200 miles) the path will be some 15 miles wide and 2500 miles long. 


7. Experiments Requiring Non-Instrumented Satellites 


Other experiments will involve geodetic measurements, ionospheric research 


and air density studies. 

Geodetic advantages derive from both optical and radio tracking of the 
satellite vehicle, and it is hoped that not only will greater knowledge of the 
Earth’s gravitational anomalies be obtained (by observing perturbations of the 
orbit) but that ground stations throughout the world will be more accurately 
linked. 

As for the ionosphere, angular errors accruing from 108 mc radio direction 
measurements will depend on the integrated ion density along the radio transmis- 
sion path and the zenith angle. The orbital characteristics must be precisely 
known and radio measurements must be taken over a wide arc. Computations 
following the basic measurements should give us a good value of integrated ion 
density over the ground direction-finding station. It is also planned to determine 
the ionospheric effects on radio signals emanating from the satellite. 

This experiment is being carried out by the Army Ordnance Ballistic Research 
Laboratories. The use of the Minitrack transmitter as the signal source has 
been finally decided upon, although BRL earlier desired to use lower frequencies 
emanating from a specially designed transistorized crystal controlled transmitter. 
By comparing the reference frequency with the received satellite frequency the 
Doppler frequency results, and can be compared with theoretical values depending 
on the exact orbital parameters. Not only will the integrated ion density be 
determined along the radio path, but local ion density along the satellite track 
will be obtainable. BRL is interested in the magnitude of and the variation in, 
ionization and will carefully watch data obtained during the period of satellite 
transition into or out of darkness. 

BRL will Doppler track the 108 mc Minitrack signal from a station in the 
vicinity of the White Sands Proving Ground. Specially modified super DOVAP 
receivers are now being prepared to measure the Doppler shift. 

The N.A.C.A. will perform an expandable plastic sphere experiment with the 
Third Instrumentation Package (Magnetometer) firing. It will gain knowledge 
of air density by noting the relationship between satellite drag and density of 
the air at extreme altitude. Orbital perturbations will result from air drag on 
the large, lightweight, inflatable plastic and aluminum foil sphere. Its high 
drag-to-weight ratio should be of great help in getting the required data. 

This sub-satellite experiment is a 30 inch diameter sphere and features 
0.000 25 inch thick polyester plastic film bonded to the aluminum foil (itself 
0.005 inch thick). It folds into a package which fits inside an annular shaped 
container. The assemblage is located between the main satellite and the Vanguard 
third stage rocket. 

Once the main satellite is placed into orbit, the sub-satellite is pneumatically- 
erected by compressed nitrogen gas at 2000 psi pressure. The sub-satellite is 
now ejected from its container, and, under a pressure of about 0.2 psi, it has 
the wrinkles formed from folding taken out. Next, it is de-pressurized, but 
because of its inherant stiffness it maintains itself as a sphere under loadings 
up to one g, far greater than those to be expected. 
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The full installation weighs 0.69 pounds, composed as follows: 
sub-satellite 0.25 pound 
pneumatic erection tank 0.19 pound 
annular container 0.25 pound 
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Fig. 19. Percent time in sunlight for 200—1500 mile orbit. Apogee away from Sun. 
(By courtesy of: U.S. Naval Research Laboratory) 


8. Other Experiments 


There are a number of other experiments still under more or less active 
consideration. These include a radioactive meteor erosion gauge exper- 
iment proposed by the University of Maryland Physics Dept., and a proposal 
from RIAS (The Martin Co.) on the determination of the flux of primary cosmic 
ray nuclei with atomic number larger than eight. 

Recent reports suggest that the last named experiment will be performed, 
with support coming from the National Science Foundation. Heavy nuclei 
components of primary radiation will be observed by the ionization bursts 
formed while traversing a defined particle length in a gas. An _ ionization 
chamber similar to ones previously used in upper air balloon tests will 
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be tried, properly modified to adhere to satellite requirements, missile 
acceleration, etc. A linear amplifier has been designed to respond to individual 
ionization bursts, and pulses will be transmitted during each satellite transit 
(it should be noted that this refers only to pulses corresponding to atomic number 
greater-than-eight particles traversing the chamber). 

It is expected that the following information will be gained: (a) number 
of heavy nuclei, (b) spectral distribution of heavy nuclei, (c) diurnal effects, and 
(d) time variations (due to solar activity). The counting rate will vary according 
to geomagnetic latitude. 
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Fig. 20. Percent time in sunlight for 200— 1500 mile orbit. Summer solstice (6g = + 23,5°) 
June 22. For two week future conditions: add 4" 50™. Apogee: 7 away from Sun, 2 90° 
from Sun, 3 toward Sun. (By courtesy of: U.S. Naval Research Laboratory) 


The meteoric erosion experiment would involve the use of a radioactive 
material coating a portion of the outside surface of the satellite with a detector 
at a corresponding position inside. As incoming meteoric matter erodes the 
surface, the radioactive material will be removed, causing a decrease in the 
counting rate. Microminiaturization techniques keep the gauge weight to about 
3/4 of an ounce. The University of Maryland reports three ways in which the 
radioactive method can be adapted: 

(a) as a surface erosion gauge, 

(b) as a volume erosion gauge to measure the total amount of material 
carried away, 

(c) in a sandwich form as a penetration gauge. 
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The radioactive source is strontium-90. Germanium transistors are used in 
the reduced size circuits. The experiment operates well within the Vanguard- 
ESVP temperature limits, will operate from the Minitrack 22 volt system, and 
draws 40 milliwatt. All environmental checks (acceleration, temperature, etc.) 
have been completed. 


9. Miscellaneous 


All experiments are undergoing, or will undergo, rigid environmental tests, 
including vibration testing and thermal-vacuum testing. 
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Fig. 21. Percent time in sunlight for 200—1500 mile orbit. Vernal equinox (March 21): 

add 7 min. (dg = 0°), autumnal equinox (September 23): subtr. 7 min., for two week 

future conditions: add 45 50™. 7 away from Sun, 2 90° from Sun, 3 toward Sun. (By courtesy 
of: U.S. Naval Research Laboratory) 


A considerable amount of work is being performed to obtain the best batteries, 
and rather definite battery selection criteria have been established. Miniature 
silver-cadmium storage cells and mercury cells are presumably to be used. The 
Signal Engineering Labs have a four ounce solar battery program under way 
which can fit into a space 3 x 3-1/2 x 1/2 inches. It furnishes three volts at 
20 ma. Life cycle, reliability, temperature, vacuum load and vibration tests are 
being carried out on all batteries. 
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Dreidimensionale Uberschallprobleme der Gasdynamik. Von K.-R. DorrNner. (Er- 
gebnisse der angewandten Mathematik: Heft 3.) Mit 44 Textabb., VII, 150 S. 
Berlin-G6éttingen-Heidelberg: Springer-Verlag. 1957. DM 26.— 

Die nichtlinearisierte (und erst recht die linearisierte) Theorie der ebenen und 
rotationssymmetrischen Uberschallstrémung wird seit langem in der Lehrbuch- 
literatur ausfiihrlich dargestellt. Dagegen sind Ansatze fiir eine nichtlinearisierte 
Theorie bei allgemeineren dreidimensionalen Str6mungen kaum vorhanden; auch 
die zugeh6rige linearisierte Theorie hat noch nicht eine so eingehende lehrbuchmaBige 
Darstellung gefunden, wie es dem gegenwartigen Interesse an diesem Gegenstand ent- 
sprechen wiirde; das gilt insbesondere fiir die Umstr6mung von Tragfliigeln. 
Unter diesen Umstanden vermag die vorliegende Monographie, die einen Uberblick 
liber die bisher entwickelten linearen Methoden zur Berechnung dreidimensionaler 
Uberschallstr6mungen an flachen Kérpern gibt, eine fiihlbare Liicke zu schlieBen. 
Grundlegend ist hier das allgemeine Singularitatenverfahren, das keine zusatzlichen 
Bedingungen an die Fligelform stellt und einen Einblick in die Struktur des Stré- 
mungsfeldes vermittelt (Kap. II). Praktisch wichtiger sind jedoch die Verfahren der 
kegelsymmetrischen, bzw. der verallgemeinerten kegelsymmetrischen (homogenen) 
Str6mung (Kap. III, bzw. IV); hierbei reduziert sich das raumliche Problem durch 
die Einfiihrung zusatzlicher Bedingungen auf ein leichter zu behandelndes Problem 
mit nur zwei unabhangigen Variablen. Der rollende Dreieckstragfliigel ist eines der 
Beispiele, fiir welche die Lésung nach dieser Methode hergeleitet wird. — Die Regeln 
fiir das immer wiederkehrende Operieren mit Unstetigkeitsfunktionen werden im 
Kap. I vorweg behandelt; um so mehr Platz bleibt fiir die Diskussion der eigent- 
lichen gasdynamischen Fragen. Ferner werden die wichtigsten Formeln jeweils am 
SchluB des Kapitels zusammengestellt, wodurch das Nachschlagen erleichtert wird. 
Das klare und inhaltsreiche Werk wird daher dem Aerodynamiker und Luftfahrt- 
ingenieur zur Erganzung der vorhandenen Lehrbiicher tiber Gasdynamik sehr will- 
kommen sein. H. STUMKE, Stuttgart 


Advances in Geophysies. Edited by H. E. LANDSBERG. Volume 3. Mit 135 Textabb., 
X, 378 S. New York: Academic Press Inc., Publishers. 1956. $ 8.80. 

Die vorliegende Sammlung von Einzelbanden aus dem Bereich der Geophysik 
wird, sobald sie vollstandig vorliegt, ein sehr umfassendes Bild des heutigen Wissens 
und der Probleme dieser Wissenschaft geben. Der hier besprochene 3. Band bringt 
unter anderem einen Beitrag von S. F. SINGER, dessen Verdienste um die Verwirk- 
lichung kiinstlicher Erdsatelliten weltbekannt sind. Dieser Beitrag behandelt folgende 
Probleme: das magnetische Erdfeld, Gestalt der Erde und Schwereanomalien; die 
Albedo der Erde in Beziehung zum Wetter; Infrarotemission und Temperatur von 
Atmosphare, Erdboden und Ozeanen; die Ozonschicht; Nachthimmelsleuchten und 
Polarlichter; Elektronendichte und elektrische Str6me in der Ionosphare sowie 
deren Beziehung zu magnetischen Stiirmen; Ableitung atmospharischer Dichten 
aus beobachteten Satellitenbahnen, Dichtemessungen und Bestimmung von Zu- 
sammensetzung und Elektronendichte der Atmosphare, Ermittlung von Wind- 
str6mungen, Temperatur und Turbulenz mit Hilfe kiinstlicher Meteore; Messungen 
im ultravioletten und R6ntgenbereich des Sonnenspektrums; Lyman-«-Strahlung 
des interplanetaren Wasserstoffes; Teilchenstr6me und _ Polarlichtentstehung ; 
kosmische Strahlung (HGéhenstrahlung): geomagnetische Effekte, Energiespektrum, 
Zusammensetzung, Ansteigen im Zusammenhang mit Sonnenfackeln, Abnahme im 
Zusammenhang mit solarer Korpuskelstrahlung; Messung von GroBe und Frequenz- 
verteilung meteoritischer Teilchen, Erosion durch Aufprall; Energiebilanz der Erde 
und atmospharische Zirkulation im GroBraum; mégliche Satellitenbahnen, Satellit 
mit und ohne Sendeeinrichtung, Satellit mit Lagekontrolle. 
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SinGErs Ausfiihrungen nehmen 67 Seiten mit 37 Abbildungen ein. Der Rezensent 
kennt keine anderen Beispiele fiir eine ebenso gut durchdachte, knappe und trotzdem 
im besten Sinn wissenschaftliche Darstellung der Satellitenforschung in einem Einzel- 
beitrag, die jedem Leser ein griindliches Verstandnis der angestrebten Forschungs- 
ziele ermdoglicht. 

Wenngleich der Rezensent sich nicht vermessen darf, tiber die tibrigen, auBer- 
halb seiner Kompetenz liegenden Kapitel ein Urteil zu fallen, hat er darin doch 
viele Einzeltatsachen gefunden, die in Vorlesungen iiber Geochemie und Kosmo- 
chemie Platz gefunden haben, und daraus groBen Nutzen gezogen. Es sind folgende 
Verfasser und Beitrage zu nennen: A. P. Crary, Erforschung arktischer Eisinseln; 
Z. SEKERA, Polarisation des Himmelslichtes; P. ByYERLEY, Subkontinentale Struktur 
im Licht seismologischer Beweise; E. C. BULLARD, A. E. MAXWELL und R. REVELLE, 
Warmeflu8 durch den Tiefseeboden; J. A. Jacoss, Das Erdinnere; P. H. JONEs 
und H. E. SkRIBITZKE, Grundwasserhydrologie. F. Hecut, Wien 


Jinfiihrung in die Methoden der Programmierung kaufmiannischer und wissenschaft- 
licher Probleme fiir elektronische Rechenanlagen. 1. Teil: Die Logik der Pro- 
grammierung. Von B. THUrING. Mit 100 Textabb. 217 S. Baden-Baden: 
R. Goller Verlag. 1957. Geb. DM 45.—. 


Der Verfasser hat sich mit dem ersten systematischen Buch tiber die Methoden 
der Programmierung zweifellos ein groBes Verdienst erworben. 

Die groBe Bedeutung der Rechenautomaten fiir die Volkswirtschaft, die Statistik 
und viele andere Gebiete wird immer mehr erkannt. Nicht zuletzt wird auch die 
Astronautik bei den jetzt wichtig werdenden Bahnrechnungen nicht auf sie ver- 
zichten koénnen. 

Rechenautomaten kénnen aber nur eine Vielzahl einfacher arithmischer (und 
logistischer) Operationen ausfiihren. Die Maschine bedarf daher sehr genauer Richt- 
linien fiir die Reihenfolge der Operationen. Diese Richtlinien miissen aber fiir jede 
Aufgabenart nur einmal aufgestellt werden. Man nennt dies die ,, Programmierung“. 

Der vorliegende Teil 1 des Werkes will die fiir alle Aufgaben gemeinsamen Grund- 
ziige der Programmierung erstmalig in systematischer Form darstellen. Darin liegt 
ohne Zweifel der groBe Wert dieses Buches, das sich in vier Kapitel gliedert. 

Kapitel 7 (Zahlen-Darstellung und Wortdarstellung; Grundrechenoperationen) 
erklart zunachst die Grundziige des dualen Zahlensystems und befaBt sich sodann 
mit dem Wesen der Programmanalyse und dem Aufstellen des Ablaufdiagramms, 
das den Hauptanteil der ganzen Programmierung bedeutet. 

Im Hauptkapitel 2 folgen kaufmannische Rechenplane (Programme) mit systema- 
tischen Darlegungen iiber die Ablaufdiagramme und die algorithmischen Darstellungen 
von Planen. Zahlreiche Aufgaben und Zeichnungen von der einfachsten Addition 
von Zahlen bis zum Unterplan einer Lohnabrechnung werden bis zur algorithmischen 
Darstellung durchgefiihrt und tragen so sehr zur Veranschaulichung bei. 

Das Kapitel 3 enthalt wissenschaftliche Rechenplane, wobei vor allem die Lésungen 
von Gleichungen (bis zur Lésung einer algebraischen Gleichung vierten Grades) 
und von linearen-Gleichungssystemen durchgeftihrt werden. 

Das Kapitel 4 behandelt grundsatzliche Dinge, die nicht vergessen werden diirfen, 
wie etwa ,,Eingabe“‘ und ,,Ausgabe‘‘, Methoden der Sortierung von ,,Informations- 
Einheiten‘‘, sowie von Gruppen und Listen solcher. 

Gerade die allgemeine Behandlung gibt diesem Buch fiir jeden, der sich der 
elektronischen Rechenanlagen bedienen will, seinen besonderen Wert. Mit gro8tem 
Interesse darf man den zweiten Band erwarten, der schon angekiindigt ist, und der 
der Rechenanlage der Univac Factronic in Frankfurt am Main (Firma Remington 
Rand) gewidmet ist, die als die gréBte zur Zeit in Europa 6ffentlich zur Verfiigung 
stehende, Daten-verarbeitende elektronische Rechenanlage anzusehen ist. 

K. ScHUTTE, Miinchen 
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An Analytical Solution for Flight Time of Satellites in Eecentrie 
and Circular Orbits 


By 
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(With 10 Figures) 
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Abstract — Zusammenfassung — Résumé 


An Analytical Solution for Flight Time of Satellites in Eccentric and Circular 
Orbits. Analytical solutions for the altitude-time relationships for both circular 
velocity and eccentric satellite orbits are derived and presented. A comparison is 
made of results from an analytical closed solution with accurate detailed stepwise 
integrated trajectory computations from a high speed digital computer. The analytical 
results are sufficiently accurate for most engineering purposes. Furthermore, the 
analytical approach makes possible the rapid inexpensive solution of large families 
of trajectories. It also yields an insight into the problem and illustrates general 
principles of satellite orbital behavior. Use of the generalized curves for the analytical 
solutions (Figs. 8, 9 and 10) is not limited to any one set of atmospheric density 
versus altitude data. Furthermore, these plots are completely dimensionless and 
hence equally applicable to metric and English units of measure. 


Eine analytische Légung fiir die Lebensdauer von Satelliten in exzentrischen und 
Kreisbahnen. Analytische Lésungen fiir das Hohe-Zeit-Verhaltnis sowohl fiir Kreis- 
bahngeschwindigkeit als auch fiir exzentrische Satellitenbahnen werden abgeleitet 
und vorgeschlagen. Zum Vergleich werden die Resultate einer analytisch geschlossenen 
Lésung angegeben, die mit Hilfe einer elektronischen Rechenmaschine unter Be- 
niitzung genauer, stufenweise integrierter Bahnberechnungen erhalten wurde. Die 
analytischen Ergebnisse sind fiir die meisten technischen Zwecke ausreichend genau. 
AuBerdem ermdglicht die analytische Annaherung die rasche und billige Lésung 
groBer Familien von Bahnen. Sie gestattet auch einen Einblick in das Problem und 
illustriert allgemeine Prinzipien des Verhaltens von Satellitenbahnen. Die Beniitzung 
verallgemeinerter Kurven fiir die analytischen Lésungen (Abb. 8, 9 und 10) ist nicht 
auf irgendeine Annahme der atmospharischen gegeniiber Héhendaten beschrankt. 
AuBerdem sind diese Diagramme vdollig dimensionslos und deshalb in gleicher Weise 
fiir das metrische wie auch fiir das englische MaBsystem anwendbar. 


Une solution analytique au probléme des durées de vol des satellites sur des 
trajectoires circulaires ou elliptiques. Des solutions analytiques pour la relation 
altitude-temps dans les orbites circulaire et elliptique de satellites sont déduites 
et présentées. La comparaison d’une solution analytique sous forme finie 
avec les résultats d’un calcul précis de trajectoire par intégration a pas fin sur 
une machine digitale montre que les résultats analytiques ont une précision suffisante 
pour la plupart des applications techniques. 


1 Preliminary Design Engineer and Head of Mechanics Section, Preliminary 
Design and Systems Analysis Group, Astronautics Division, Convair, San Diego, 
Calif., USA. 


Astronaut. Acta, Vol. IV, Fasc. 2 
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L’approche analytique fournit une solution peu couteuse a l’établissement d’une 
famille étendue de trajectoires. Elle met aussi en évidence les aspects principaux du 
comportement orbital du satellite. L’utilisation des courbes généralisées (Figs. 8, 9 
et 10) pour les solutions analytiques n’est pas limitée a une relation déterminée entre 
l’altitude et la densité atmosphérique. De plus, étant sans dimensions, les graphiques 
sont également applicables a tout systéme d’unités. 


Symbols 


D = At = dimensionless expression 
— for time 

S (¢ @ V*) = velocity 

drag = weight 

a function of = altitude 

gravity constant =a constant 

= an increment of 


CpS 
£00 (°25) 09%)? = aconstant = Vo/rq 


= drag coefficient = 


W = universal gravity constant = 
=a constant gr = 1.404 24 x 1016 ft8/sec? 


= radius distance from center of = atmospheric mass density 
earth = proportional to 
= approximately equals 


reference area 
- equals by definition 


time 


Subscripts 


oO initial = due to drag 
oo = at surface of earth = due to gravity 
C =circular 


Introduction 


Man made satellites are the next step forward in man’s conquest of space. 
Their immediate application is for military reconnaissance and to achieve a 
greater knowledge of the upper atmosphere. The time which these satellites 
remain in flight is of primary importance in their efficient design. 

In this paper the fundamental equations for the orbital lifetime and the 
altitude-time relationship of satellites in both circular and eccentric orbits are 
derived. In the case of eccentric (elliptic) orbits, equations are developed for the 
rate of fall of perigee and apogee and the rate of approach to circular flight. 

The generalized solutions for orbital lifetime and the altitude-versus-time 
relationships are compared with accurate results obtained from stepwise integra- 
tion of the trajectory equations of motion by high speed digital computing 


machines. 


Summary 


The following general equation for orbital lifetime of circular velocity satellites 
was derived. 


(21) 


If density, g, is not readily available as an analytical function of altitude, 
Y, the above equation may be graphically integrated by plotting 1/o versus Y. 
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Frequently the density at the initial altitude and for some distance below may 
be expressed by an equation of one of the following two forms. 
o~emY (22) 
o~ Y*. (23) 
Substituting of eqs. (22) and (23) respectively into eq. (21) and integrating 
yields the following orbital lifetime equations. 
1 


ina ff — gt%~-) ‘ 
ae ] (25) 


, =: Se ° 4 ae ; 
= (4 )eb-( I i 


Depending upon the atmospheric data used, eq. (25) does not usually apply 
over a sufficient region of altitude to permit total lifetime determination on one 
step. Eq. (26), however, does yield an approximate total lifetime expression by 
setting Y equal to zero. 


(27) 


Eq. (27) is plotted in Fig. 4 using the atmospheric data of Fig. 1. Superimposed 
upon Fig. 4 are points obtained by an accurate stepwise integration from a high 
speed digital computing machine using various ratios of weight-to-drag frontal 
area W/C)S. 

A plot of altitude versus time from the theory [eq. (26)] is compared for a 
sample trajectory to accurate results from machine trajectory computation in 


Fig. 5. 

In the case of eccentric orbits two analytical solutions are described in the 
text. One involves a single graphical integration for the entire trajectory for 
each initial perigial velocity and altitude combination chosen. The other involves 
reading a few points from generalized parametric curves and multiplying by 
suitable constants. Results of total satellite lifetime from this method are 
graphically compared with accurate results from a high speed digital computer 
in Fig. 6. Also presented is a comparison of perigee altitude versus time for two 
sample trajectories in Fig. 7. 

The methods of solution presented herein are applicable to any standard 
variation of density with altitude. For illustrative purposes only the atmospheric 
data of Figs. 1 and 2 were employed. These consist of the yet unpublished data 
of E. O. Hutsurt of the Naval Research Laboratory for the lower altitudes 
connected by a fairing to the GRIMMINGER Model III atmosphere [1] at the 
higher altitudes. 


Circular Trajectories 


A satellite launched into a circular orbit would remain there indefinitely 
were it not for aerodynamic drag. With circular velocity the centrifugal accelera- 
tion away from the center of the earth is just balanced by the gravity acceleration 
toward the earth so that the rate of curvature of the flight path is the same as that 
of the earth’s surface (assuming a spherical earth) and the vehicle remains at a 
constant altitude and velocity. The application of a small drag force tends to 
decrease momentarily the satellite’s velocity and thus reduce its centrifugal 


acceleration without affecting the opposing gravity acceleration. The result is 
8* 
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that the flight path becomes slightly less than horizontal and the vehicle spirals 
gradually toward the earth. The work done by gravity upon the vehicle as it 
loses altitude causes it to accelerate and actually gain in velocity even though 
opposed by aerodynamic drag. In other words: the decreasing of the altitude 
results in a conversion of potential energy to kinetic energy so that the velocity 
remains very close to the local circular value. This type of descent continues 
until the atmospheric density has increased to the point that the deceleration 
due to drag is so great that the accelerating force due to gravity can no longer 
maintain circular velocity. The vehicle then decelerates rapidly and commences 
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Fig. 1. Altitude vs density on double log scale 


a dive into the earth. If the satellite remains intact, the terminal phase of this 
dive is vertical flight at a very low velocity with the drag approximating the 
weight. 

In establishing the equations of flight it may be assumed that the flight path 
angle is approximately horizontal so that its cosine is about 1.0. The vertical 
acceleration is then the sum of the centrifugal and gravity terms. 


OL, fin 
BA a 
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Starting at circular velocity the vertical acceleration would remain at zero 
were it not for drag. Assuming the changes in velocity and radius vector are 
very small, i.e., 

Ar 


r 


((( 1.0 (2) 


the above equation may be written as follows: 


7 2 
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Fig. 2. Density vs altitude on single log scale 


Since the initial centrifugal acceleration equals the gravity acceleration, 


Vo 


2’ 
"9 ‘9 


eq. (3) simplifies as follows: 
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or 
Ar=2AaAV + 22Ar 
where 


The change in velocity, AV, is caused by drag and the conversion of potential 
energy into kinetic energy as altitude changes: 
AV =AVp+AV, 
t 
ee 
A D W | D at 
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Fig. 3. Logarithmic slope of density curve vs altitude 


Assuming the velocity change is small, this reduces to: 


The velocity change due to gravity is 
AV, = —AAr. 
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Substitution of these velocity increments from eqs. (10) and (12) into (8) 
and this in turn into (6) yields an equation for vertical acceleration 
t 


ra 


 K 38 . 
ze [ ed — aap (13) 
Sw . 
Assuming, for the moment, constant density and changing the independent 
variable from ¢ to #7, where 
P= At (14) 


we have 
Ar = — Ki—Ar. (15) 
? is measured in radians and approximates the range angle subtended at the 
center of the earth when the changes in 7 and V are small. 
The solutions of eq. (15) are: 
Ar = — K (¢ — Sin#) (16) 
Ar = — K (1 — Cosi). (17) 
Examination of eqs. (16) and (17) shows that the altitude diminishes at a 
constant rate plus an oscillation of constant amplitude. It further shows that the 
rate of descent is a maximum at a half revolution (f = z) about the earth and the 
vehicle returns to horizontal flight at the end of each revolution. These equations 
also show that the altitude loss is proportional to (Cp S/W) for constant density. 
For a large number of revolutions the trigonometric term of eq. (16) becomes 
negligible. 


Ar=— Ki. (18) 
Differentiating with respect to 7 we have, 


(19) 
where 


(11) 


It may now be possible to extend the analysis to the case of variable density 
by substituting K 9/09 for K in eq. (19). 
dAr 
Pe 


Y 
7 80 adY 
== a 
¥ 
Eq. (21) is the fundamental equation for circular orbital stay time. Regardless 
of what variation of density with altitude is chosen, this equation could be 
graphically integrated by plotting the reciprocal of density against altitude. 
Substitution of a suitable mathematical expression for density as a function 
of altitude into eq. (21) will result in a closed solution over the region of altitude 
where the density equation is applicable. Depending upon what standard 
atmosphére is used, it may be necessary to break the altitude into several regions 
and obtain closed solutions to eq. (21) over each region. Two simple equations 
for density are: 
o~ e™ i 


and 
es" 
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where m and £ are negative constants. The former equation is a straight line 
on single logarithm paper and the latter a straight line on double log paper. We 
now substitute eq. (22) into (21). 
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Fig. 4. Generalized plot approximate stay time vs burnout altitude 


Performing the integration, we obtain 


1 
a Oe ae — em(Y,— Y) 
i nae fl—e ). 
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The density relation [eq. (22)] assumed for eq. (25) does not in general permit 
use of this equation for finding total stay time from initial altitude to ground 
impact in one step. The density relation of eq. (23) generally applies with greater 
accuracy over a greater region of altitude than eq. (22). Substitution of eq. (23) 


into (21) and integration results in: 


es fected & (r) | 


In the case of ground impact, Y = 0. 
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Fig. 5. Altitude vs time of descent for circular velocity satellite 


Using the density data by E. O. HutsBurt of the Naval Research Laboratory, 
presented in Fig. 1, an example of a specific trajectory starting at 800 000 feet 
and using a constant ratio of satellite weight to drag frontal area of 2 Ib/ft? is 
presented in Fig. 5. The curve from eq. (26) is a reasonable approximation of 
the more accurate circled points obtained by stepwise integration of the differential 
equations of motion on a high speed digital computer. It may be noted that 
when the satellite has fallen out of the region of applicability of the constant 
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used in the density equation, most of the flight time has elapsed and the trajectory 
has been fairly well determined. 

The total time to ground impact presented in eq. (27) is plotted in generalized 
form in Fig. 4. It may be noted that the time of flight is theoretically proportional 
to W/Cp S. Superimposed upon this plot are total flight times obtained by 
means of a high speed digital computer for various assumed W/Cp S. 


Eccentric Trajectories 


A satellite launched into horizontal flight at a supercircular velocity in a 
vacuum would follow an elliptic trajectory with the perigee (closest point to the 
earth) at its point of origin and the apogee (furthest point from the earth) at 
one-half revolution about the earth from the point of origin. The presence of 
a small amount of aerodynamic drag will cause the altitude to continuously, 
but not uniformly, fall below this theoretical vacuum ellipse. Since the velocity 
and atmospheric density are both higher at the perigee than at the apogee, the 
energy consumed by drag is much higher in the vicinity of the perigee. This 
causes each successive apogee altitude to drop more than its corresponding 
perigee as the satellite revolves about the earth. Thus the trajectory becomes 
more circular as the satellite continues its lop-sided spiralling toward the earth. 
Of course, due to continuous falling of the satellite below each vacuum ellipse, 
the points of horizontal flight (apogee and perigee) occur a little sooner than in 
a vacuum and thus slowly shift their positions about the earth. 

The trajectory equations may be formulated in a somewhat similar manner 
to those of the circular case. Starting with eq. (3), the initial centrifugal accelera- 
tion is not equal to the gravity acceleration and, therefore, does not disappear 
from part of the equation: In other words: 


(28) 


V2 =— (29) 
A 


the equivalent of eq. (13) for eccentric orbits is as follows: 
t 
ee : K 78 
tua ~aetr = fea 


20 


amoft-( 


For a small increment of initial velocity above circular, 
AV, 

sz2 (4). 

Ve 0 


The independent variable is next changed from ¢ to # in eq. (30). 


where 


t 
it bade — <I ail 
eo. 
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At the point of origin ¢ and Ar are both zero so the constant A is obviously 
the initial value of the vertical acceleration 47, with respect to 7. 

The solution of (33) depends upon the form of the density equation used. 
For mathematical simplicity, eq. (22) is employed. 


t 


Ar=A—Ar—K f or et. (34) 


0 


This equation does not readily lend itself to a closed solution. The integral 
of eq. (34) may be solved if a suitable approximation of the solution Ar as a 
function of ¢ were substituted into the exponent. This integral term represents 
the change in centrifugal acceleration caused by the velocity lost to drag. 
Therefore, the approximation used for Av must be sufficient to determine density 
with reasonable accuracy. For one revolution of a high altitude satellite the 
vacuum flight trajectory will do for this purpose. By solving eq. (34) for only 
one revolution about the earth we will obtain an expression for the rate of fall 
of the perigee which might in turn be extended to a solution for total satellite 
life time. 
The vacuum flight equation is obtained by first setting the density equal to 
zero in eq. (33). 
Ar=A—Adr. (35) 
Solving this equation by a LaApPLAcE transformation yields the approximate 
vacuum elliptic equation: 
Ar = A (1 — Cosb). (36) 


It may be observed from eq. (36) that A is half of the altitude change between 


perigee and apogee. 
Eq. (36) is next substituted into the exponent of eq. (34) and one differentia- 


tion performed to remove the integral sign. 
At + Ar = — K emA(l—Cost) — _ K e-¢ ecCost (37) 
where 
C= — mA. (38) 


The last exponential term in eq. (37) may be expanded into an infinite series 
of powers of the cosine, thusly: 


c?Cos?? c3 Cos ¢ 4 ar (39) 


Ay + Ap = — Ker + Cost + T 3) 
In order to make this into a first degree equation, each cosine raised to a digital 
power is replaced by a finite series of cosines of digital multiples of the angle 7. 


These series are found by use of the definition of the cosine. 


(40) 





2 


\-+ n elm —2)it (n (n — 1)/2!)e™—# 4. {[n (n —1)(). tislhen 


(41) 
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Summing the first and last exponential term, then the next to the first with 
the next to the last, etc.; 


2! 
If m is ODD, end the series at Cosé term. 
If » is EVEN, end the series at Cos 0 term and divide the last term by 2. 
Substitution of the appropriate series from eq. (42) into each of the cosine 
terms of eq. (39) and summing the coefficients of similar terms yield the following 
equation which is readily solvable: 


Ay +Ar = —Ke-* [a+ bCosi + dCos2i+ fCos3i+...] (43) 


Cos*é = iil Cosnt-+ n Cos (n — 2) # + = Cos (n — 4)#+. + (42) 


where 
(44) 
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Eq. (43) is solved by means of a LAPLACE transformation, where 


s=@ 


2 yas | een at 


0 


and 
Ng [Ar -] = F, 


where S is a complex number. 
Transforming eq. (43), 


s | 524 12 ' 524 92 
and solving for the transformed function, F, 
A = a b ee 
ar | ie lanes 1) + G+ 1927 (2 4 1% ? + 2%) 
f g 
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The final equation for altitude change is obtained by performing the inverse 
transformation: 


b Soe 
(Sin # — #Cos #) + 


= se 
3 


Ar = A (1 — Cos?) ~ Kea (é — Siné) + 
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Fig. 6. Total satellite life-time from completely analytical solution and digital machine 
integration vs initial velocity 
At apogee and perigee the sine of i or any digital multiple of Zis zero. Therefore, 
all terms in the above series with coefficients of d or higher disappear at these 
points. Further, at perigee the cosine of 7 is unity and at apogee it is minus 
unity. Making these substitutions into eq. (52) and differentiating with respect 
to Z yields the apogee and perigee rates of fall: 


(53) 


(54) 
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The rate of closure of apogee and perigee as the trajectory tends to become 
more circular is 
¥a—%p = —Ke-°b. (55) 
Since the preceding three equations were derived for only one revolution 
about the earth their constants must be evaluated at the local perigee. 
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Fig. 7. Comparison of perigee altitude vs time from theory and machine integration for two 
eccentric trajectories 


We may now proceed to derive a relationship between Y, and C. As pointed 
out earlier, the difference between apogee and perigee radius distance is twice 
the constant A. Making this substitution and the definition of C from eq. (38) 
results in 


2 
ath —~. (56) 


If we assume that m remains constant, the differential of this equation is 
Ta—% = ——C. (57) 
mo 
This is next equated to (55) and solved for C: 
(58) 


The relationship between Y and C may now be found by dividing eq. (53) 
by (58) and remembering that 7 differs from Y by a constant amount, the earth 
radius 7p. 


(59) 
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Eccentric trajectory altitude parameter vs C 









































Fig. 8b. Eccentric trajectory altitude parameter vs C 


Fig. 8 a. 









































































































































































































































An arbitrary but convenient point of integration for this equation is C 


because at this point a/d is finite. 
The integration was performed graphically and the relationship plotted in 


Fig. 8a, 6 and c. 
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As shown in Fig. 8a, as C approaches zero (circular velocity) the perigee 
altitude decreases without limit. This means that perfect circular flight is 
approached asymptotically and is never really achieved. This in fact is the case, 
for even in the so called ‘‘circular flight’’, an oscillation of small amplitude exists, 
eqs. (16) and (17), and the periodic return to horizontal flight corresponds to 


successive perigees. 
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Fig. 8c. Eccentric trajectory altitude parameter vs C 


Although of no direct application in the solution of orbital lifetime, it may 
be of passing interest to point out the rate of change with respect to / of perigee 
velocity due to gravity and due to drag. 


(61) 


(62) 


These equations are the equivalent of eqs. (12) and (10) respectively for the 
circular orbits. 

The next step is the development of the relationship between perigee altitude 
Y, and the dimensionless time or range angle ?/. 


(63) 


Solution With One Graphical Integration 


If it is desired to use the exact density at the perigee points the following 
solution requiring one graphical integration results. 
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First Fig. 9 is constructed as follows: — K o@/0, Y, from re-arranging eq. (53), 
is available as a function of C. The altitude parameter — m)(Y,— Yp»,_,) is 


also available as a function of C from Fig. 8. These data are combined in 
Fig. 9. to present — K 9/0) Yp versus — my (Yp — Y>p__,). 
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Fig. 9. Eccentric trajectories 


Eq. (63) is multiplied by suitable constants 
Y 


Po 
es. 5 2* aY, 
2 09 Y, c Q 
¥. 


p 
Next Cy is obtained from eqs. (31) and (38): 
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The initial value of the altitude parameter is obtained from Fig. 8 at this Cp. 
Various values of Y, from Y», to 0 are next assumed and the corresponding values 
of — my (Y» — Yp»,_,) obtained by taking differences along the curve of Fig. 9. 


Values of — K 0/0) Y, from this curve and the correct densities from the 
atmospheric data employed are substituted into eq. (64) which is then solved by 
one graphical integration. 

It is interesting to note that in the case of circular velocity (Cy = 0) the 
value of — 9 K/o9) Ypis unity and eq. (64) reduces to eq. (21) already derived 
for circular flight. 


Complete General Solution 


If it is considered sufficiently accurate to use the algebraic density relation 
of eq. (22) all the way to impact, a completely generalized solution is possible. 
This is accomplished by substituting dY, from eq. (59) and Y, from (53) 
into (63). Integration takes place from the arbitrary point of C = 1; as before 


(66) 


The density ratio in eq. (66) is obtained from eq. (22). 


=e PT Newt (67) 


The exponent of this eq. is presented as a function of only C in eq. (60) 
and Fig. 8. Thus the entire night hand side of eq. (66) is a function of only C 
and may be graphically integrated. It may be put in several forms by first 
substituting eq. (60) into (67) and this in turn into the right hand side of (66): 


C 
Cc - 


4 | (2 (a/b) —1)4C 

—2 - 7 UC. (68) 
i 

This is equivalent to 


e | (2 (a/b) — 1) dC , 


J (2 (a/b) —1)ac 
, 


(70) 


Since the right hand side of both eqs. (60) and (66) are functions of C only, 
the left hand side of these equations may be plotted against each other. This 
is done in Fig. 10 a, b and c which contain the principal curve for the completely 
analytical general solution and present 


|moK (oh )= f [mas — Ye (71) 
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The procedure for the generalized solution is as follows: 


1. Determine C, from eq. (65). 
2. Enter Fig. 8 at this Cy to find the initial altitude parameter; 
aK Mo (Yp a Fics ) 
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Fig. 10a. Eccentric trajectory time parameter vs altitude parameter 






























































3. Subtract — my) Yo from the initial altitude parameter to find the impact 
altitude parameter. Fig. 3 contains m, as a function of Yo. 

4, Enter Fig. 10 at both the initial and impact values of the altitude parameter, 
— My (Y» — Y>,_ ,), to find the initial and impact values of the time parameter, 
=i (0, _ 1/20) m, i (¢— a. ve 

5. Subtract the initial from the impact value of the time parameter to find 
the total orbital lifetime parameter 

z Oc=1 y z ‘ 
Atparam = — ( )i Mg b. 2) 
2 

6. Using the expressions for 9,— 1/0) and Kg already derived, the time in 

generalized form is 


(73) 


9* 
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Fig. 106. Eccentric trajectory time parameter vs altitude parameter 


In the case of circular velocity satellites, it may be shown that eq. (73) reduces to 


CyS F o 
Nh, Ter — eme%e),. 4 
« (5) 7, e%) (74) 

A plot of perigee altitude versus time may be obtained by modifying the 
above procedure in Step 3 to subtract intermediate values of — m,(Yy — Y) 
instead of the total impact value of — my Yy. This has been accomplished in 
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Fig. 6 were total satellite lifetime from this analytical solution and from detailed 
integration of the trajectory equations of motion by a digital computer are 
compared for a variety of initial altitudes and velocities. 
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Fig. 10c. Eccentric trajectory time parameter vs altitude parameter 


Example of Generalized Solution 
Given 
Y, = 800,000 ft 
Vo = 25,900 ft/sec. 
At this altitude, 


Qo = 1.23 x 10-8 slugs/ft? 
My = — 5.82 x 10-* ft-1 
9 = Yo + Yo = 2.16555 x 107 ft. 
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Enter Fig. 8 at C, to find initial altitude parameter. Subtract total change 
in this parameter to find its impact value: 

—m)(Yo— Yeu1)= (1.295 
— (— m, Y,) = — 4.656 
iy Fp = — 3.9601” 

Enter Fig. 10 at these final and initial values of the altitude parameter to 
find the corresponding values of the time parameter. Subtract this initial from 
the final (impact) value. 

impact !param= 2.4 
—nrTIAL ¢ param = 41.0 


At param = 43.4 


ee, eae 9905 = 
o( Yo c=1) == e}-295 = 3.65; 


Atparam 


S00 (— Mp) % Oo b 


‘0 (Qc =1/0o) 
43.4 
~ (32.174) 5.82 x 10-8 (2.1655 x 107) 1.23 x 10-18 (2.59 x 10) 3.65 
CyS : sec. ft? 
i 7 = 920,000 ae 
Theoretical perigee altitude versus time for this entire trajectory is plotted 
and compared with accurate results from a digital computer in Fig. 7. 





Comparison of Methods of Solution for Eccentric Trajectories 

Stepwise integration by a high speed digital computer of the classical equa- 
tions of motion furnishes the most accurate method of satellite trajectory 
computation. This was used as a basis of comparison to the completely analytical 
approach in Figs. 6 and 7. 

The completely analytical solution assumes that the density is a straight line 
function of altitude when plotted on semi-log paper all the way to impact 
(Eq. (22)]. At the lower altitudes this assumes an unrealistically low density 
and would hence tend to increase the predicated satellite lifetime. The error 
due to this effect would be greatest in the case of initial circular velocity because 
these satellites spend a greater proportion of their lifetime at the lower altitudes. 
In the case of supercircular initial velocity the assumed increase in altitude to 
first apogee, 2 A, [Eq. (31)] is lower than actually exists. The density in the 
vicinity of apogee used in the analysis is, therefore, a little high and this tends 
to reduce the predicted stay time. 

The graphical integration method described, but not illustrated herein, uses 
the correct densities at perigee throughout, but assumes the original exponential 
density slope, mp), as the vehicle moves around each distorted ellipse. This 
method, therefore, always yields a lower predicted lifetime than the completely 
analytical procedure. In the case of circular velocity satellites, however, it 
should predict very close to the correct answer. 


Reference 
1. G. GRIMMINGER, Analysis of Temperature, Pressure and Density of the Atmosphere 
Extended to Extreme Altitudes. RAND Corporation, November, 1948, Report 
No. R-105. 





Die Bahnbestimmung aus dem Vektor der Bahngeschwindigkeit 


Von 
M. Vertregt!, NVR 
(Mit 1 Abbildung) 


(Eingegangen am 13. November 19357) 


Zusammenfassung — Abstract — Résumé 


Die Bahnbestimmung aus dem Vektor der Bahngeschwindigkeit. Eine einfache 
Ableitung wird gegeben, um die Bahnelemente aus Richtung und Gr6éBe des Vektors 
der Bahngeschwindigkeit zu bestimmen. 


Derivation of the Orbit from the Vector of the Orbital Velocity. A simple derivation 
is given to calculate the elements of an elliptic orbit from the direction and the 
magnitude of the vector of the orbital velocity. 


Dérivation de Vorbite par le vecteur de la vitesse orbitale. Une méthode est 
donnée pour dériver les éléments d’une orbite elliptique 4 partir de la direction 
et de la grandeur du vecteur de la vitesse orbitale. 


Dieses Problem wurde von Professor Dr. K. SCHUTTE auf dem IV. Astronau- 
tischen Kongre8 in Ziirich behandelt?. 


Die Aufgabe ist die folgende (siehe 

Abb. 1): 

Ein Korper m beschreibt eine ellip- 

tische Bahn um den Ko6rper M. 
Bekannt sind in einem bestimmten 

Augenblick: 

y der Radius-Vektor des Koérpers m; 

V die lineare Geschwindigkeit des 
K6rpers m; 

B der Winkel, welchen der Geschwin- 
digkeitsvektor mit dem _ Radius- 
vektor bildet. 

Weiter ist bekannt: 

K die Konstante des Schwerefeldes 

des K6érpers M. 








1 Mozartlaan 73, Den Haag, Holland. 


2 K. ScHUTTE, Die Bahnbestimmung aus dem Vektor der Bahngeschwindigkeit 
und der Einflu8 einer Anderung desselben auf die Bahnelemente. (Mit dem ERnst- 
HEINKEL-Preis der Astronautik fiir 1953 ausgezeichnete Arbeit.) In: Probleme der 
Weltraumforschung, S. 89. Biel-Bienne: Laubscher & Cie., 1953. 
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Mit diesen Bekannten sind zu bestimmen die Unbekannten: 


die halbe groBe Achse der Ellipse; 

die Exzentrizitat der Ellipse; 

der Winkel des Radiusvektors mit der groBen Achse der Ellipse. 

Die Ableitung, welche der Verfasser in diesem Artikel gab, war sehr kompli- 
ziert; es ist jedoch eine einfachere Ableitung méglich, die hier gegeben werden soll. 

Aus dem bekannten Satz fiir die elliptische Bewegung 


1 
V* == K* (2 — 1} (Energieintegral) 


folgt: 
1 


Qin — (VARA 
womit a bestimmt ist. 
Aus Abb. 1 folgt: 

x= 7 CcOSU dx = cosv:dr—r:sinv:dv 

y=rsinv dy = sin v: dr + r-cosv: dv; 


dy _sinv:dr+rcosv:dv __ tguv + 7 (dv/dr) 


dx cosv:dr—rsinv-dv 1—r(dvjdr)-tgv- 





Nun ist aber: 


wobei « = v — £ + 180° ist. 
Also folgt: 
dy Fa _ teo—teP 
a eee chal Ee Sr 


Aus (2) und (3) folgt somit durch Vergleich: 


Aus der bekannten Gleichung fiir die Lange des Radiusvektors 


_ afi —) 
~ 1L+ecosv 


folgt: 
wes, 
r-e 

woraus sich 

dv a(l—e?) 

dr r®-e-sinv 
ergibt. 

Aus (4) und (7) folgt weiter: 

a (1 —e?) 
r-e-sinv. 


tgB= — 


Aus den Gin. (6) und (8) sind nun e und v leicht zu finden. 





Die Bahnbestimmung aus dem Vektor der Bahngeschwindigkeit 


Denn aus 
sin v = \1 — cos? v (9) 


folgt durch Substitution von (6) a 
:- = = 2 
sin v = i= a( da. = (10) 


Wird Gl. (10) in Gl. (8) ee, so bekommt man nach Quadrieren und 
einiger Umrechnung: 
tg? B= — Rima (11) 
e? —(1 — (r/a))?’ 


woraus: 


2 
ot cost + (I x - sin? £, (12) 


womit e gefunden ist. 
Die entsprechende quadratische Gleichung bei K. ScHUTTE [Gl. (22)] gibt e 
in Abhangigkeit von v. 
Aus (8) folgt: 
gece 2/1} aie aoe oe?) 
emma e my i 
Aus (13) und (6) ergibt sich dann: 
1 _ 
tg B {1 — (r/a (1 — e?))} 
Gl. (12) wird in (14) substituiert und gibt nach einiger Umrechnung: 
1 





tgv= — 





tgv= — ws 
mitt ~ 
S 6) sin? £ (2 — 
Wir setzen jetzt, wie in SCHUTTEs Arbeit: 
¥ 
2——=f. 
mene 


Damit wird: 
1 


~ tg B {1 — (1/fsin? A)} 


— tgp . 
tg? B — (I/fcos®A) 








ftgB = 
1+ (1 —f) te?s 
Diese Gleichung ist identisch mit der von K. SCHUTTE abgeleiteten Gl. (47). 





tgv = 





Besondere Brennstoffverteilungen und Kiihlungsproblemein Reaktoren 
von Kernraketen 


Von 
F. Winterberg!, DGRR 
(Mit 9 Abbildungen) 


(Eingegangen am 19. November 1937) 


Zusammenfassung — Abstract — Résumé 


Besondere Brennstoffverteilungen und Kiihlungsprobleme in Reaktoren von 
Kernraketen. Es werden besondere Leistungsverteilungen in Reaktoren von 
Kernraketen diskutiert, die eine modglichst giinstige Kiihlung gestatten, und die 
zugehorigen Brennstoffverteilungen fiir einige einfache Geometrieverhaltnisse be- 
rechnet. Giinstige Brennstoffverteilungen sind solche, die zu einer konstanten Lei- 
stungsdichte im Reaktorkern fiihren, und solche, bei denen die Oberflachentem- 
peratur der Kihlkanale konstant bleibt. 


Special Fuel Distributions and Cooling Problems in Reactors of Nuclear Energy 
Rockets. Special distributions of the heat production in reactors of nuclear energy 
rockets are discussed, which allow the most favourable heat transfer. The appropriate 
fuel distributions are calculated for some simple geometric conditions. Favourable 
fuel distributions are those that result in a constant density of expended energy in 
the core of the reactor, and others where the surface temperature of the cooling 
channels remains constant. 


Répartitions spéciales de combustibles et problémes de refroidissement dans les 
réacteurs nucléaires pour fusées. Des distributions spéciales de la production de 


chaleur dans les réacteurs nucléaires sont envisagées pour l’optimisation du 
refroidissement. Les répartitions correspondantes du combustible sont calculées 
pour quelques modes simples de disposition géométrique. Les répartitions 
optimales conduisent a une répartition constante de la production de chaleur dans 
le réacteur, ou sont telles que la température superficielle des canaux de refroidissement 


soit constante. 


1. Einleitung 


Bei Kernraketen wird das Arbeitsmedium durch die Kiihlkandle eines Reak- 
tors geleitet, hocherhitzt und anschlieBend in einer Diise expandiert. 

Werden zur Aufheizung des Arbeitsmediums Reaktoren verwandt, bei denen 
der Brennstoff iiber den Reaktorkern gleichmaBig verteilt ist, so wird das Profil 
des Neutronenflusses im Reaktor cos-funktionséhnlich sein. Durch den Zu- 
sammenhang zwischen NeutronenfluB ¢ und Leistungsdichte Q 

0=EL)4, (1) 
1 Gesellschaft fiir Kernenergie, Hamburg, Bundesrepublik Deutschland, 
Reaktorstation Geesthacht. 
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wo E die pro Spaltung freiwerdende Energie und 2; der makroskopische Wir- 
kungsquerschnitt fiir Spaltung ist, wird daher nach Gl. (1) auch die Leistungs- 
verteilung im Reaktorkern die Form einer cos-ahnlichen Funktion besitzen. Im 
Innern des Reaktors werden deshalb sehr viel gréBere Temperaturen auftreten 
als in den Randpartien. Der Anteil des Arbeitsmediums, der durch die Kiihl- 
xandle der Randzonen des Reaktors strémt, wird weit weniger gut aufgeheizt 
als das durch das Zentrum des Reaktors strémende Kiihlmittel. 

Die Form der Leistungsverteilung fiihrt auBerdem zu héheren Temperaturen 
im Innern des Reaktors als in den Randzonen. Die héchste dem Material zu- 
mutbare Temperatur wird daher nur im Innern des Kerns erreicht, wahrend die 
Randzonen nicht voll ausgelastet werden kénnen. Es ist daher anzustreben, 
andere, nicht mehr gleichférmige Spaltstoffverteilungen einzufiihren, die eine 
gleichmaBige thermische Belastung des gesamten Reaktorkerns sicherstellen und 
bei gr6Btmoéglicher Kiihlung den besten Wirkungsgrad gewahrleisten. 

Bei Gl. (1) ist noch zu bemerken, daB fiir thermische und schnelle Reaktoren 
das Produkt 34 nahezu temperaturunabhangig ist. Fiir thermische Neutronen 
beobachtet man eine 1/v-Abhangigkeit von 2;. Da der Neutronenflu8 der 
Gleichung ¢ = nv gehorcht, wo n die Neutronendichte (Anzahl der Neutronen 
pro cm) ist, wird das Produkt 2}4 geschwindigkeitsunabhangig und damit auch 
unabhangig von der Temperatur. Bei schnellen Reaktoren wiederum hat die 
Reaktortemperatur keinen EinfluB auf das Neutronenspektrum. Die Folge da- 
von ist, daB auch bei schnellen Reaktoren 2)¢ temperaturunabhangig ist und da- 
mit der Giiltigkeitsbereich von (1) fiir alle in Frage kommenden Reaktoren 
sichergestellt ist. 


2. Die Grundgleichungen der Reaktorkiihlung 


Der Einfachheit halber soll ein zylindrischer Reaktor betrachtet werden. Die 
z-Richtung falle dabei mit der Achse des Zylinders zusammen. Die Kiihlkandle 
verlaufen parallel zueinander in Richtung der Zylinderachse. 

Die Leistungsverteilung iiber den Reaktor gehorcht dann im Fall einer radial- 
symmetrischen Brennstoffanordnung der Gleichung 


Q(v, 2) = g(r) ° f(z). 2) 

Auf Grund des Zusammenhangs von Flu8 und Leistung nach Gl. (1) folgt aus (2) 
Q(r, 2) ~ (7, 2). (3) 

Die Warmeentwicklung im Kiihlkanal verlauft wegen (2) allgemein nach der 


Gleichung: 
dQ = q(r) f(z) dz. (4) 


Die erzeugte Warme dQ muB dabei an das Kihlmittel iibertragen werden und 
warmt dieses auf, was durch zwei weitere Beziehungen zum Ausdruck kommt 
(vgl. z. B. [1], S. 668 ff.): 


dQ =a U(t— 9) dz (5) 

dQ = Mcpdd. (6) 
In (5) und (6) sind ¢ die Oberflachentemperatur, # die Kiihlmitteltemperatur, 
beide in °K, « die Warmeiibergangszahl in cal/em? s °K, M der Durchsatz in g/s, 
cp die spezifische Warme des Kiihlmittels bei konstantem Druck in cal/g °K 
und U der Umfang des Kiihlkanals in cm. Gl. (5) bringt zum Ausdruck, wie die 
erzeugte Warme an das Kiihlmittel iibertragen wird, wahrend Gl. (6) angibt, 
um welchen Betrag die Temperatur des Kiihlmittels durch die aufgenommene 
Warme ansteigt. 
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Aus (4) und (6) folgt: 


(6) und (7) lefern: 


—_ Wr) 
(—-$=— (z). 


Aus (8) und (9) errechnet sich der Verlauf der Wandtemperatur des Kiihlkanals zu 


t— #, xu te —- z) dz. (10) 


3. Der Reaktor mit gleichférmiger Brennstoffverteilung 


Fiir einen zylindrischen Reaktor ohne Reflektor vom Radius R und der Hohe 
H mit einer gleichférmigen Brennstoffverteilung gilt (vgl. z. B. [1], S. 173): 


(7,2) = bo Jo (2,405 _ * COS (*2) . (11) 


$y ist der maximale FluB im Zentrum des Kerns und J, die BEssELsche Zylinder- 
funktion nullter Ordnung. Weiter gilt fiir diesen Fall: 


(7) ~Jo (2,405 4 (12 a) 


(12 b) 


(13) 


(13 a) 


Aus (13a) entnimmt man, daB die Verteilung der Oberflachentemperatur bei 
hohem Durchsatz in der z-Richtung cos-férmig ist. Aus Gl. (4) findet man durch 
Mittelbildung das Verhaltnis vom mittleren zum maximalen FluB (vgl. z. B. [1], 


S. 643): 
R +H/2 


2,405 «2 


4 J, (2,405) 
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Das Verhaltnis von maximaler zu mittlerer Leistung ergibt sich aus (14): 


0 ¢ 9,275 

Wegen (13 a) gilt weiter fiir die mittlere Oberflachentemperatur 7 
tmax ce 0 
Nach Gl. (15) ist auch das Verhaltnis von maximaler zu mittlerer Ober- 
flachentemperatur, bezogen auf die Anfangstemperatur des Kiihlmittels, sehr 
groB. Setzt man naherungsweise als Eingangstemperatur des Kiihlmittels 
0, ~ 0°K (z. B. fliissiger Wasserstoff) und nimmt als obere, maximale, dem 
Material gerade noch zumutbare Temperatur tna, = 3000 °K an, so liegt die 

mittlere zulassige Oberflachentemperatur bei 


Omax == $0 = . = 3,64. (15) 


1~3 64. (15 a) 


Aus diesem Beispiel ist ersichtlich, wie wichtig es ist, andere Brennstoffver- 
teilungen zu wahlen, die eine hdhere mittlere Oberflachentemperatur bringen. 
Das Beispiel zeigt, daB es fiir wirkungsvolle Kernraketen sogar unerlaBlich ist, 
nach anderen Brennstoffverteilungen zu suchen, um die Temperatur der Arbeits- 
gase wesentlich iiber 1000 °K zu bringen. Bevor die in Frage kommenden Még- 
lichkeiten ungleichférmiger Brennstoffverteilungen diskutiert werden, soll jetzt 
eine Formulierung von Reaktoren mit Integral- und Differentialgleichungen ge- 
bracht werden, die es erlaubt, solche ungleichférmigen Brennstoffverteilungen 
zu berechnen. 


4. Allgemeine Formulierung thermischer Reaktoren mit Integral- und 
Differentialoperatoren 


Ein kritischer thermischer Reaktor laBt sich ganz allgemein durch eine 

Gleichung der Form [2] 
$=HEd (16) 
darstellen. 

In Gl. (16) ist ¢ der thermische NeutronenfluB, 2, der Absorptionsquer- 
schnitt des Brennstoffs fiir thermische Neutronen und H ein Operator, der im 
Fall der Formulierung durch eine Integralgleichung ein Integraloperator, im Fall 
einer Vielgruppendiffusionsgleichung ein Differentialoperator ist. Liegt ein 
unter- oder iiberkritischer Reaktor vor, so tritt, wie weiter unten noch naher be- 
griindet werden soll, anstelle von (16) die Gleichung 

Rett d = H Xd. (16 a) 

Gl. (16 a) ist insofern von Bedeutung, als fiir alle Leistungsreaktoren ein 
ket > 1 verlangt wird, um iiber eine geniigend groBe Reaktivitatsreserve zu ver- 
fiigen, die durch den Abbrand des Spaltstoffs kontinuierlich abnimmt und durch 
Kontrollstabe auf keg = 1 ausgeglichen wird. 


a) Die Integralgleichung thermischer Reaktoren 
‘Es soll jetzt zuerst die Formulierung des Problems durch eine Integral- 
gleichung gegeben werden. Diese Integralgleichung 14Bt sich allgemein auf 
die Form 


$(t) [Kw —v'|) Zale’) P(r’) de’ (17) 


bringen. 
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Gl. (17) bringt anschaulich zum Ausdruck, da8 alle in den Volumenelementen 
stattfindenden Ereignisse 2;,(r’) J(r’) zum Flusse ¢(r) an der Stelle r beitragen, 
wobei der EinfluB dieser Beitrage nur von der Entfernung |r — r’| abhangt. 

In den Raumelementen dr’ finden nun einerseits Absorptionsprozesse ther- 
mischer und andererseits Emissionsprozesse schneller Neutronen statt. Die 
Absorptionsprozesse thermischer Neutronen in den Volumenelementen dr’ wirken 
an der Stelle rim Sinne einer FluBverminderung. Die Emissionsprozesse schneller 
Neutronen in den Volumenelementen dr’ erhéhen nach Durchlaufen eines Ab- 
bremsprozesses dagegen den thermischen Flu8 an der Stelle r. Daher 1aBt sich 
der Kern K(|r — r’|) der Integralgleichung (17) in zwei Bestandteile zerlegen, in 
einen Neutronenerzeugungs- und einen Neutronenvernichtungskern. Wir 
schreiben diese Zerlegung hin und diskutieren sie danach: 

K (|e — t'|) = K,(|t—v'|) — Kollt —t')). (18) 
K,(t — r’|) ist der Erzeugungskern und Ko(\r — t’}) der Vernichtungskern. 

Da pro vernichtetem Neutron im Mittel 7 schnelle Neutronen entstehen, ist 
der Erzeugungskern mit diesem Faktor zu multiplizieren, wenn die Kerne ver- 
einbarungsgemaB auf 1 normiert sind. 

Unter Voraussetzung der Giiltigkeit der Diffusionstheorie erlaubt der Er- 
zeugungskern eine einfache Darstellung. Er ergibt sich aus der Uberlegung, daB 
die Absorption eines punktférmigen Raumelements dem Vorzeichen nach um- 
gekehrt wie eine Quelle thermischer Neutronen wirken mu8. Damit erhalt man 
fiir den Vernichtungskern (vgl. z. B. [1], S. 142): 

i " e~ *(it—r']) “ 
of ‘gai (19) 
In Gl. (19) ist x die Diffusionskonstante und D der Diffusionskoeffizient. 

Wesentlich komplizierter dagegen stellt sich der Erzeugungskern dar. Bei 
ihm muB beriicksichtigt werden, daB die emittierten schnellen Neutronen eine 
keineswegs mehr punktférmige Abbremsdichte bilden, die dann zum Ausgangs- 
punkt einer thermischen Diffusion wird. 

Um einen analytischen Ausdruck fiir den Erzeugungskern zu gewinnen, soll 
angenommen werden, daB die Anwendung der FERMischen Alterstheorie erlaubt 
ist. Um unter dieser Voraussetzung den Erzeugungskern zu gewinnen, geht 
man aus von der thermischen Bremsdichte der an der Stelle r’ entstehenden 
schnellen Neutronen. Die Anzahl der Ereignisse im Volumenelement dr’ betragt 
2 (t’) d(r’) dr’ und gibt anschaulich die Quellstaérke schneller Neutronen an. 

Nach der FERMischen Alterstheorie wird 
nun die Bremsdichte thermischer Neu- 
tronen an einer Stelle ry (s. Abb. 1) durch 
den Ausdruck wiedergegeben: 

em (Ite —r'))*/4e 


Wt t) = “Ga Xa(t’) H(t’) dr’. 


Abb. 1. Zur Ableitung des Erzeugungs- (20) 
kerns In Gl. (20) ist t das FERMi-Alter ther- 
mischer Neutronen. 
An der Stelle r ergibt sich jetzt der durch schnelle Neutronen erzeugte ther- 
mische Flu8 durch nachfolgende thermische Diffusion aus allen sekundaren 
Volumenelementen dt zu 


eo x(|t — To]) ? 
dg, (t) = (ae dQ (to, T) ary. (21) 





To. 
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Wird der in (20) angegebene Wert fiir die Bremsdichte in Gl. (21) eingesetzt, 
so ergibt sich: 

F * e— *(It — tol) em Ito — t'|*/4t ie Ele’ » de’ is 
, () nag 4x D(r is to) (42 7)3/? T a(t ) f(r jar. (22) 
To 

Gl. (22) bringt anschaulich zum Ausdruck, daB die in dr’ entstehenden 
schnellen Neutronen nach der FERMiIschen Alterstheorie zunachst zur Bildung 
sekundarer, iiber den ganzen Raum verteilter Quellen thermischer Neutronen 
dQ(t 9, tT) im Volumenelement dry fiihren. Dieser Sachverhalt wird durch das in 
Abb. 1 in Klammer zwischen dr’ und dry stehende | t veranschaulicht. 

Im zweiten Schritt werden dann diese Quellen thermischer Neutronen zum 
Ausgangspurkt einer nach r hinfithrenden Diffusion, was in Abb. | durch L 
(in einer Klammer stehend) zum Ausdruck kommen soll. Da alle Volumen- 
elemente in dieser Darstellung als thermische Neutronenquellen aufzufassen sind, 
ist iiber ry zu integrieren. Der Beitrag zum FluB ¢,(r) durch die schnellen 
Neutronen ergibt sich schlieBlich durch Integration von Gl. (22) iiber alle primaren 
Volumenelemente: 


Y'a(t’) p(t’) dr’. 
Fiir den Erzeugungskern gilt nun die Definitionsgleichung 


$,(t) = | K,(\¢ — r’|) Lu(t’) P(t’) dr’, (24) 


cy 


wo ¢,(r) der Beitrag der erzeugten Neutronen zum FluB ist. Damit folgt durch 
Vergleich von (23) und (24) 


4 em “(it — Tol) em Ito — t'[*/4e 
K,(je—r'|)= | — —, —__-—_—- dt. (25) 
i J 4nxD(\t—1|) (427)32 ° 9) 


To 
Im Fall der Platten- und Kugelsymmetrie sind die Kerne K,(x) und K,(x), 
bzw. K,(r) und K,(7) in [2] angegeben: 
a * 
2\/z 


i 


Mit diesen Resultaten laBt sich der 
Verlauf des gesamten Kerns im Ortsraum 
darstellen. 

Er ergibt sich anschaulich aus der " 
Fragestellung, was geschieht, wenn ein sf 
Stiickchen spaltbares Material in einen Abb. 2. Der Kern A(r) = 1 K,(r) — Ko(r) 
Neutronenflu8 gebracht wird. An der 
Stelle des Stiickchens Spaltmaterial wird sich eine Senke des thermischen Flusses 
infolge thermischer Absorption ergeben. Im Abstand der Bremslange schneller, 
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im Stiickchen freiwerdender Spaltneutronen wird dagegen eine Uberhéhung des 
thermischen Flusses zu erwarten sein, die mit gréBerer Entfernung wieder abfallt. 


b) Die Vielgruppen-Differentialgleichung thermischer Reaktoren 


Fiir einen thermischen Reaktor ist die Vielgruppen-Diffusionsgleichung in 
einer Arbeit von GOERTZEL pe angegeben : 


(nit te eae K,) Loaf, 


$= 5 
das heiBt 


if a 
a= 3(n it K.—x,): (30) 


i=0 
In Gl. (30) bedeutet 2, den makroskopischen Absorptionsquerschnitt des 
Moderators (und Strukturmaterials) fiir thermische Neutronen, 7 die im Mittel 
pro Absorption im Brennstoff freitwerdenden schnellen Neutronen, ist die 
Anzahl der Gruppen vermindert um die thermische Gruppe, fiir die » = 0 fest- 
gelegt ist. Die Operatoren K; sind mit Operatoren L; verkniipft durch: 
L; K; = 1, (31) 
wobei die Operatoren L; der Gleichung 
L,=—a7%f4+4+1 (31 a) 
gehorchen und die GréBen a; die Gruppendiffusionslangen im Moderator be- 
deuten. In einer Zweigruppentheorie z. B. ist 


% = Ly 
= \z 
die thermische amma, und die Bremslange schneller Neutronen. 
In Gl. (30) ist HA, = I K;,/X, der Neutronen-Erzeugungsoperator und 


H, = K,/2, der Neutronen- Teniaeapipemie. 

In Gl. (30) beschreibt der Erzeugungsoperator die Diffusion der Neutronen 
von einer Gruppe zur anderen, wobei die jeweils héhere Gruppe die Quellen- 
verteilung fiir die darunter liegende gibt. 

Um Gl. (30) auf eine fiir eres Zwecke geeignetere Gestalt zu bringen, wird 


auf sie von links der Operator I L,; angewendet. 
1=0 


Dadurch ergibt sich wegen des Bestehens der Gl. (31) an Stelle von (30): 
TL.b= : Fa Cee Pa (32) 


In dieser Form iia: wir die = hallo Diffusionsgleichung in den Rech- 
nungen verwenden. 


c) Beriicksichtigung der Resonanzabsorption und schnellen 
Spaltung 


Besteht der Reaktor aus einem Gemisch von Spaltmaterial und z. B. Uran 238, 
das heiBt liegt angereichertes Material vor, so muB der Einflu8 der Resonanz- 
absorption und der schnellen Spaltung beriicksichtigt werden. Bei schwacher 
Resonanzabsorption kann bekanntlich die Lésung der FERmMI-Alters-Gleichung 
q(t, t) durch p- g(r, t) ersetzt werden, wo p die Resonanz-Entkommwahrschein- 
lichkeit ist. 

Die schnelle Spaltung in Uran 238 findet Beriicksichtigung durch den schnellen 
Spaltfaktor e. Damit tritt an die Stelle von 7 in den Gln. (18), (30) und (32) ¢ pn. 
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Diese Feststellung ist insofern problematisch, als bei ungleichformigen Brenn- 
stoffverteilungen die GréBe « p selbst wieder eine Funktion des Ortes sein kann, 
wenn z. B. die Ungleichférmigkeit der Brennstoffverteilung etwa durch Variation 


der Anreicherung erzielt wird. 
Ist das der Fall, so darf diese GréBe nicht als konstant angesehen, sondern 


muB vielmehr in Abhangigkeit von 2;,(r) angegeben werden. 
Setzt man 
ep = f{Xa(t)}, (33) 
so geht die Reaktorgleichung (16) iiber in: 
$ = (ne pH, — Hy) ah 
= [9 f(Xa) Hy — Ho] 09, (34) 
wobei H, und H, die Erzeugungs- und Vernichtungsoperatoren sind, als Integral- 


oder Differentialoperatoren. 
In der Schreibweise als Integralgleichung geht (20) iiber in 


(tr) = | {n f [Xa(t’)] Ky(\t — v’|) — Ko(\r — v’|)} L2(t’) P(r’) ar’. (34 a) 


In der Schreibweise als Vielgruppendifferentialgleichung dagegen: 
] - aoe in 
$= (ni ) IT K; — Ky} 2c. (34 b) 
a1 0 


Die Funktion /{2,(r)| ist von Reaktor zu Reaktor verschieden und berechnet 
sich in bekannter Weise nach den in der Literatur angegebenen Verfahren (vgl. [4], 
S. 250 ff.). Streng genommen ist auch diese Darstellung unzulassig, da die 
Resonanzabsorption im Erzeugungsoperator selbst mit beriicksichtigt werden 
miBte. Sie gilt nur dann, wenn die Funktion /[2,(r)] als schwach veranderlich 
genommen iiber den Reaktor angesehen werden kann, was meistens der Fall ist. 
Aber schon die in dieser Naherung gemachte Beriicksichtigung der Variation von 
é p iiber den Reaktor schlieBt eine analytische Behandlung ungleichférmiger 
Brennstoffverteilungen aus. Gliicklicherweise kann in erster Naherung fiir viele 
Reaktoren diese Funktion als nahezu konstant angesehen werden, was dazu 
fiihrt, daB die konstante GréBe in GI. (18), (30) und (32) einfach durch die neue 
konstante GréBe 

=epn 
ersetzt werden muB. 


d) Die Zeitabhangigkeit der Reaktorgleichung. Die Kritikalitat 
und Reaktivitat 


Die angegebenen Reaktorgleichungen sowohl in Integral- als auch Differential- 
form gelten streng fiir den Fall eines kritischen Reaktors. [hre Lésungen geben 
bei vorgegebenen Reaktorabmessungen die bendétigten kritischen Mengen fir 
spaltbares Material an. Wie schon betont, wird man aber im allgemeinen von 
einem Reaktor die Bereitstellung einer bestimmten Reaktivitat fordern, um eine 
gewisse Reserve zu haben. 

In diesem Fall ist der Reaktor nicht mehr zeitlich stationar, vielmehr steigt 
der NeutronenfluB mit der Zeit exponentiell an. Unter der Voraussetzung, da8 
der Reaktor nur einen kleinen ReaktivitatsiiberschuB hat, schreibt sich die zeit- 
abhangige Reaktorgleichung: 


-= H2X,(t) P(r, t). (35) 
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In Gl. (35) ist / die mittlere Lebensdauer eines Neutrons. Zur Lésung von (35) 
geht man mit dem Ansatz: 


y(t, t) = f(r) eet — N/MM (36) 
von (30) ein und erhalt: 
Rett $(t) = H Xg(t) (x). (16 a) 


Damit hat man an Stelle der weiter unten geforderten Beziehung zwischen 


2, und ¢, 2,(r) = a0 


5. Besondere Formen der Warmequellenverteilung 


Um eine besonders giinstige Form der Warmequellenverteilung zu erhalten, 
sind zwei Falle besonders ausgezeichnet. 
Der erste Fall A ist dadurch gekennzeichnet, daB in ihm 


| 10 =] (38) 
ist. Dieser Fall ist gleichbedeutend mit einer konstanten Warmequellenver- 
teilung iiber den Reaktorkern. 

Fiir hohe Durchsatze folgt aus (38) und (10) 

tae aah va, 

sk TO 39 

Setzt man wie im Beispiel des Abschnitts 3 #,~0 und die héchste zulassige 
Temperatur tmax = 3000 °K, so erhalt man als mittlere Oberflachentemperatur 
der Reaktorkiihlkandle 

P= foes = 9000, 
was eine iiberall gleiche Oberflachentemperatur bedeutet. 

Der zweite Fall B ergibt sich aus der Forderung konstanter Kiihlkanal-Ober- 
flachentemperaturen bei beliebigen Durchsatzen. Eine Warmequellenverteilung, 
welche dieser Forderung geniigt, stellt sich noch etwas giinstiger als diejenige 
des Falls A, hat aber fiir jeden einzelnen Durchsatz eine verschiedene raumliche 
Verteilung. Man erhalt diese Warmequellenverteilung fiir einen zylindrischen 
Reaktor aus Gl. (10) durch partielles Differenzieren von (¢— #,) nach r und z 
und darauffolgendes Nullsetzen: 


at — %) _ | fl2) g(r) 
ee i a . m or - is 
0 


Da f(z) iiberall positiv sein muB, kann die eckige Klammer von (40) nicht ver- 
schwinden; daraus folgt: 


oder 


und wegen 
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oder 
f'(z) a U oe 
f(z) M cp ais 


folgt durch Integration: 
f(z) = const « e (77 (42) 
Weiter gilt wegen des Zusammenhangs von NeutronenfluB und Leistung fiir 
den Fall A konstanter Leistungsdichte im Reaktorkern 


dp =c (im Kern) (43) 
und fiir den Fall B konstanter Kihlkanal-Oberflachentemperatur : 
Sp =c-e ‘~My (im Kern). (44) 


Die Konstante c in Gl. (43), bzw. (44) ist eine willkiirliche Konstante, die spater 
nicht mehr benotigt wird. 

Durch Verbindung von (40), bzw. (41) mit der Integral- oder Differential- 
gleichung des Neutronenflusses erhalt man die gesuchten Brennstoffverteilungen, 
die eine Warmequellenverteilung der beiden genannten Eigenschaften gewahr- 
leisten. 


6. Fall A: Das Produkt 2.¢ im Reaktorkern ist konstant 


Es soll jetzt berechnet werden, wie der Brennstoff in dem Reaktor bei vor- 
gegebener Geometrie verteilt werden muB, damit die GréBe 22(r) o(r) im Kern 
konstant bleibt. Es ist dabei zu beachten, daB 2, proportional 2; ist. 

Weiter soll angenommen werden, daB der Reaktorkern von einem unendlich 
groBen Reflektor umgeben ist, der dieselbe Beschaffenheit wie der Moderator 
des Kerns aufweist. Danach kann man auch das Problem dahingehend formu- 
lieren, daB man eine endliche Brennstoffverteilung vorgegebener Geometrie in 
einem unendlich ausgedehnten Moderatorgebiet sucht, fiir welche die GréBe 
2,(t) $(r) in dem vorgegebenen endlichen Gebiet eine raumliche Kastenfunktion 
ist, so daB diese GréBe = c fiir Ortsvektoren innerhalb des Gebietes = 0 fiir 
solche auBerhalb des Gebietes ist. 

Es soll nun gezeigt werden, wie sich die Methode zur Berechnung ungleich- 
férmiger Brennstoffverteilungen im allgemeinsten Fall unter den bereits ge- 
nannten Voraussetzungen gestaltet. Das Problem ist dabei nur einer einfachen 
mathematischen Behandlungsweise zugangig, wenn ein Reaktor in einem unend- 
lichen Gebiet gleichartigen Moderators ausgebreitet ist. Die Ergebnisse bringen 
aber auch ein qualitatives Bild dariiber, wie man in anderen Fallen vorzugehen 
hat. Aus methodischen Griinden soll zuerst der Gang fiir die Berechnung der 
gesuchten ungleichférmigen Brennstoffverteilung mit der Reaktordifferential- 
gleichung erlautert werden. Diese Gleichung lautet: 


p(t) = H2,(r) P(t). (16) 


Man macht fiir die Kastenfunktion 2,(r) $(r) einen FouRIER-Ansatz: 


(rt) d(r) = B(t) ett dt 
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Es soll nun gelten 


a(t) f(t) il 


innerhalb des in Frage kommenden Gebiets G; dann gilt 


Cc ne 

Bi) = — — tt dy. 

(f) (@n)3 e dt (45 c) 
G 

Das in (45 c) stehende Integral ist im Gegensatz zu (45 b) nur iiber das endliche 

Gebiet G zu erstrecken. Fiir den FluB wird ebenfalls ein FourtEr-Ansatz der 


Form 


d(r) | A(f) et dt (46) 
i 
gemacht. Wird (45a) und (46) in (16) eingesetzt, so erhalt man als FOURIER- 
transformierte Gleichung unseres Problems 
A(t) = H Bit). (47) 
Die Anwendung des Operators H im Bildraum der FourIER-Transformation 
ist gleichbedeutend mit der Multiplikation einer im allgemeinen algebraischen 
Funktion /(f) mit B(f) auf der rechten Seite von (47): 
A(t) = f(t) Bit). (48) 
Ausfiihrlicher geschrieben laBt sich dies, wie folgt, kurz begriinden: 


. ” 


| A(t) et dt = H | B(t) et dt 


e 


= [ Ba Hera 


= {Bem Anema 


letzteres durch Anwendung von H auf et, wodurch (45) bewiesen ist. 
Wird (48) in (46) eingesetzt, so erhalt man: 


$(t) = il f(t) Bt) et dt. (49) 
t 


Unter Beriicksichtigung, daB 2,(r) (rt) im Innern des Reaktors = c sein soll, 
folgt fiir die Abhangigkeit von 2,(r) aus (49): 





E,() = —.—— (50) 
| f(t) B(t) et dt 
i 
Gl. (50) ist bereits die Lésung der gestellten Aufgabe im Fall der Beschreibung 


des Reaktors durch eine Vielgruppen-Differentialgleichung. 
Fiir den Fall einer Integralgleichung 1a8t sich das Rechenschema auch sofort 
in geschlossener Form angeben. Dazu gehen wir von der Reaktorintegralgleichung 


4) = | (jee) Ze) $e) ae (17) 





Brennstoffverteilungen und Kiihlungsprobleme in Reaktoren von Kernraketen 149 


In dieser allgemeinen Form laBt sich der auf der rechten Seite von (17) 
stehende Ausdruck mit dem Faltungssatz fiir dreidimensionale FourIER-Trans- 
formationen umformen: 


d(r) = [ B(f) et dt. (51) 
f 
Dabei ist x(f) die FourtER-Transformierte des Kerns von (17); B(f) die 
FourIER-Transformierte der rdumlichen Kastenfunktion 2;(r) $(r), die im Ge- 
biet des Reaktorkerns G den Wert c haben soll: 


x(t) = a | K (|r|) e~*t dr (52) 
R 


— [ x0 d(r) e~*t dr (53) 
R 


c ; 
= aim { dt. (53 a) 
G 


Gl. (51) in Verbindung mit Gln. (52) und (53 a) stellt bereits die gesuchte 
Lésung unseres Problems dar. Durch eine der von (49) und (50) folgenden analoge 
Umformung erhalt man daraus fiir die Abhangigkeit 2,(r): 

c 


E(t) = =—_—. (54) 
[ow B() et dt 


t 
Damit ist man in der Lage, fiir Reaktoren beliebiger Geometrie die Brennstoff- 
verteilungen anzugeben. 

Trotz der scheinbaren Gleichartigkeit der Ausdriicke (50) und (54) ist jedoch 
die Berechnung der ungleichférmigen Brennstoffverteilung im Fall der Integral- 
gleichung ungleich schwieriger, da sich die Integrale (51) und (52) sehr viel 
schwerer auswerten lassen als das einzige bei der Integration der Differential- 
gleichung auftretende Integral (49). 

Es sollen jetzt fiir die Integralgleichung und Differentialgleichung Lésungen 
angegeben werden. Wahrend fiir die Integralgleichung nur die Lésungen analy- 
tisch so weit vorbereitet werden, wie sie fiir das Eingeben in Rechenmaschinen 
vorliegen sollten, lassen sich fiir die Differentialgleichung explizit Lésungen in 
geschlossener Form angeben. 

Die Lésung der Integralgleichung fiir Platte, Kugel und 
Zylindersymmetrie 
a) Platte 

Fiir einen unendlich groBen plattenférmigen Reaktor 14Bt sich die Integral- 

gleichung auf die Form bringen: 


$(x) = [xu — x'|) Xa(x’) p(x’) dx’. (55) 


K(|x — x’|) ist der Kern im eindimensionalen Fall in Gl. (26). Umformung nach 


dem Faltungssatz ergibt: 
+ 


} x(k) B(k) e** dk (56) 
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+00 


Die Funktion 2,(x) im Kern ist dann wegen 2,(x) $(x) 


° <§ 
{| x(k) B(R) e*** in| ‘ 


« 
= 


b) Kugel 


Im kugelsymmetrischen Fall gilt, wenn der Anfang des Vektors r in den 
Kugelmittelpunkt gelegt wird, unter Verwendung spharischer Polarkoordi- 
naten: 


[x B(E) et dt. (59) 


t 


dt = 2 k®dk du 


f=kru 
su = cos b | 


schreibt sich (59): 


in (kr) k dk. (61) 


Die GréBen x(t) und B(f) miissen jetzt noch auf Kugelsymmetrie umge- 
rechnet werden. 
Im Dreidimensionalen gilt die Gl. (53) 


as 
R 
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die sich bei Kugelsymmetrie vereinfachen 1aBt: 


1 
Bi) = oak | Zu(0) $0) et Qn v2 dr dy 


00 14 
f 1 F i 
2k fan | 2a p(r) 7? | e* du dr 
F “ 


—|] 


a 


1 ; 2 sin (& 7) 
lesa 
= ag | 20 (7) Y k dr. 
0 


io 6) 


| r da(r) o(r) sin (kr) dr. 
0 
Oder, wenn die rechte Seite von (63) als B(k) definiert wird, gilt 


Analog ergibt sich 


x(k) |/ ; 


K(r) ist der Punktkern [Gl. (28) 
Man erhalt schlieBlich 


r d(r) = | x(k) ae sin (k 7) dk. 


k=0 
Die Funktion 2,(7) im Kern ergibt sich dann wegen 


} x(k) B(R) sin (k r) ax| 


k 


c) Zylinder 
Im zylindersymmetrischen Fall ergibt sich unter Verwendung von Polar- 
koordinaten: 


$(t) = $(7) = | x(t) B(t) ett dk (68) 
t 
dt = kdkdp 
mses sie 
lla* 
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( o) 2n 


$(r) f x(t) B(t) k [ eitrooso dy dk, 
3 


k=0 


2x 


il eitr cose dy = 2 Jo(k 7) 


0 
ist, wo J,(z) die BEssELsche Zylinderfunktion nullter Ordnung ist, folgt: 


@ 


(7) = an | x Bit) Jo(k 1) k dk. (69) 
k=0 
Es verbleibt noch die Transformation der x(f) und A(t) auf Zylinder- 
symmetrie: Es gilt 
1 
joe —itt q 
Bit) Hf 200 P(t) e t 
2n 
= Z [20 g(r) al e— tr cos? dy dr; 
0 0 


2x 


[weep = 22 Jy(—kr) = 2a J,(kr) 


ebenso 


[x0 To(kr) dr. (72) 
0 
Der in (72) stehende Kern ist der fiir die Zylindersymmetrie zustandige 
Kern. Die Funktion 2,(7) im Reaktorkern ergibt sich zu 


~i 
ZAf) = clan fo Bit) Jo(k 7) eat| . (72 a) 
0 


Die Lésung der Differentialgleichung fiir Platte, Kugel und 
Zylindersymmetrie 


a) Platte 
Fiir die Reaktordifferentialgleichung 


ET ae Oe 1) 206 
ino 2 i=l 
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mit 
L; => aA _ 1 
gilt im eindimensionalen Fall 
d2 
= dx2 . 
Fiir den FluB macht man den FourtErR-Ansatz 
+0 


1 
d= gam | 40 e'o* day. 
Ebenso fiir die Kastenfunktion 2,¢: 


+ @ 


ta = (On aml B(w) e'°* dw ; 


—@ 


+ 





ial ¢ i —iwx J — t¢ 
~ Qaiz) © axe 
ont 
2R ist der Durchmesser des Reaktors. 
Wird (61) und (62) in (32) eingesetzt, so erhalt man als Beziehung fiir die 
FourRIER-Komponenten 
n B n 
A(w) IT (1+ «,? ha — (75) 
+=0 1 $=1 
und damit erhalt man fiir den FluB: 


iia Blo) n — t4 
IT (1+ 


1=0 





(76 a) 


Das Integral (76) l4Bt sich unter Benutzung von (74 b), wie im Anhang ge- 
zeigt wird, durch Integration im Komplexen geschlossen auswerten, und man er- 
halt dafiir: 


7 

n 

i=0 IT 
j7#t=0 


(x) ist dann gegeben durch 





(n—1) _ 


Sats 1 (1 — “a (=) 
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Fiir eine Eingruppentheorie 7 = Ly; «; = 0, 1 > 0 ergibt sich: 


pe ‘ x\|~? 
=e y— R/Lo h ce . 
d(x) en e cos (| (79) 


modifizierten Eingruppentheorie entspricht: 


oe oe } pO an (79 a) 
. n—-1 M 


Bei zwei Gruppen mit a = Ly, und a, = |r erhalt man aus (60): 


1). wis 
Ej) = 2, (q— 1) — 7 Ra 3 ae nile 


(A) 


(82) 


Es ist daher zweckmaBig, bei Kugelsymmetrie den mit 7 multiplizierten FluB 
einzufiihren und ihn einer FourreER-Transformation zu unterwerfen: 


+0 


1 

r g(r) = san | 40 eo” dw; (83) 

ebenso die mit dem Faktor 7 multiplizierte Kastenfunktion: 

+0 
v Lg = ti B(w) e'°" dw (84) 
~ (2nx)'* 

Auf diese Weise wird 7 ¢(7) und 7 2,(7) d(7) fiir negative r antisymmetrisch 
fortgesetzt, was bei der Bildung des FourierR-Integrals zu beriicksichtigen ist. 

Die FourtER-Transformierte von Gl. (84) lautet dann: 


+o 
a 


; | r X4(r) h(r) e~*” dr 


i R (iat + en i0t 
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In (85) ist R der Radius des Reaktors. Durch Einsetzen von (83) und (84) in (32) 
ergibt sich fiir die FouRIER-Komponenten 


A(w) IT (1 + a? w?) = — ( - IT (1 + «,? v9). (86) 


1=0 —) +=1 


Damit erhalt man: 


7. B(w) ( — [fT (l+«a,;? 4) 

— in: - 2" da. (87) 

IT (1 + «,;? w?) 
+=0 


~ 


Das Integral (87) 1aBt sich unter Verwendung von Gl. (85), wie im Anhang 
gezeigt wird, ahnlich wie im Fall der Plattensymmetrie mit dem Residuensatz 
durch Integration im Komplexen leicht auswerten, und man erhdlt: 


(88) 





Fiir eine Eingruppentheorie ergibt sich damit fiir die Funktion 2,(7) = (c/d(r)) 


ey ! — e~ Rite (R + Ly) 
n-—1 
In der modifizierten Eingruppentheorie ist wieder in (79) an Stelle von Ly 
die Migrationslange M zu setzen. 
Fiir eine Zweigruppentheorie mit a = Ly, «, = \t hat man 
— (1 — (t/L,?)) sinh (7/L 
dali) == Ze t —1) —e-®/4(R+ L,) 1” & los (t/. o°)) = (r/J 0) 


‘ -1 
sinh = ; (89) 


1 — (r/L,?) r 
° (a —1 
_ NT (R 4+ Vey 2 Sn ld 90 
é (R+ Vt) 7a (90) 
c) Zylinder 
Bei Zylindersymmetrie hat der zweidimensionale Deltaoperator die Form: 
d? ld 


A= 5 +— 


Sa 9] 
dr? ry ar (on) 


mit den Eigenfunktionen 
A Jo(wr) = — w? Jo(w7). (92) 
Daher ist es zweckmaBig, den FluB einer FourIER-BESSEL-Transformation 


zu unterziehen: 
io @) 


p(r) = | A(w) Jo(@ 7) w da; (93) 


0 
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ebenso die zweidimensionale Kastenfunktion: 


Lah = [ Jo(w7) wdw 
6 


B(w) = f Lab Jo(w7) var 


0 


R 
=e f Ionrar = Ji(@ R). (94 a) 
0 


Durch Einsetzen von (83) und (84) in die Differentialgleichung erhalt man: 


_ 2 2 
Bio) "| = lalla 
“1 ll (1 + «,? w?) 





(95) 


i=0 
und damit unter Beriicksichtigung von Gl. (93) und (94) schlieBlich: 
n — IT (1 + a? w?) 
sot Jo(@7) J,(@ R) doo. (96) 
6 IT (1 + a? w?) 
i=0 
Eine geschlossene Darstellung von (98) ist hier schwieriger und soll deshalb 
nicht gebracht werden. 
Fiir die Funktion 2,(7) ergibt sich: 
-n— I (I' + a? w?) 
[ _ Jo(o 7) Jy R) den 
é IT (1 + «;? w?) 


+=0 


@ 








7. Fall B: Die Oberflichentemperatur der Kiihlkandle ist konstant 


Es ist jetzt zu berechnen, wie der Brennstoff iiber den Reaktorkern zu ver- 
teilen ist, damit im Kern die Bedingung 
z ¢ —r ." (2U/Mc,)s (97) 
erfiillt ist. Fiir Ortsvektoren auBerhalb des Reaktors hingegen soll wieder 
2.¢ = 0 sein. Das allgemeine Rechenschema 14Bt sich fiir diesen Fall wieder 
fiir die Differential- als auch Integralgleichung angeben. Man kann im allge- 
meinsten Fall dazu die. Formeln (50) und (54) verwenden, indem man in ihnen 
die FourtER-Transformierte B(f) durch den Ausdruck 


ed / e (AUIMCp) 6 — ite dy (98) 


(22) 
é 


ersetzt. 

Der Einfachheit halber soll die Rechnung auf einen unendlich ausgedehnten 
Plattenreaktor beschrankt werden und der praktisch wichtige Fall eines endlichen 
Zylinders in einer spateren Arbeit behandelt werden. Die Ergebnisse werden sich 
dabei qualitativ nicht und quantitativ nur sehr wenig andern. 
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Zu diesem Zweck soll angenommen werden, daB die Kiihlkandle den Platten- 
reaktor senkrecht durchsetzen. Diese Richtung sei die z-Richtung, so daB in 
den bisherigen Gleichungen fiir die Platte die Variable x durch z zu ersetzen ist. 

Um gleich zu konkreten Resultaten zu kommen, soll die Verteilung mit der 
Reaktordifferentialgleichung 


(32) 


behandelt werden. 
Mit dem FourteErR-Ansatz fiir den Flu8 


+ @ 


1 . 
a Geet A tox 
p aan | (w) °° dw 
und mit der Abkiirzung 


und dem FourtErR-Ansatz fiir die Leistungsverteilung 
+0 


B(w) e'?? dw 


Cc 
late i — (iw 4 
e asf ¢ Mii 


=r 
aoe 1 
~ (27)12 jw + a) 


folgt durch Einsetzen in (32) 


_ [eaR piwoR __ g—aR e~ioR] (100 b) 


IT (1+ a? o); (101) 
t+=1 

IT (1 +a? 09) 
somit e* dw. (102) 








Das Integral (102) laBt sich, wie im Anhang gezeigt wird, wieder leicht durch 
Integration im Komplexen auswerten und man erhalt: 


- Ye 
" “a (- (=) nn 
a. j=l Oi {e sie od 
ie, 
j#i=0 a; 
n— H (1—a,2a?) 
4+ =" -— 


IT (1 — a«,? a?) 


+=0 
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Die Summe in Gl. (106) hat fiir eine Eingruppentheorie den Wert: 
Messteeesadilied sit 
al,+1 


io ee. (104) 


Besser ist es, wieder an Stelle von L die Migrationslange M zu setzen. 
Fiir eine Zweigruppentheorie hat die Summe den Wert: 


(t/L»?)) eR/Lo(aL,—1) : e— R/Lo(aLo+ 1) a 
4 a — “0 
aly, aly+1 





oe 
al t—l1 
n — (1 — Ly? a?) ( 
(1 — L,2a%)(l—ta) 

An die Formel (103) schlieBt sich noch eine wichtige Bemerkung an. Fiir 
a = l1/a; wird die rechtsstehende Summe singular. Andererseits ist fiir den Fall 
sehr groBen Kiihlmitteldurchsatzes a = 0 zu setzen, wodurch (105) in den ebenen 
Fall konstanter Leistungsdichte iibergeht. Man wird daher verniinftigerweise 
a< 1/a, fiir alle «; fordern miissen. Im iibrigen fiihrt der Fall a> I1/a; zu 
negativen Werten des Neutronenflusses und scheidet daher von vornherein aus, 
da er zu keinem kritischen Reaktor fiihrt. 


(: eF/| t (al — 1) 





8. Einige konkrete Zahlenbeispiele 


AbschlieBend sollen einige konkrete Zahlenbeispiele zusammengestellt werden. 
Mit den Werten fiir den mikroskopischen Absorptions-Wirkungsquerschnitt 
o, fiir Uran 235 laBt sich die GréBe 2;(r) in eine Abhangigkeit o(r) umformen. 

Wegen 

da(t) = N(t) oa 
und 


wo N die Anzahl der Atome des Spaltstoffs pro cm3, o seine Dichte in g/cm3, 
A sein Atomgewicht und L die LoscumiptTsche Zahl ist, folgt 
ott) = Ful. (106) 
Es wurden vier Beispiele durchgerechnet. Im ersten Beispiel wurde fiir den 
Fall A konstanter Leistungsdichte als Moderator Graphit angenommen, in dem 
reines Uran 235 eingebettet ist. Dem zweiten Beispiel wurde ein starker absor- 
bierender Moderator zugrunde gelegt, der z. B. aus einer hitzebestandigen Le- 
gierung von keramischen Stoffen und Graphit besteht und einen héheren Absorp- 
tionsquerschnitt und damit kleinere Diffusionslange hat als Graphit. Dieselben 
Voraussetzungen wurden auch beim dritten und vierten Beispiel gemacht. 
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Als Reaktivitat wurde fiir alle Beispiele der Wert kee = 1, 5 gewahlt. 
Zwischen Diffusionslange Lj, dem makroskopischen Absorptionsquerschnitt 
2, des Moderators und der Diffusionskonstanten D besteht der Zusammenhang: 


D 
2 
L,*? = - 

D ist in vielen Fallen 
von der GréBe 1 cm, was 
in allen Beispielen ange- 
nommen wird. 

In den Abb. 3 bis 6 ist 
das Ergebnis dieser Rech- 
nungen niedergelegt. 

Die von Ort zu Ort ver- 
anderliche Spaltstoffdichte 
ist auf die im Ursprung 
herrschende Dichte _ be- 
zogen. 


(107) 


ff, 
Zr 











0 70 0 S0r fem) 
Abb. 3. Kugelférmiger Reaktor konstanter Leistungsdichte. 
Ly = 50cm; t = 350 cm?; 2, = 3,6- 10~4cm~!;R = 50cm; 
kett = 1,5; Ejingruppentheorie 9, = 1,18- 107% g/cm; 
Zweigruppentheorie 9, = 2,03- 10~* g/cm® 


Fiir die beiden ersten 
Beispiele, denen der Fall A 
konstanter Leistungsdichte 
zugrunde liegt, wurden 
kugelformige §_Reaktoren 
gewahlit, deren Radius 
50 cm betragt. 

Die Rechnung wurde 
jeweils fiir die Ein- und 
Zweigruppentheorie durch- 
gefiihrt. Aus den Abb. 3 
bis 6 entnimmt man ein 
sehr unterschiedliches Ver- 
halten beider Naherungen. 
Die allgemeine Aussage, 
da8 man immer mindestens 
mit der Zweigruppentheorie 
rechnen sollte, wird an 
diesen Beispielen deutlich. 

In den meisten Fallen kann man sagen, daB zur Erreichung einer konstanten 


Leistungsdichte in den Randzonen des Reaktors eine héhere Spaltstoffkonzentra- 
tion als im Innern hergestellt werden muB. 

Fiir den Fall konstanter Kiihlkanal-Oberflachentemperatur wurde ein Beispiel 
mit demselben Moderator wie in Beispiel 2 durchgerechnet. Der Reaktordurch- 
messer soll dabei 100 cm betragen. Fiir die thermodynamische GréBe a, welche 
die Dimension (Lange)~? hat, soll gelten 

1 
ae 

Diese Festlegung ist gleichbedeutend mit der Aussage, daB die Abfallbreite 
der Warmequellenverteilung im giinstigen Fall von derselben GréSenordnung 
sein wird wie die Reaktordimension. 

Um einen Vergleich dieser Rechnung mit dem Fall A konstanter Leistungs- 
dichte zu haben, ist als viertes Beispiel fiir einen Reaktor derselben Beschaffen- 








0 70 20 50 40 SOr [cm] 
Abb. 4. Kugelférmiger Reaktor konstanter Leistungsdichte. 
Ly = 10cm; t = 400cm?; 2, = 107! cm™; R = 50cm; 
Eingruppentheorie 9) = 0,682 g/cm*; Zwei- 
gruppentheorie 9, = 1,27 g/cm® 


Rett = 1,5; 


a 
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heit wie im Beispiel 3 die Rechnung fiir den Fall A auBerdem noch durchge- 


fiihrt worden. 
Das Ergebnis dieser beiden letzten Beispiele ist in Abb. 5 und Abb. 6 auf- 


getragen. 


thy 


Zt 











0 20 30 0 S0z{cm) 





-50 40 30 20-0 0 0 20 #0 0 SOz{cm) 50-0 30 2 0 0 


, Abb. 6. Plattenférmiger Reaktor konstanter 
Leistungsdichte. Ly = 10cm; t = 400 cm?; 
2,= 10-1 cm; R=50cm; keg = 1,5; 

Q9 = 0,732- 10-1 g/cm* 


Abb. 5. Plattenférmiger Reaktor konstan- 
ter Oberflachentemperatur. Ly, = 10 cm; 
t=4£00 cm*; a—10 *cm™; 2 =—10 *cm—'; 
R = 50cm; ketg = 1,5; 09 = 1,06- 10-1 g/cm? 


In Abb. 5 stréme das Kiihlmittel in der positiven z-Richtung. 

Der Vergleich mit Abb. 6 lehrt, daB die Forderung einer konstanten Kiihl- 
kanaloberflachentemperatur zu einer in Beziehung auf die Reaktormitte un-- 
symmetrisch verzerrten Spaltstoffdichte fiihrt. In der vom Kihlmittel bis zur 
Mitte durchstrémten ersten Halfte des Reaktors ist dabei eine im Mittel kleinere 
Spaltstoffdichte erforderlich als von der Reaktormitte bis zum Kiihlkanalaustritt. 


Anhang 


1. Berechnung des Integrals (76) 


t=1 


My ata) — IT (1+4,* 09 
e'™* dw 





n 
IT (1 + a;? w?) 
+=0 


ic etoR Lae e— oR 


(2) 1/2 w 





B(w) = 


Nach Einsetzen von (74 b) in (76) folgt: 


4 
6 wiesy 1 1 +efo% 
é i=1 

[ 2 dw 


w 
IT (1 + a,? w?) 
+=0 





—@ 


n 
eio(x+R) 7 — AT (1 + a? w?) 


t=1 
dw 
n 


IT (1 + «,? w?) 
+=0 
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Es handelt sich jetzt nur noch um die Berechnung der beiden in der eckigen Klammer 
stehenden Integrale: 


n 


+ 
ioe) pore n— IT (1 ate a,;? w?) 
é i=1 
dw 


n 
IT (1 + a? w?) 
4+=0 





@ 





n 


+ 
| fac n — HT (1 + ai? at) 
} ==] 





dw, 





- Abb. 7. Lage der Pole in der 


$= 
n 
IT (1 + a? w?) 
me w-Ebene 


i 
die sich leicht mit dem Residuensatz auswerten 


lassen. 
Im Innern des Reaktors ist 


=~ Be 4 

x+R>0|’ (a) 4 fes/0) 
im AuBern Res (iv-;) 

x—R>0 

4+R< | : 


Wir interessieren uns fiir den Fall (a). rechnung von J, 
Die Lagen der Pole w; der Integranden sind 





(b) 
Abb. 8. Integrationsweg zur Be- 


hes (wi) 
und liegen symmetrisch zur x-Achse (s. Abb. 7). 7 § Res (0) 
Sie ergeben sich durch Nullsetzen von 





n" 
w IT (1+ a,;? w?) = 0, 
i=0 
das heiBt Abb. 9. Integrationsweg zur Be- 
Ps rechnung von I, 
— (a; w_ + 1) (aj @; — 1) = 0. 
+= 
Wegen der Bedingung (a) konvergiert J, in der negativ imaginaren Halbebene und J, 
in der positiv imaginaren Halbebene. Der im Nullpunkt gelegene Pol tragt zum 
Integral mit dem halben Residuum bei. Die auf der reellen Achse laufenden Integra- 
tionswege fiir J, und J, werden dann in der in Abb. 8 und 9 dargestellten Weise 
deformiert. 

Die in der negativ gelegenen Halbebene befindlichen Pole haben wegen des rechts- 
laufigen Umlaufs negative Residuen, die in der positiven Halbebene gelegenen Pole 
positive Residuen. Der Pol an der Stelle w = 0 liefert fiir 7, und /, je ein halbes 
Residuum entgegengesetzten Vorzeichens. 

Damit ergibt sich fiir J,: 


I, = — 2ni_D” Res (w_;) — mi Res (0) 


n ee i ti — 
of Ri)/a; 7 Pee ( ( 


2 n 
i=0 II 1 — 
j#it=0 





= 224 
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und fiir das Integral J,: 


g = 271 2 Res (w;) + 21 Res (0) 


2. Berechnung des Integrals (87) 


n 
7. B(w) (: — I (1+ @,? 0} 
pais ——S 58 Bo - givr dy 
IT (1 + a;? w?) 
1=0 


F R (eR Se to) 
)} 2 


Nach Einsetzen von (85) in (87) folgt: 


as ik eto(r+ R) 
@ @ 


om : pee 


Im Reaktorkern gilt: 


Fiir y + R > 0 konvergieren die Integranden in der positiv imaginaren und fiir 
y — R< 0 in der negativ imaginaren Halbebene. 
Das Integral wird zerlegt in: 


Cc is = 
(7) ” Sas (ta (1, + 1.) + Ls — 14], 
1 
wobei gilt: 
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— IT (1 + a;? w?) 
sn —- dw 


n 
IT (1 + «;? w?) 
1=0 


n 

IT (1 + a;? w?) 
+=1 
- ah 


eiw(r— R) beam 


dw 


(1 + a? w?) 


(1 a a;? w?) 
—_—_--—— dw. 
+ a? w?) 
i=0 
Die Berechnung der Integrale geschieht wieder mit dem Residuensatz, wobei 


fiir die Integrale J, und J, der Integrationsweg von Abb. 8, fiir die Integrale /, und /, 


der Integrationsweg von Abb. 9 zu nehmen ist. Fiir J, bis J, erhalt man auf diese 
Weise 


Vol. 
4 
1958 


Fir die Integrale 7, und J, sind die Residuen fiir w@ = 0 dieselben und heben sich 


daher in der Summe 7, + J, fort. J; und J, haben dagegen ein verschiedenes Residuum 
fir w = 0. 


I, hat fir w = 0 das Residuum: 
Res (0) = — 2a(r — R) (yn — 1) 
und J, an derselben Stelle: 
Res (0) = — 2a(r + R) (n — 1). 
Der in der Differenz von I, — I, von diesem Residuum gelieferte Beitrag ist dann: 


227 (yn — 1). 
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Damit ergibt sich schlieBlich als Resultat nach Einsetzen der Werte aller Integrale 
I, bis I, fiir (7): 





1 
w= aatD, 





c 


(0) = 


= [eak gioR a e—@R e—toR) 
(22)'2 (¢ w + a) 


fiihrt auf die Berechnung der Integrale 








IT (1 + «2 w?) 
1=0 


aus denen sich ¢(z) berechnet: 
c 


_* Qn 21 


Fiir die Berechnung der Integrale sind dieselben Integrationswege zu nehmen wie 
in Abb. 8 und 9. Auch die Lage der Pole ist dieselbe mit Ausnahme des Pols bei 
@w = 0, an dessen Stelle ein Pol bei wm = 1a auftritt. 


[es I,(z) — e—* I,(z)]. 


Berechnung von /,(z) 
Im Kern ist 


z—R<0 
z+R>0]’ 


auBerdem ist aus physikalischen Griinden 
a> 0. 
Der Integrand hat Pole bei 
1 
Q=-— 
a; 
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und konvergiert in der positiv imaginaren Halbebene; daher tragen nur die Residuen 
an dieser Ebene zum Integral bei. Daraus folgt: 


>” Res (w;) + 271 Res (ia) 


Berechnung von /7,(z) 


Der Integrand hat dieselben Pole wie bei J,(z), konvergiert aber in der negativ 
imaginaren Halbebene, so daB nur die Pole bei 


i 


Vol. oO; = 
- mj 

$9558 einen Beitrag zum Integral bringen. 

Daraus folgt: 
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Buchbesprechung — Book Review — Compte rendu 


General Relativity and Cosmology. Von G. C. McVittic. (The International 
Astrophysics Series: Vol. IV.) X, 198 S. London: Chapman & Hall Ltd. 1956. 42 s. 


Das Buch gibt eine Darstellung der auf der allgemeinen Relativitatstheorie be- 
ruhenden Modelle des Kosmos im Lichte der mit den 100’- und 200’-Teleskopen 
gemachten Beobachtungen. Der Autor zeigt, da8 keine Widerspriiche der Theorie 
gegeniiber den Beobachtungsdaten bestehen. 

Das Buch entstand aus mehreren Vorlesungen, die der Verfasser an der Uni- 
versity of London, in Harvard und Illinois tiber Relativitatstheorie gehalten hat. 

Nach einem einleitenden Abschnitt tiber die Entwicklung und Bedeutung der 
allgemeinen Relativitatstheorie gibt der Verfasser im zweiten Kapitel eine Einfiihrung 
in die Tensorrechnung und in die RIEMANNsche Geometrie. In den nachsten zwei 
Kapiteln folgt eine Zusammenfassung der Prinzipien der NEwtronschen Mechanik 
und der Mechanik der speziellen Relativitatstheorie sowie eine Darstellung der 
Prinzipien der Mechanik in der allgemeinen Relativitatstheorie. Im fiinften Kapitel 
werden das zentralsymmetrische Feld in ScHwarzscuiLDscher Metrik, die Perihel- 
bewegung der Planeten, sowie die Ablenkung und Rotverschiebung des Lichtes be- 
handelt und deren Werte mit neueren Beobachtungsdaten verglichen. In Kapitel VI 
und VII folgen Naherungslésungen der ErnstEernschen Gleichungen und deren An- 
wendung auf die klassische Gasdynamik, die auch zur Lésung nichtrelativistischer 
Probleme der Gasdynamik wertvoll sind. In den beiden letzten Kapiteln behandelt 
der Verfasser Modelle des Kosmos von gleichf6rmiger Materieverteilung und gibt 
einen umfassenden Vergleich mit den Beobachtungsdaten; schlieBlich werden 
Naherungen zu Modellen nichtgleichférmiger Materieverteilung betrachtet, die den 
wirklichen Verhaltnissen besser entsprechen. 

Die mathematische Formulierung der Theorie ist besonders geeignet zur nume- 
rischen Berechnung der Parameter, die in den kosmologischen Modellen auftreten. 
Das Werk schlieBt mit reichhaltigen Literaturangaben und einem Namen- und 
Sachverzeichnis. 

Der umfassende Vergleich der Ergebnisse der allgemeinen Relativitatstheorie mit 
neuerem Beobachtungsmaterial dirfte die Darstellung McVitTIEs fiir die an kosmo- 
logischen Theorien interessierten Leser besonders wertvoll erscheinen lassen. 

L. HALPERN, 
Institut fiir theoretische Physik der Universitat Wien 
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Optimum Thrust Programming along Arbitrarily Inclined 


Rectilinear Paths’ > 
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A. Miele® and €. R. Cavotit 
With 6 Figures 
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Abstract Zusammenfassung — Résumé 


Optimum Thrust Programming along Arbitrarily Inclined Reetilinear Paths. An 
analysis of the theory of the thrust programming is presented for the case where a 
variable mass body is moving along an arbitrarily inclined rectilinear path. The 
variational problem is treated within the general frame of the problems of MAYER 
type, 1.e., as the problem of minimizing the difference AG between the values which 
a function G of the generalized coordinates of the missile assumes at the end-points 
of the trajectory. 

By the use of the indirect methods ot the Calculus of Variations, it is shown that 
the totality of extremal arcs is composed of zero-thrust sub-arcs, sub-ar 
with maximum engine output and variable-thrust sub-arcs 

General results are obtained, some of them in a closed form, includit 
case, previous work developed by HAMEL, TSIEN, EvANs, HIBps, 

LEITMANN and Warp. 

The optimum acceleration law is determined and some numerical examples are 
presented emphasizing the engineering aspects of the present theory in connection 
with the flight analysis of rockets. 


Optimale Programmierung des Schubes entlang von geradlinigen Bahnen mit will- 
kiirlich gewahlter Neigung. Eine Analyse der Theorie der optimalen Programmierung 
des Schubes wird auf den Fall ausgedehnt, daB ein K6rper mit variabler Masse sich auf 
einer geradlinigen Bahn von willkiirlich gewahlter Neigung bewegt. Das Problem der 
Variation wird in dem allgemeinen Rahmen der Probleme der Kategorie von MAYER 
behandelt; d. h. es soll der Bewegungsverlauf in der Weise vorgeschrieben werden, daB 
die Differenz von AG zwischen den Werten, die eine Funktion G der verallgemeinerten 
Koordinaten des Flugkérpers in den Endpunkten der Bahn annimmt, zu einem 
Minimum gemacht wird. 

1 This research was supported by the United States Air Force through the Air 
Force Office of Scientific Research of the Air Research and Development Command 
under Contract No. AF 18(603)— 69. 

2 Paper presented at the Fourth Annual Meeting of the American Astronautical 
Society, January 29—31, 1958, New York, New York; and at the ARS-ASME Joint 
Aviation Conference, March 17—20, 1958, Dallas, Texas 


3 Professor of Aeronautical Engineering, Purdue University, Lafayette, Indiana, 
USS 

4 Instructor in Aeronautical Engineering, Purdue University, Lafayette, Indiana, 
UsS:m). 


Astronaut. Acta, Vol. IV, Fasc. 3 
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Durch die Anwendung der indirekten Methoden der Variationsrechnung laBt sich 
zeigen, daB die Gesamtheit der sogenannten ,,extremen‘’ Kurvenstticke solche ent- 
halt, die einem Schub Null, einem Maximalwert des Schubes oder einem variablen 
Schub entsprechen. Es werden allgemeine Resultate erhalten zum Teil in ge- 
schlossener Form , als Sonderfalle auch friihere Arbeiten von HAMEL, TSIEN, 
Evans, Hisss, CICALA, MIELE, LEITMANN und WarRb umfassend. 

Das optimale Beschleunigungsgesetz wird begriindet. Einige numerische Bei- 
spiele zeigen die praktische Seite dieser Methode beim Studium des Fluges von 
Raketen. 


Programmation optimale de la poussée le long de trajectoires rectilignes d’incli- 
naison arbitraire. La théorie du programme optimum de poussée est étendue au 
as ou un corps de masse variable se déplace sur une trajectoire rectiligne d’inclinaison 
Le probleme aux variations est traité dans le cadre général des problemes 


arbitraire 
d. de facon a rendre minimale la différence 1G entre les valeurs 


du type de MAYER, C.a 
qu'une fonction G des coordonnées généralisées de ce corps prend aux points extrémes 
de sa trajec tolre 

En utilisant les méthodes indirectes du Calcul des Variations, on montre que les 
arcs extremums se composent d’arcs de poussée nulle, de poussee maximum et de 
poussée variable 

Des résultats généraux sont obtenus, certains d’entre eux sous forme analytique; 
certains travaux antérieurs de HAMEL, TSIEN, Evans, HisBps, CicAaLa, MIELE, 
LEITMANN et WARD apparaissent comme cas particuliers. 

La loi optimum d’accélération est établie et des exemples numeériques font 


ressortir le caractere pratique de cette méthode dans l'étude du vol des fusées. 


Symbols 


Speed of sound (ft. sec.~} p Atmospheric pressure at altitude h 
Function defined by Eq. (bit. 

Function defined by Eq. (33) Function defined by I 
Total drag coefficient ( Function defined by | 
Drag coefficient at zero-lift SS} Reference surface (ft.? 
Lift coefficient Time (sec.) 

Drag (lb é Flight velocity (ft. sec 
Fundamental function, defined by 4 Equivalent exit velocity of the 
Eq. (6 rocket engine (ft. sec.-!) _ 


iq. (38) 
q. (39 


1 


—2 


Acceleration of gravity (ft.sec.~?) | # Exponent appearing in the drag 
V’) Function whose difference law defined by Eq. (49) 
1G G; G; 1s to be minimized ) Coefficient appearing in the drag 
Altitude above sea-level (ft law defined by Eq. (49) 
1, 2,3, 4) First members of the ( Engine parameter 
equations of constraint for the j Engine mass flow (lb.ft.~? sec. 
variational problem y Ratio of specific heat at constant 
Ratio between induced drag coeffi- pressure to spec ific heat at constant 


cient and square of lft coefficient volume (alr) 
Lift (lb. (...) Variation consistent with the 


prescribed end-conditions 

Variable defined by Eq. (30) 

Path inclination with respect to a 
horizontal plane 

Apn(k = 1, 2, 3,4) LAGRANGE multipliers 


m Instantaneous mass 
M Vja MacuH number 
M, = V-/a Ratio of equivalent exit | 6 
velocity of the rocket engine to 
atmospheric speed of sound 
Subscripts 


Denotes initial point f Denotes final point 


Superscripts 


Denotes derivative with respect to | ’ Denotes derivative with respect to 
time MacH number 





Optimum Thrust Programming along Arbitrarily Inclined Rectilinear P 


I. Introduction 

Considerable attention has been devoted, in recent years, to the theory of 
the thrust programming along particular rectilinear trajectories. 

Early analyses have been carried out by Hisss (1, CIcALA and MIELE (2), 
and MIELE (3! in connection with level paths (4 = 0). 

Vertical paths (9 a/2) have been investigated by HAMEL |4!, TsIEN and 
Evans [5], WARD [6], LEITMANN [71, MIELE /8], and MIELE and CAvoti [9). 

In the present paper a rectilinear trajectory inclined at an arbitrary angle @ 
with respect to a horizontal plane is considered. General solutions are derived for 
the optimizing condition, embodying, as a particular case, the results of (1 to [9 
For the sake of simplicity, the analysis is confined to problems not involving time. 

t 


The present theory, however, can be immediately extended to cover the case 


where some time condition is imposed on the flight trajectory. 


Hl. Fundamental Hypotheses and Equations of Motion 

The following hypotheses are used throughout the paper: 

(a) the rocket-powered vehicle is ideally regarded as a particle of mass (m) 
variable with the time (f); 

(b) a rectilinear path inclined at an angle # with respect toa horizontal plane 
1S considered : 

(c) the thrust vector is parallel to the velocity vector; 

(d) the equivalent exit velocity of the rocket engine (I’,.) is regarded as a 
constant, independent of the operational condition of the engine; 

(e) the engine is capable of delivering all mass flows (#) bounded between a 
lower value (6 = 0) and an upper value (6 fae 

(f) the aerodynamic lag is disregarded, 1.e., lift (L) and drag (D) forces are 
calculated as in unaccelerated flight; 

(g) the acceleration of gravity is a constant. 

In view of the above hypotheses, the behaviour of the rocket-powered vehicle 
is represented with the following set of equations: 


J,=m+B=0 


Je g cos 9 


J 7 4 g sin 6 


Je h—Vsind=0 (4) 
where £ is the engine mass flow, g the acceleration of gravity, # the path inclina- 
tion, V the velocity and h the flight altitude. The dot sign denotes derivative 
with respect to time. 

It is assumed that the drag function has the form D = Dh, V, L). 
With regard to the thrust function the limitation 


0 < B < Bmax (5) 


concerning the engine mass flow must be accounted for. Thus, the idea of para- 
metric representation of the variable subject to inequality is introduced, as in 


12° 





170 A. MIELE and C. R. Cavorti 


(3) and [8'. The mass flow f is represented as a function of a parameter « having 
the following properties (Fig. 1): 
(a) for —wctaca,: f=0 

aK aA< a : dBida ~ 0 


Os < + 00; hb a Bmax 


B 








g p—-— — — — —— — + 


% 


2 





Fig. 1. Parametric representation of the engine characteristics 


With the above scheme the independent parameter of the rocket engine 
becomes «, which is allowed to vary between — oc and + o; on the other 
hand, the mass flow @ becomes a dependent quantity, only varying between 
Orand £,.;- 

Notice that the condition df/dx = 0 represents either a coasting flight or a 
flight with maximum engine output. On the other hand, d#/dx = 0 represents 
any other operating condition of the engine intermediate between the two limiting 
ones. Notice also that « is on/y a parameter and that there is no necessity of 


attributing to it any special physical meaning. 


Ill. Variational Formulation 


The set of Eqs. (1) to (4) is considered, where D = D(h, V, L) and # = A(a). 
The above set involves 4 relations in the five dependent variables m/(t), V(¢), 
h(t), L(t) and a(t). One degree of freedom is left and an optimum requirement 
can be, therefore, imposed. In this connection, the variational problem (of 
MAYER type) is formulated as follows: “Among all sets of functions m(t), V(t), 
h(t), L(t) and «(t) satisfying Eqs. (1) to (4) and certain prescribed end-conditions, 
to determine the special set minimizing the difference AG = G; — Gi, where 


G = G(h, m, V).” 
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1. Euler Equations 
A set of variable LAGRANGE multipliers A,(t), A9(t), A(t), A(t) 1s introduced 


(D) 
and the following expression, termed fundamental function, formed: 
4 


Paes 


k=1 
The unknown functions being five in number, one must write five EULER equa- 


tions, as follows: 
dad [oF e oF 
dt & > Oz; 


where z, = m, z22= V, z= h, 


equations (7) 1s indicated below: 


dp Z 
A 
dat * 
2. First Integral 
Since the time (¢) does not explicitly appear in the set of Eqs. 
following first integral holds: 
\’ 
] 
where C is an integration constant, i.e.: 
_11.8—D 


A,B + hg = —gsin#|+A4,V siné = ¢ 


3. Discontinuity of the Eulerian Solution 
The EULER equation (12) shows that the extremal arc is discontinuous, being 
generally composed of: 
(a) sub-arcs of equation 


(b) sub-arcs of equation 


According to the device of parametric representation of the variable subject to 
inequality, Eq. (15) represents either a coasting flight (6 = 0) or a flight with 
maximum engine output (6 = Bmax). Eq. (16), on the other hand, represents a 
flight condition with a continuously variable thrust, as shown in the following 
sections. 
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Notice that at every corner of the discontinuous extremal solution the ERp- 
MANN-WEIERSTRASS corner conditions must be applied. In this connection, and 
in analogy with (38) and ‘8, the following results are immediately obtained: 

(a) the multipliers A,, A,, A, and A, must be continuous at all junction points; 

(b) the value of the integration constant C must be the same for all sub-arcs 
forming one extremal arc; 

(c) the quantity 4, — A, |’./m must be zero immediately before and imme- 
diately after each point of junction. 


4. Boundary Conditions 


For the problem under consideration, the boundary conditions involve a 
number of fixed end-points conditions plus a number of natural conditions. 
The latter must be deduced from the general transversality condition: 


6G + 2, 6m + 4, 6V + A, 6h — C Ot}; = 0 (17) 


which is to be identically satisfied for all systems of variations 4(...) consistent 
with the prescribed end-conditions. Notice that if G is independent of the time 
(0G/et = 0) and if no time condition is prescribed at one of the two end-points, 
the transversality condition (17) implies that: 

C =. (18) 


IV. Optimizing Condition at Points of the Variable-Thrust Sub-Are 


For problems where éG/ét = 0 and if no time condition is imposed at one of 
the two end-points, the integration constant of Eq. (14) becomes C = 0. 
After accounting for Eq. (16), the first integral (14) becomes: 


so that Eqs. (8) and (20) imply: 
(21) 


Consider now the four Eqs. (9), (11), (19) and (21). They can be regarded as 
forming an algebraic system, linear and homogeneous, in the four unknowns 
Ay, Ag, 43 and 4,. Therefore, an obvious condition for the existence of non- 
trivial solutions for the multipliers and their derivatives is that the following 
determinant be zero: 

1 aD 

0 - —. sin 9 
m ol 
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Since the variational problem has one degree of freedom, one extra-relation! 
is needed, in addition to Eqs. (1) to (4), to completely identify the solution. 
For the variable-thrust sub-arc, this extra relation is represented by Eq. (22), 
which can also be rewritten as: 
DV J+t+vV V, si —meg|V,sing 4 Vibee 0). 
al ol 


For the particular case of level flight (9 = 0) Eq. (23) simplifies into ({2] and 


D(V 


Eq. 23) yields: 
D(V 


and, therefore, leads to the first integral (3.1) of [7) and to a particular case of 
the first integral (29) of [8! (problems where no time condition is imposed). 


Parabolic Drag Polar 
The particular case of a parabolic drag polar is now considered: 
Cp = Cpo(M) + K(M) C,? 26) 


where Cp is the total drag coefficient, Cpo the zero-lift drag coefficient, C; the 
lift coefficient and A the ratio of induced drag coefficient to square of lift 
coefficient. Both Cpo and K are assumed to depend on the MAcH number 
(M = J’/a) only. 

Simple manipulations yield the following expression for the drag function 
and its derivatives: 


DS 
D re Cpo M? 


») 


aD ypS{. dlog Cpo 
- M2(2 4 
av 2V Coo dlog M 
where 


2me 


yp 
The optimizing condition (23) is now rewritten as: 


[A cos? @)e? + |M,sinf}e —- B= 0 


K 1 dlog Kk 


A= M+3M,—M, 
M? ‘ie d log M 


a d log Cpo 
B=Cy df + Mo Mo 33) 
cad cl ‘dlogM 99) 


1 For the constant-thrust sub-arcs, the extra-relation is either 0 (coasting 
sub-arc) or B = Bmax (Ssub-arc flown with maximum engine output). 
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where M, = V,/a is the ratio of equivalent exit velocity of the rocket-engine (V,) 
to atmospheric speed! of sound (a). Eq. (31) admits the following solution: 
M, sin 6 [ ay oe 
€= <——_} _] 4 1+ — cot? 6]. (34) 
2 A cos? 9 M,” 
For the two limiting cases of level flight (9 = 0) and vertical flight (6 = 2/2) 
Eq. (34) becomes indetermined and the solution must be computed through a 
limiting process. 
Concerning level flight (9 = 0) the mass-velocity relationship is supplied by: 


a log Cyo 
dlog M 


dlog Kk 
‘dlog M 


M.+M. 
(35) 
M+3M. 


thus leading, bv simple transformation, to Eq. (18) of 2 and to Eq. (58) of [3]. 
With regard to vertical flight (6 = 2/2), Eq. (34) leads to: 

B M dlog Cpo 
5 “DO (36) 


ae aE: ; 
M, ; M, dlog M 


V. Optimum Acceleration at Points of the Variable-Thrust Sub-Are 


An interesting expression can be derived for the optimum acceleration (and, 
therefore, for the optimum thrust) at points of the variable-thrust sub-arc if 
the time derivative of Eq. (23) is calculated. After considering the equations 
of motion and performing extensive manipulations, the following final result 
is obtained: 

Vig = P/Q (37) 

Vsin§}eD ., ae ee . &D 
set — | ) | cos 4} + 


yo Ses 4+ mt 
oh “AV oh aL oh 


Ss 


Ps | ats 


va — me ~ cos — V,tan 6 
aL ae 


D+megsin 6 aD a a | 
- - cos 4 


Ve 
(38) 


a2D 
aL al 


+me|sin§ —2) -cos#+ mg -— 


For the particular case of level flight (6 = 0), Eq. (37) yields: 


aD 82D 
—_—_ — —_— V — (e 
D| aL it ella SE 7: 


1 M,, therefore, does not stand for MACH number in the exit section of the rocket. 
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For the particular case of vertical flight (9 = 2/2) the optimum acceleration 
becomes : 
V [aD , 
on 


D+V 
after accounting for Eq. (25): 


oD 
-D V, . 
oh! 


1.e. 


, 


D+2),- 


Parabolic Drag Polar; Isothermal Atmosphere 

For a drag polar obeying Eq. (26) and for an atmosphere where the speed of 
sound (a) is ideally a constant everywhere, the expression for the optimum 
acceleration can be simplified to a considerable extent. Either by using Eq. (37) 
or by computing the time derivative of Eq. (34), the following final result is 
obtained: 
K 

€" cos? 8 Cpo M? 
M? 
M,¢' 


(y MM, — ljesing- 


where é is defined! by Eq. (34) and 
| A B)’ 
e — — —€& A as 2 r 44) 
A M,sin 9 + 2 A ¢ cos? 6 
The primed quantities appearing in the above equations denote derivatives with 
respect to MacH number, L.e.: 
de — .. O48) i 
y AB : 4) 
dM dM aM 
For level flight (9 = 0), Eq. (43) simplifies into: 
BK ‘ 
is ( DO M? 
A M? 


M,| B’ 
Lia 


db 
3! (47) 
: dM 


With regard to vertical flight (9 — 2/2), the optimum acceleration is given by: 
5 5 I 5 o 


V Bly M M, — 1) — Cypo M? M, 
- <= < > (48) 
o B+ M, B' 


Ss 


In particular, if the relationship between zero-lift drag coefficient and MAcH 
number is expressed by: 
Coo = vy M* . (49) 


1 In general, « depends on both Macu number and altitude. For the particular 
case of an isothermal atmosphere, however, ¢« has the form ¢ = e(M). 
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(where vy and x are appropriate constants), then Eq. (48) reduces to [8): 
I" yal. + M [y M,2 (x - 11 — Ms 
: M?+2MM,x 


S 






































6) | 0 
O 4 M 8 10 








Fig. 2. The functions 4(.WZ) and B(.1/) hypothetical missile 


VI. Numerical Results for the Variable-Thrust Sub-Are 


To illustrate the previous theory some numerical computations are carried out, 
A hypothetical 


The drag polar 


for an isothermal atmosphere and for the all-supersonic region. 
vehicle is considered. Its propulsion system is such that M, = 6. 


is parabolic and such that: 
0.1] 


C 10 = 
‘ M 
K=0.2 M. 
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The two fundamental functions A(M) and B(M) are represented in Fig. 

The family of variable-thrust sub-arcs ¢ = e(M, 9) is calculated (Eq. (34) 

and plotted in Fig. 3 for several values of the path inclination # in the Macu 

number interval 2< M< 10. The instantaneous acceleration I’ at points of 
the above variable-thrust sub-arcs is indicated in Fig. 4. 






































(@) , it 
2 6 Vi 0 





3. Representation of the variable-thrust sub-arc in the (e, 4/7) plane for several values 


Fig. ¢ 
of the path inclination {hypothetical missile 


From Figs. 3 and 4 the following concepts are evident: 


(a) the optimum operating condition is such that increasing MACH numbers 
and increasing accelerations are required, for a given e, as the path inclination 


increases ; 
(b) all variable-thrust sub-arcs of Fig. 3 are flown with positive acceleration, 
except the sub-arc 6 = 0 along which the acceleration is negative. 
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Vertical Flight 


For the particular case 9 = 2/2 and for a zero-lift drag coefficient satisfying 
Eq. (51) the instantaneous acceleration )’ [Eq. (50)] is represented in Fig. 5 
as a function of the MAcH number M. Several values are considered for the engine 
parameter M,, namely M, = 6, M,=8 and M, = 10. 



































10 
M 


Fig. 4. Acceleration at points of the variable-thrust sub-arc as a function of the MAcH 
number for several values of the path inclination ‘hypothetical missile] 


The above graph shows that the required acceleration at points of the 
variable-thrust sub-arc rapidly increases as the MACH number increases. For 
M, = 8 the acceleration is V = 12.8g at M=5 and V = 42.4g at M = 10. 
As a consequence, the optimum burning program cannot be followed indefinitely 
as the MACH number increases, because of limitations of a structural nature 
(unmanned rockets) or of a physiological nature (manned rockets). This circum- 
stance points out the importance of undertaking a study of the new optimum 
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burning program for the case where an upper bound is imposed on the modulus 
of the acceleration vector. This aspect of the research, however, is not considered 
in the present paper. 





45 















































Cr) 


10 


M 
Fig. 5. Acceleration in vertical flight at points of the variable-thrust sub-arc as a function 
of the Macu number for several values of the engine parameter M, [hypothetical missile 


VII. Combination of Sub-Ares 


In the previous sections general solutions have been derived for the problem 
of extremizing AG = G; — G;, where G = G(h,m, V). It has been shown that 
the extremal arc is discontinuous, being generally composed of sub-arcs 6 = 0, 
sub-arcs f = Bmax and sub-arcs flown with variable thrust. 

Some brief considerations are now offered on the boundary value problem: 
it consists of determining that combination of sub-arcs which satisfies a set of 
prescribed end-conditions. Assuming that the initial MAcH number is M; = 0, 
the extremal path IABF generally starts (Fig. 6) with an initial sub-arc IA 
flown with maximum engine output, continues with an intermediate sub-arc AB 
flow with variable thrust and terminates with a final sub-arc BF ([3] and [8}). 
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The latter can either be travelled with a coasting flight (Case I, Fig. 6) or with 
maximum engine output (Case II, Fig. 6), depending upon the boundary condi- 
tions of the problem. 


/ 


f 8 = voriable /8= variable 








/ 
/ /B = variable 





Fig. 6. Possible combinations of sub-arcs for the case where the initial MACH number is zero 


The extremal trajectory can be conveniently described by means of either 
the couple of coordinate planes (e, M) and (m, M) or the couple of coordinate 
planes (e, M) and (A, M). With reference to the (e,4, M) space (Fig. 6) the 
boundary conditions are such that, at most, only five of the six end coordinates 
€;, hi, Mj, &, 4;, My are known. The remaining coordinates are unknown and 
must be determined from the solution of the variational problem. 

The general procedures for solving the boundary value problem are analogous 
to those described by the senior writer in [2], {3} and [8] and are consequently 
omitted, for the sake of brevity. 
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VIII. Conelusions 


A rocket-powered vehicle moving along an arbitrarily inclined rectilinear 
path is considered in connection with the problem of determining the burning 
program which minimizes an arbitrarily specified function of the initial and final 
values for mass, velocity and altitude. 

It is shown that the totality of extremal arcs includes zero-thrust sub-arcs, 
sub-arcs to be flown with maximum engine output and variable-thrust sub-arcs. 

General results are obtained, some of them in a closed form, including as a 
particular case, previous work developed by HAMEL, TsIEN, EvANs, HIBBs, 
CicaALa, MIELE, LEITMANN and Warp. The optimum acceleration law is 
determined and some numerical examples are presented emphasizing the engineering 
aspects of the present theory in connection with the flight analysis of rockets. 
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Uber Erwirmung von in die Atmosphiire eintauchenden 
Raketenkorpern 
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Zusammenfassung — Abstract Résumé 


Uber Erwirmung von in die Atmosphiire eintauchenden Raketenkérpern. Dic 
Frage nach den physikalischen Vorgangen, die sich beim Eindringen raketen- 
artiger Flugkorper in die Erdatmosphare abspielen, ist wiederholt Gegenstand um- 
fangreicher Untersuchungen gewesen 1, 2}. Das Problem hat aber gerade jetzt wieder 
an Bedeutung gewonnen, als am 6. Dezember 1957 die Tragerrakete des ersten 
sowjetischen Erdsatelliten moglicherweise in Alaska mederging, ohne zu verdampfen 

- waren zwei Anschauungen vertreten; nach der einen sollte der wieder in die 

datmosphare eintauchende IOrper ahnlich den Meteoren vollig verdampfen, nach 

‘n sollte es mdglich sein, daB ein solcher Flugkorper ohne Verdamptung die 

berflache erreicht. Der praktische Versuch scheint gezeigt zu haben, daB die 
letztere Anschauung die richtige ist. 

Im folgenden soll an Hand von Ergebnissen aus der Meteorastronomie abgeleitet 
werden, wann mit einer Verdampfung einer aus dem Weltraum in die Erdatmosphare 
eintauchenden Rakete zu rechnen ist und wann nicht 


On the Heating of Rocket Vehicles Entering into the Earth’s Atmosphere. The 
problem of determining events which occur as rockets or missiles enter into the earth’s 
atmosphere has been extensively treated several times in the literature 1, 2). At the 
present time the problem is of increased importance since the carrier rocket of the 
first Soviet satellite fell into the earth's atmosphere, possibly in Alaska, on or about 
6 December 1957 without being vaporized. Prior to this two concepts existed: firstly, 
it was thought that a body would entirely vaporize upon entrance into the atmosphere, 
in a way similar to that of meteors; in accordance with the second conception, such a 
missile could possibly attain the surface without being totally evaporated. Practical 
experience seems to have proved this latter view to be true. 

This paper attempts to determine, using results of meteor astronomy, which cases 
would lead to the evaporation of a rocket entering into the earth’s atmosphere from 
space, and in which cases it would not be expected to vaporize. 


Sur ’échauffement des corps de fusée pénétrant dans l’atmosphére. Plusieurs 
recherches extensives [1], 2} ont été consacrées a l’investigation des phénoménes 
physiques qui sont déclanchés lors de la repénétration d’engins dans l’atmosphere 
terrestre. Ce probleme a recu un regain d’actualité a la suite de la chute, le 6 décembre 
1957, de la fusée porteuse du premier satellite russe. I] est possible que cette chute se 
soit produite en Alaska sans vaporisation. Deux conceptions se confrontent a l’heure 


1 Leipzig O 5, Hermann-Liebmann-StraBe 19, Deutsche Demokratische Republik. 
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actuelle. Selon la premiere le corps serait intégralement vaporisé lors de la repénétra- 
tion, comme cela se produit pour les météorites. Selon la seconde l’engin pourrait 
heurter le sol avant vaporisation complete. L’expérience a confirmé probablement 
l’exactitude de cette seconde possibilité 

L’article cherche a établir, suivant les données de l’astronomie météoritique, dans 
quels cas l’évaporation complete d’un engin en repénétration doit ou non étre prévue 


Symbole 


Geschwindigkeit der verdampfenden T Teil des durch Reibung entstandenen 
Luftanteile I-nergieverlustes, der zu Leuchter- 
Geschwindigkeit der verdampfenden scheinungen fiihrt 
Raketenteile Masse der Rakete 
W armetibergangszahl Querschnitt der Rakete = Durch- 
W iderstandsbeiwert messer 
mittlere Masse der Rakete ( Luftdichte 
mittlere Masse der Luftpartikel " Widerstandskratt der Luft 
extraterrestrische Temperatur Dichte des Raketenmaterials 
kritische Temperatur Intensitat des Strahlungsanteils vom 
BOLTZMANN-lxonstante 
k 1,38 - 107'§ erg/grad korpers durch Luftreibung 

des Eintauch- 


Gesamtenergieverlust des Eintauch- 


die Raketenmasse im Verdampfungs- Grenzgeschwindigkeit 


herd kOrpers, bei dem gerade keine Ver- 


Verdampfungsenergie des Raketen- dampfung mehr statttindet 
korpers T, Lutttemperatut 
Verdampfungswert MM Molekulargewicht 
Geschwindigkeit der Rakete 


Eine Rakete dringt mit einer kosmischen Geschwindigkeit der GroBenordnung 
S- 10° bis 1,5- 106 cm/sec in die Erdatmosphare ein, wobei der untere Grenz- 
wert speziell fiir eine Satellitenrakete gilt. 

Bereits Ortk [3], spater LINDEMANN und Dosson [4] sowie HOFFMEISTER [5 
nahmen bei ihren Sternschnuppentheorien die Erhitzung der vor dem Ké6rper 
komprimierten atmospharischen Luftteilchen zum Ausgangspunkt ihrer Be- 
trachtungen. Eine phvsikalische Theorie, die etwas tiber den Eintauchvorgang 
von Raketen in die Erdatmosphare aussagen will, muB von Betrachtungen der 
Wechselwirkung zwischen den Luftpartikeln und dem festen Raketenkérper 
ausgehen. AusmaB und Art der stattfindenden Wechselwirkung sind dabei be- 
dingt durch die GroBe der Auftreffgeschwindigkeit der Luftteilchen auf die Ober- 
flache der Rakete. Diese Auftreffgeschwindigkeit ist in groBben Hoéhen, also bei 
geringer Luftdichte im Héchstfall, gleich der momentanen Geschwindigkeit der 
Rakete relativ zur Erdatmosphare. Bei steigender Luftdichte bildet sich vor dem 
Raketenk6érper eine aus Luft, bereits verdampftem Metall und Elektronen be- 
stehende Druckwolke aus. Diese wird an ihrer Stirnseite gegen die ruhende 
Atmosphare hin durch einen VerdichtungsstoB abgegrenzt, der dann langsam 
in einen MaAcuHschen Kegel iibergeht. 

Auf Grund zahlreicher photographischer Meteorbeobachtungen gelangte 
CEPLECHA [6, 7) zur Aufstellung von drei sehr wichtigen Postulaten, die, auf 
unser Raketeneintauchproblem angewandt, folgendes besagen: 

1. Die Geschwindigkeit der verdampfenden Raketenteile Cp ist konstant. 

2. Die Warmeiibergangszahl A ist nicht geschwindigkeitsabhangig. 

3. Der Widerstandsbeiwert y ist eine lineare Funktion der in die Atmosphare 
eintauchenden Rakete. 
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Die Energie, die beim unelastischen StoB einer Luftpartikel auf die feste 
Oberflache der in die Atmosphare eintauchenden Rakete iibertragen wird, er- 
hitzt nun diese bis zur kritischen Temperatur. Das dadurch gasformig gewordene 
Material entweicht zusammen mit Luftpartikeln sofort in den AuBenraum. 
Hieraus ergibt sich nach Hoppe [8], auf unsere Verhaltnisse umgerechnet, eine 
kinetische Energie von 

Lae C,* = : ur Cp? = : RTxK 


und der Energiesatz fiir den lokalen Verdampfungsherd 


l ' n 
ftv? : B-Am Ss Am C R- a Se UML’ C,?. 


l 
| 
Nach der Definition der Verdampfungsfunktion y = Am/u, erhalt man aus 
» 
(2) und (1) 


Daraus ergibt sich nach Hoppe 


und fiir den Widerstandsbeiwert (10 


| Ce UR 
y = 7 = dram |. de ie | map [ag 
‘ z UL 


Die Kenntnis der bei diesem Problem des Wiedereintauchens von Raketen in die 
Erdatmosphare mabgeblichen GréBen, wie Geschwindigkeit, Luftdichte und 
chemische Zusammensetzung des Eintauchkorpers, laBt sich von den drei wesent- 
lichen Koeffizienten A, y und t ableiten. Die Widerstandskraft der Luft be- 
tragt danach: 


W=—yQ-o,-v? (6) 
QO = m3- ¥/ 92/16 02, (7) 


und fiir ein verdrangtes Luftelement dM mit der Luftdichte o,, der Raketen- 
masse m und der zuriickgelegten Wegstrecke ds ergibt sich: 


dM = QO m2} + 0, - ds. (8) 
Aus (6) folgt dann leicht: 


P Acv 
m — W = oder =>5 (9) 


2y Bf 
und 
m:-v —W = 0. (10) 


Die Geschwindigkeit eines in die Atmosphare eintauchenden Korpers verandert 
sich naturgemaB standig. Der dabei auftretende Energieverlust macht sich in 
Form von Warme und sichtbaren Lichtstrahlen geltend. Der Anteil t am Gesamt- 
energieverlust, der sich in sichtbare Strahlung umwandelt, ist mit deren Strah- 
lungsintensitat J verkniipft durch: 


yi 
J=-— WwW. (11) 
2y 
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Die Geschwindigkeit der Rakete nimmt durch die bremsende Lufthiille ab. Aus 
dem Widerstandsgesetz (6) laBt sich nun unter Voraussetzung einer konstanten 
Masse des Eintauchkorpers sofort der Verlauf der Geschwindigkeitsabnahme er- 
rechnen. 

dv 


I m-: 
at 


eingesetzt in (6) ergibt Ubergangsbatn 


Fallbahh 





Lroobertache 


Schematische Dar- 


stellung der Bahnabschnit- 


te, die eine Rakete in der 


14 


Erdatmosphare 

Die Formel (14) gilt um so genauer, je kleiner die 
Anfangsgeschwindigkeit des in die Atmosphare eintau- 
chenden Korpers ist, weil dann die Massenkonstanz am 
besten erfiilt ist. In unserem Falle bedeutet das die Anwendung auf eintauchende 
Tragerraketen von Satellitenbaiinen, bei denen die Geschwindigkeit bei 8 km/sec 
liegt. 

Fiir den Fall der Massenabnahmen, die bei hohen kosmischen Geschwindig- 
keiten tatsachlich bis zur Verdampfung des Eintauchkorpers fiihren, mu der 
Ablauf des Verdampfungsvorganges bekannt sein, wenn allgemein giiltige Aus- 
sagen tiber ihn gemacht werden sollen. Nach Hoppe 10} erfolgt die Bewegung 
von Meteoren durch die Erdatmosphare in drei Bahnabschnitten: 


1. der kosmischen Bahn, auf der sich der Korper mit geringer Geschwindig- 
keitsveranderung bewegt; 

2. der Ubergangsbahn, die unter Abbremsung der kosmischen Geschwindig- 
keit bis auf eine von der Masse und der Luftdichte abhangige konstante Fall- 
geschwindigkeit durchlaufen wird, und 

3. der Fallbahn, die der Flugkérper in vertikaler Richtung mit einer Ge- 
schwindigkeit zuriicklegt, die sich aus der Gleichheit von Luftwiderstand und 
Erdanziehung ergibt. 

Kleine Eintauchkérper durchlaufen alle drei Bahnabschnitte, Riesen- 
meteoriten dagegen erreichen bereits am Anfang der Ubergangsbahn den Erd- 
boden. 

Bei Eintauchgeraten mit hoher Geschwindigkeit, etwa 11,2 km/sec und mehr, 
bildet sich am eintauchenden Flugkérper zundchst ein eng begrenzter Ver- 
dampfungsherd aus. Dabei wirken drei Prozesse am Abbau der Energiespitze 
mit, namlich Ausstrahlung, Warmeleitung und Verdampfung. Dabei spielen 
die ersten beiden Punkte, namlich Ausstrahlung und Warmeleitung, nur eine 
untergeordnete Rolle, wie aus Untersuchungen durch Kathodenzerstaubungen |11} 
festgestellt werden konnte. Durch Reibung mit den Luftteilchen der Atmosphare 
wird die mit hoher Geschwindigkeit eintauchende Rakete am Verdampfungsherd, 
also an der Beriihrungsstelle Rakete—Luft, bis zur kritischen Temperatur er- 
hitzt. Dadurch gelangt das Material in einen gasférmigen Zustand sehr dichter 
Packung und entweicht unter MitreiBen von Luftpartikeln. Tragt man nun die 
nach (3) errechneten Werte fiir die Verdampfungsfunktion gegen die Geschwindig- 

13* 
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keit auf, so erhalt man die in Abb. 2 dargestellte Kurve. Sie zeigt, daB bei einer 
Geschwindigkeit < 10 km/sec eine Verdampfung nicht stattfindet. 
Die von Hopre (12) berechnete Kurve wurde durch photographische Meteor- 
beobachtungen von CEPLECHA bestatigt. 
Aus dem bisher Dargelegten ergibt sich, daB die Lésung des Problems der Be- 
handlung der atmospharischen Bahnen von Flugk6érpern allgemein auf einen Vor- 
gang der Bewegung einer ver- 
anderlichen Masse 1m_ wider- 
a stehenden Mittel mit verander- 
licher Dichte in einem Be- 
schleunigungsfelde zuriickzu- 
fiihrenist. Auf Grund der Ge- 
schwindigkeitsabnahme wird 
aber einmal ein Zustand ein- 
treten, in dem die Verdamp- 
fung aufhdrt. Diese Grenz- 
geschwindigkeit v¢ laBt sich 
90 km/se mathematisch erfassen, und 
zwar tritt dieser Zustand dann 
ein, wenn beim Aufschlag einer 
Luftpartikel gerade noch eine 
Partikel des Eindringkorpers 
emittiert wird. 
Diese Grenzgeschwindigkeit laBt sich nach Hoppe (12) wie folgt berechnen: 
Die Umwandlung der von einer Luftpartikel getroffenen Raketenmasse in 
den gasformigen Zustand bewirkt eine Energie, die sich zusammensetzt aus der 
mittleren kinetischen Energie einer Luftpartikel und der mittleren Schwingungs- 
energie des getroffenen Flugk6érpers, die dieser im ungestoérten Zustand besab. 
Daraus ergibt sich: 








Abb. 2. Der Verdampfungswert y in Abhangigkeit 


von der Geschwindigkeit 7G 


l a I “jaa l cant 
> ML (v2 + C2) = ImC,? = B- Am+ = Am Cr? + ~ uz Cr. (15) 


_ ~ 


Weiterhin miissen bekannt sein: die mittlere Temperatur der Luft 7, in 
verschiedenen Hoéhen, sowie die extraterrestrische und kritische Temperatur des 
Flugkérpers. Letztere werden denen von Eisenmeteoriten gleichgesetzt. 


Tabelle 1. Hohe, mittleres Molekulargewicht und mittlere Lufttemperatur nach 
Nazarek (13 





h in km Molekulargewicht mittlere Temperatur 7; in °K 
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Tabelle 2. Mittleres Molekulargewicht M, extraterrestrische Temperatur T, °K und 


kritische Temperatur Tx °W sowie Verdampfungsenergie B ergig fity Eisenmeteoriten 
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Setzen wir nun in (15) Am = ep, 
so erhalt man unter Umformung 


, UR . 





(16) 





Die Grenzgeschwindigkeit eines 
metallischen Eintauchk6érpers ist im 
wesentlichen eine Funktion der Zu- 
sammensetzung der Erdatmosphare 
und der Temperatur. Diese Funktion 
ist in Abb. 3 dargestellt und zeigt, 
dak bei «1; << 9,5 km/sec keine Ver- 
dampfung eines Eintauchkorpers statt- 
findet, oberhalb dieser Geschwindig- 
keit aber eine stetig wachsende Ver- Abb. 3. Die Grenzgeschwindigkeit vg als 
dampfung einsetzt. Funktion der Hohe 


UG 
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Abstract Riassunto — Zusammenfassung Résumé 


Observation of a Satellite Near its Culmination. The observation of the angular 
coordinates of position of a satellite carried out in stations where special photographic 
equipment is not available, can be made in the best conditions when the satellite 
passes through the culmination point with respect to the observer. In such a point 
the altitude angle becomes stationary and the azimuth angular velocity remains 
almost constant during a short time interval. The equations for the physical 
parameters necessary to the application of the method are given, assuming that 
a theodolite is used. However, the process can also be applied to the case of instruments 
which are equatorially assembled. 


Rilevamento di un satellite presso la culminazione. 1] rilevamento delle coordinate 
angolari di posizione di un satellite in stazioni che non dispongano di speciali 
attrezzature fotografiche puo essere compiuto nelle mighori condizioni quando il 
satellite passa per il punto di culminazione rispetto all’osservatore. In questo punto 
langolo di altezza diventa_  stazionario e la velocita angolare in azimut 
resta sensibilmente costante durante un breve intervallo di tempo. Vengono date 
le espressioni delle grandezze che intervengono nell’applicazione del metodo sup- 
ponendo l’uso di un teodolite, ma il procedimento puo essere esteso al caso di strumenti 
con montaggio equatoriale 


Beobachtung eines Satelliten in der Nahe seiner Kulmination. Die Beobachtung 
der Winkelkoordinaten der Position eints Satelliten in Stationen, wo spezielle photo- 
graphische Einrichtungen nicht verfiigbar sind, kann am besten dann ausgeftihrt 
werden, wenn der Satellit durch den Kulminationspunkt (in Beziehung auf den Be- 
obachter) hindurchgeht. In einem solchen Punkt wird der Hohenwinkel stationar 
und die azimutale Winkelgeschwindigkeit bleibt innerhalb eines kurzen Zeitintervalles 
fast konstant. Es werden die Gleichungen ftir die physikalischen Parameter, die fiir 
die Anwendung der Methode erforderlich sind, angegeben, vorausgesetzt, daB ein 
Theodolit beniitzt wird. Die Methode kann aber auch auf aquatorial montierte In- 
strumente angewendet werden 


Relévement d’un satellite auprés de la culmination. Les coordonnées angulaires 
de position d’un satellite peuvent étre relevées dans les meilleures conditions par des 
stations, qui ne sont pas équipées de dispositifs photographiques spéciaux, lorsque 
le satellite passe par le point de culmination par rapport a l’observateur. A ce point 


1 Presented in a preliminary form at the VIIIth International Astronautical 
Congress at Barcelona, Spain, October 6— 12, 1957. 
2 Via G. Sisco, 7, Roma, Italia 
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langle d’élévation devient stationnaire et la vitesse angulaire azimutale se maintient 
sensiblement constante pendant un court intervalle de temps. La note établit les 
expressions des quantités qui interviennent dans l’application de la méthode. Elle 
suppose l'emploi d’un théodolite, mais le procédé peut étre étendu aux cas ow les 


instruments ont une monture équatoriale. 


I. Method of Observation Near Culmination 


l. Introduction 


In a previous paper!, I took into consideration several aspects regarding the 
observation of a satellite, particularly the geophysical type (that is, crossing the 
atmospheric layer), by optical systems (some aspects are common to the tracking 


by radio means). 

In this paper, I intend to illustrate the characteristics of a tracking process 
for the satellite near its point of culmination with respect to the observer. Under 
these conditions the angle of altitude remains stationary for a certain time and 
can be measured with the best accuracy, even if the station has no_ special 
equipment available both for cameras and for following up the motion. 

In fact, for other conditions the tracking of the motion relative to the observer, 
in case of a satellite with an orbit close to the Earth, needs special means to 
obtain adequate accuracy; this because of the motion being characterized by a 
high angular velocity of the visual radius?. 

The “‘classification of tracking stations’ may be devised with respect to the 
scopes, equipment and accuracy. Let us now limit ourselves to the following 
distinction of ‘“‘kimematic tracking stations’’, by which measurements are carried 
out of both the angular positions and the corresponding satellite transit time: 

(a) Stations for a continuous or almost continuous tracking, to be provided wit! 
special equipment and large phototheodolites in order to photo-record the 
trajectory and marking the times, the motion being in general referred to the 
starry sky. 

(b) Stations for a discontinuous or discrete tracking, where only a limited 
number of the trajectory fixes are carried out. In this case, equipment having 
a motion picture system (electronically controlled cinetheodolites) is generally 
used, to record at given time intervals both the position of a timer hand, and the 
positions of the azimuth and altitude circles of an optical collimation instrument. 
By setting devices for a following-up motion, the satellite is kept as long as 
possible in the middle of the reticle. The picture is now no longer needed ; however, 
as a result less accuracy is obtained. 

(c) Stations jor a single tracking, to carry out only one or very few fixes of 
the visible arc of the trajectory, which is covered in a very short time. In general, 
the photo-recording of the position circles and of the watch is avoided. This refers 
to both the case where the transit of a satellite is expected to occur through one 
of the spider lines, while the satellite is eventually followed up by the 
perpendicular spider line, and to the case where one of the spider lines is taken 
tangent to the trajectory at one or more points. 


1 A. Boni, Tracking of a Geophysical Satellite. Paper presented-at the VIth 
Convention of the Italian Geophysical Association, Rome, 9—10 November, 1956. 
2 The tracking conditions of a satellite, apart from some analogies, are generally 
different from those relating to the tracking of a missile’s motion. This is true even 
in case of a geodetic missile, or a meteor, the trajectory of which (determined by the 
Sun and perturbed by the Earth) takes an almost rectilinear path, having a very 


short lifetime. 
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Included in the latter case is the system taken into consideration in the present 
paper for tracking a satellite near culmination. Here, the angular velocity of 
the visual radius has an altitude component which diminishes until it is nullified. 
Therefore, it is possible to carry out a fairly accurate measurement of the altitude 
angle. 

Thus, a plane tangent to the trajectory is so determined, the position of 
which is not much influenced by a rough approximation in the azimuth and 
time measurements. 

The accuracy of measurements may be increased by using following-up 
devices, for which a simplified construction is suggested, due to the fact that 
even a limited approximation in angular velocities is efficient. The angular 
velocities may be arranged according to a pre-set programme, the magnitude 
of the values being generally foreseen. 

In successive transits of the satellite near a given station, the azimuth of the 
culmination point C remains remarkably constant, and in general it deviates 
only a few degrees from that of the plane taken through the station at right 
angles with the geocentric projection of the trajectory on the Earth’s surface. 
The altitude angle and the angular velocity at the azimuth near C are essentially 
a function of the distance taken horizontally between the station and the relative 
projection of the satellite. 

The single tracking stations may perform a useful action, becoming essential 
during the initial and final revolutions of the satellite, in obtaining control 
elements of the trajectory to be rapidly supplied to observation centers located 
in neighbouring zones, as well as in replacing the main stations of continuous 
photographic), or discontinuous (cinematographic) tracking, when these stations 
are unable to operate due to special conditions. 

As a matter of fact, each station has a limited operating range, depending 
on the altitude of the satellite. Moreover, the observations refer only to the 
same short arc of trajectory, included between two given latitudes, passing near 
the station during the daily rotation of the Earth. The visibility of said arc 
requires other conditions, concerning the position with respect to the Sun, both 
of such an arc and of the station. 

It is necessary for the arc at that time not to be located in the Earth’s shadow 
with respect to the Sun, and expecially not to be in opposition, which is the worst 
condition. There are also to be excluded broad areas around the conjunction 
with the Sun, leaving as possible only limited zones near the quadratures, relative 
to Earth’s center. More specifically the arc should belong to a special region. 
The latter is bounded on the one side by the quasi-cylinder formed by the Earth’s 
shadow. From the other side it is limited by the quasi-cone tangential to a non- 
rotating Earth and passing through the quasi-circle of points in which the Sun 
appears below the horizon by a sufficient angle (18 degrees in the case of the 
astronomical twilight). 

Moreover, in so far as the position of the station with respect to the sun is 
concerned, the above arc, extended to latitudes near those of the station and 
almost in quadrature with the Sun, will be visible, among the many revolutions 
carried out every day by the satellite, only for the one where the transit occurs 
when the Sun, in its daily rotation, is sufficiently low, below the local horizon. 
Namely, in the short time during which the above arc does materialize because 
of the transit of the satellite, the station should not be too distant from the 
twilight zones, relative to sunset and sunrise, so that the arc remains above the 
local horizon. 
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In conclusion, with regard to visibility it is required that the aforementioned 
arc be located 1n the specified approximate quadrature with the sun. Furthermore, 
the station must reach the above mentioned quadrature in its daily rotation and 
during the interval of satellite transit. 

These conditions require that a set of stations scattered in latitude be pre- 
arranged, in order to get a sufficient probability of observation of at least a 
short arc of the trajectory, which on the other hand is subject to variations. 
Moreover, in case the observations are not to be limited to only one of the revolu- 
tions the satellite performs in a day, the formation of a net extended also in 
latitude is required. 

If the net should be formed only by high-accuracy main stations, the burden 
would be heavy. Therefore, the advantage is apparent of utilizing also less 
accurate stations, having however the greatest simplicity, as for example, the 


above mentioned single tracking stations. 
Should the altitude of the satellite decrease, for instance, to under 200 kms, 
a very great number of stations would be needed, in view of the diminished 


operating range. This circumstance requires the intervention of a net of volun- 
tary observers, even if the observations imply only a rough approximation. 

It has been mentioned that the single tracking stations near culmination are 
suitable for giving the fairly accurate position of a plane tangent to the trajectory. 
Correlating such a datum with other similar data obtained in subsequent days 
by the same station, or better with other data obtained in the same day by not 
too distant stations (a few hundreds km at the most), it is possible to obtain 
a fairly accurate position of the trajectory arc in that interval and, with a less 
approximation, the different elements of the orbit. 

2. Tracking Categories Near Culmination 

The tracking processes near culmination are related to the degree of accuracy, 
both of the station and of the data obtained on the orbit at the instant of culmina- 
tion. 

To establish an indicative classification, different accuracy levels may be set 
forth, viz.: low, mean, high. 

The accuracy levels for the stations can be generally laid out as per Table I, 
with respect to the equipment and the errors ¢, in absolute value, allowed in the 
measurements of the altitude angle 4, azimuth A, and time ¢. 


Table 1. Accuracy of Stations 





Equipment 


Symbol Accuracy 
; : (f.d following-up devices 





Low 19-10’ | 69-30 LOs- ] relescope sights with common 
eoniometers 

Mean |) TO! 207"; 30° = 2 s 5 Pheodolites: eventual t.d. tor 
{ measurements 

High 207-1” 2’-10’ <5 Theodolites and cinetheodo- 
lites, f.d. for .4 measure- 
ments, and eventually 
for h. 


In so far as the accuracy levels of the data at the moment of culmination 
are concerned, it is possible to establish in general the classification of Table II, 
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with reference to the next illustration. The Table concerns the “errors, in absolute 
value, in the foreseen elements’: ¢¢ = time of subsequent transits at the 
Equator, 7, = period of said transits, ?¢ = inclination of the orbit plane to 
the Equator, x» = right ascension of the ascending node, b = semi-minor axis 
of the orbit, 69, = anomaly of perigee on the orbit starting from 22. 


Table II. Accuracy of Elements 





Symbol Accuracy : ETE fiE ’ EOQp 





ER < Glee: Low 105 }° 100 km 45° 
mec. 3 Mean <\|s <10’ < 10’ <10km < §? 
ERC. High <Is <05.] <a <a’ <1 km < 30’ 


The accuracy levels have been indicated with reference to the values of the 
elements at the instant of culmination, when it is of interest to know the ensuing 
values of h, A, and others, in order to set in advance the stations for the observa- 


tion. 

The prediction of these values at a given time instant requires the knowledge 
of several other values at previous time instants, so that one may calculate the 
first and subsequent differences appearing in the extrapolation formulae. 

The loss of accuracy in passing from the given data to the extrapolated data 
depends upon the time intervals to which the data are referred. It also depends 


upon the regularity and magnitude of the element variations, which may become 
appreciable when the satellite is orbiting at the lower altitudes, where the motion 
drag increases together with the air density. 

In the case classified as ‘‘low accuracy” in Table II, the elements can be 
derived when there is information available of satellite sightings at a sufficient 
number of sites, for instance more than ten, in an immediately preceding day and 
with a magnitude approximation of 1 min. 

In fact, in such a case an analysis of the sighting times ¢; () = 1, 2,...), in 
the sites P;, allows one, in general, to determine to which of the subsequent 
revolutions of the satellite they are referring, and to define an orienting value 
for the period 7 and therefore for the average angular velocity §,, of the satellite, 
relative to the Earth's center. 

Once the longitude 4 of P; is known, in correspondence to ¢; the right 
ascension a; of the local zenith is derived, which in connection with the latitude 
q; gives the near values of the equatorial coordinates of various points S; of the 
satellite trajectory with reference to the fixed stars. The trajectory can be 
interpolated among the experimental points, carrying out the drawing by one 
of the cartographic systems. As a result, the inclination 7¢ of the orbit and the 
right ascension of the node, ag, are obtained. 

Knowing f, and ig, a reduction of t; may be carried out, in the sense of 
referring the transit times to a same latitude and in particular to the Equator. 
It will then be possible to achieve a better approximation of the value of T¢ 
and therefore of the corresponding value of the semi-major axis, a, of the orbit. 

On the basis of ¢;, indicative values can be derived for the maximum and 
minimum difference between the angular velocity 6 of the satellite along the 
orbit and the average value 6,,. From these differences it is possible to obtain, 
with a rough approximation only, the values of the semi-minor axis } and of the 


perigee anomaly, Og». 
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These values can be utilized in predicting the values of some parameters 
relative to the culmination point C, for a given station P. 

As a matter of fact, owing to the low accuracy of data in such a case, while 
it is possible to get for the azimuth Ac of C an approximation of the order + 2° 
and + 2” for the time ¢c of transit, appreciable uncertainties will remain about 
the values at the time ¢c of the horizontal distance D, ¢ and of the altitude Z 
of the satellite with respect to P, and therefore of the altitude angle /c. 

If, for instance, the element errors allow a discrepancy of + 15° in the prediction 
of hc, this may exceed the field amplitude, which usually is < 10°, of the optical 
telescope sight of the station. Then, the sighting will be backed by an observer 
team, sharing the field of uncertainty of ic on the vertical circle of Ac. 

Once the tracking has been carried out with the accuracies shown for said 
stations in Table I, the results in question can be utilized in order to improve the 
knowledge of the orbit elements. For instance, tan hc gives the ratio Z¢/D.c, 
and therefore Z¢ will be derived with the same accuracy by which D,.c is known; 
this accuracy is generally greater. 

On the other hand, better indications on D, - can be obtained if one measures, 
from the same station, not only ¢¢ and Ac, but also the transit time through 
a nearby azimuth. As a result, we get an approximate value of the angular 
velocity Ac, which can be inserted into the equations relating the D,¢ to be 
determined to other already known orbital elements. 

The results can be better utilized in case it is possible to dispose of those 
from a near station, with respect to latitude. 

Denoting by hc’ and hf; the determinations at the two stations, and similarly 
for Ac and ¢c, the difference between A;-’ and A¢”’ is particularly small and can 
be approximately foreseen according to the inclination ?¢ of the orbit. It is then 
possible to calculate the arc of the greatest circle on the Earth’s surface included 
between the two culmination points. Hence, knowing the time difference t¢’’ — f¢’ 
it is possible to obtain an approximate value of the satellite angular velocity 4 
on the orbit and subsequently the values of Z- and D.,¢ are approximated 
according to the relationships among the different elements. 

The processes for the best utilization of the tracking results could vary with 
regard to the total of data in possession and obtained from different stations, 
at more or less simultaneous time instants. 

The use of stations, classified as of mean and high accuracy in Table I, will 
be subsequently necessary in order to derive with a better accuracy the orbital 
elements. The setting of these stations for the culmination conditions will be in 
general directed by the results obtained from the stations having a lower level 
of accuracy. 

From the previous illustration, the functions to be met by the stations of 
the various categories in Table I are deduced as follows: 

(a) Low accuracy: a better approximation for the orbital elements already 
deduced from simple sighting; 

(b) Mean accuracy: configuration and positioning of the orbit more accurate 
with regard to elements of a more difficult determination, such as the eccentricity, 
the anomaly of perigee, the variation velocities of the orbital plane; 

(c) High accuracy: differentiation between the predicted values and the 
observed values, both for contro] and to separate variations inherent to secondary 
forces and secular effects. 

Hereinafter some problems arising from the tracking near culmination are 
taken into consideration. 
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The order of magnitude of the intervening variables can be obtained by a 
first approximation analysis, which can be sufficient under certain aspects. 

A more accurate evaluation may be required for the solution of some problems. 
It is then necessary to carry out step-by-step approximations, some of which 
will be shown. 

The characteristic of preference for the tracking method near culmination 
is the reduced angular velocity in altitude during the observation interval. 
Particularly when no recording methods of the angular coordinates are employed, 
the accuracy to be obtained for the measurement of the altitude angle A is 
for all practical purposes inversely proportional to the slope of the angular 
velocity versus time diagram. 

The usefulness of such a method will be appreciated according to the order of 
magnitude of accuracy in the measurement of h. Some indications will be obtained 
in determining the function h(t), which is one of the first problems to be solved. 

Subsequently, it is necessary to determine the azimuth of the culmination 
point and the relative angular velocity, the duration of sighting, the corrections 
for step-by-step approximations, and other problems regarding the utilization 
of the observation results, in order to define the orbital elements and their 
Variations. 


Il. Approximate Expressions of Parameters Near Culmination 


1. Approximate Assumptions in the Analysis of the Problems 


Let us designate by t a reference system for the coordinates, which can be 
orthogonal cartesian or spherical. The origin or center will be taken at the 
Earth’s center of gravity Gr (geocentric system), or at the point P where the 
observer is located (topocentric system); the two cases will be designated by t@ 
and tp. The origin may be also chosen in a different way. The orientation of 
the system can be invariable with respect to fixed stars or rotating jointly with 
the Earth. Let us call the two references: ‘‘absolute’’ (or with respect to the 
celestial sphere), and “‘relative’’ (or terrestrial), designating them by t, and 1, 
and eventually adding other subscripts, for instance: 1, p = relative topocentric 
system. 

We state now the following approximate assumptions, among the others 
which are to be introduced in connection to particular problems. 

I, = The Earth’s surface 4 can be approximated as a sphere /’. Its center 
can be chosen in two ways, Viz.: 

(a) J’ = IG, sphere having its center at the center of gravity G; of the Earth. 
The radius will be assumed as intermediate between the equatorial and polar 
radii, R, and R,, or equal to the geocentric radius of P, Rp = Gy P, specified, 
for instance by /¢(Rp). 

(b) J’ =JI’p, sphere which more closely approximates the geoid in the 
neighbourhood of P. The center Gp will be chosen on the vertical passing through 
P, and the radius can be given a value Rx corresponding to the total curvature K 
of 27 in P. 

I, = The absolute trajectory arc /,; (with respect to t,) followed by the 
satellite S, during an interval J for the independent variable (for instance, the 
time), can be considered as belonging to a plane, //;,, passing through the 
Earth’s center Gr. The form of /,; can be approximated by an ellipse, éa. 

The time interval /;, during which the form and the orientation of J, ; with 
respect to the fixed stars are considered as constants, will not be in general greater 
than the period of revolution T. 
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I, = The relative trajectory arc /,, (with respect to t,), followed by S 
during /, can be considered as belonging to a plane, //,,, passing through G; 
The form of /,,; can be approximated by an ellipse, « 

The time interval /; can be, for instance, established between the instants 
when S, reaches a pre-fixed angle of altitude / with respect to P, in particular, 
for h = 0, between sunrise and sunset of S, on the horizon (rational, horizontal 
plane, //p, through P). 

I, = The are /, 7, as per /,, can be approximated by an arc of a circle €,, 
having as a center Gy, in the interval included between the instants when S$ 
reaches given values of the angle /. 

I, = The arc /, ;, as per Jz, can be approximated by an arc of a circle @,, 
having as a center Gy. 

I. The arc of relative trajectory /, 7 and the corresponding arc of absolute 
trajectory /,; differ by displacements which can be regarded as negligible (with 
respect to the length of the above arcs and within a given approximation). 

It is to be noted that once assumption /, is accounted for, one may derive 
I, from 7, and J; from J7,; nevertheless, the assumptions in question can also be 
regarded separately. 

Other assumptions of first approximation, which may be designated as J;,s.y 
are as follows: The influence of the observer altitude above sea level (with 
respect to the satellite altitude), the refraction of the rays of light in crossing the 
Earth’s atmosphere, the light aberration, are considered negligibk 


2, Range of Stations 


In analyzing the problems relative to the range of the stations, it is generally 
sufficient to determine the parameters in a first approximation. 
Let us gather together some of relations to be applied hereinafter. 
We designate by P the position 
of the observer and by S, the sat- 
ellite (of geophysical type, 1.e., or- 
biting in general at a distance 
above the Earth’s surface of less 
than 1000 kms). 
Assume a system of reference 
orthogonal axes, having their origin 
in P, Fig. 1, Z vertical, Xp in the 
vertical plane //, through S, and 
on the same side of the latter. 
Assume also that the yp axis is 
orthogonal to the previous ones and 
such that the associated trihedral 
is left-handed. 
The horizontal plane through P 
is designated by Jp. 
Among the assumptions as per 
section II, 1, we will now apply 
I,, that is, we consider the 
Earth’s surface X'y as a sphere /’, 
namely we apply the form J,,,, 
viz. J’ = Ip, a sphere having its center Gp onthe vertical through P and radius 
Rx. The Earth’s center of gravity Gr is in general to be considered as different 
from Gp. 
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Other symbols to be used are the following: 

g = altitude of satellite with respect to 2. The symbol q will have subscripts 
in order to specify the surface by which 27 is approximated, in particular: 
g’ = altitude of S, with respect to Ip. 

0 = distance of S, from the Earth’s center G7. When 2; is to be approximated 
by I'p, we have: 0’ = GpS,g. 

h = altitude angle of S,, angle formed by PS, with the horizontal plane 
through P (already designated by //p). z indicates the zenith distance, a 
complement of A. 

8 = “‘parallax” of S,, angle under which the radius PGr is seen from Sg. 
The similar angle relative to PGp is indicated by #p. 

y = angle under which PS, is seen from Gr. This angle wil] be called ‘‘radial 
deflection of S,’’. The similar angle having its apex Gp, instead of Gy, 1s 
indicated by y’ and is called “‘radial inclination of S,’’. 

Sn, Sr, Sor = orthogonal projection of S, on //p and points where the radius 
GpS, intersects J’ and /Tp. 

D, D, = distances of S, and S, from P. 

Di; = Xp = “horizontal distance” of S, from P. This distance is measured 
in a horizontal direction. 

d,, d, = lengths of the segments into which S,, divides the segment S;S¢ 
(having a length q’). 

U = point of /7p having a radial distance from /'p equal to the distance q’ 
which S, has in the generic position into consideration. 

0,9’ = Yu = value of y’, considered as a function of /# and q’, for the case 
h = 0, that is a value of y’ when S, is coincident with U. 

The observations of S,, in order to avoid zones subjected to too strong effects 
from the atmospheric refraction, will be generally limited to an interval where h 
is not less than a given value h,, (for instance, h,, = 30°). However, particular 
observations, even for h = 0°, are not to be excluded. 

The range of the stations is conveniently indicated by the great circle arc 
PSron Ip, expressed by y’, measured in radians, degrees, or (for a given Rx), 
in kms. 

It is to be noted that: 

o = Rke+q’ (2.2-1) 

The angle y'),.. = y'v, defined above and corresponding to the position U 
which S, takes for h = 0, and the same q’, is derived from: 

cos y'y = Rr (Rx +> q') = ]1/(1 + q’ Rx), (2.2—2) 
or 
cosy’'y = 1—q7'/(Rk+q7)=1-— qo’. (2.2-2’) 

By a series expansion of cos y’y, we have for y’y” the following approximate 

expression, neglecting the terms q’/Rx higher than first degree: 
yt =2q'/(Rk +’): [y'raa]. (2.2-3) 
To deduce y’ in the case of any A (and given q’), we must point out: 
y’ = 90° — Bp—h=z-— Bp. (2.2-4) 
Therefore, the calculation of y’ is brought back to that of #p, as a function of 
h and q’. 
Now, taking into consideration the triangle PGpS,, we have: 
Rx/sin 8 = (Rx + q')/cosh = D/siny’. 
In particular, we have: 
sin 6 = cosy’y cosh = [1/(1 + q'/Rx)]} sinz, 
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which calls to mind a well-known theorem, particularly used for smal] values 
of #p, and with the approximation Gp=Gy,: “The sine of the so-called daily 
parallax is proportional to the sine of the zenith distance’’!. 
From (2.2-4, 6) we obtain the expression of y’: 
y’ = arcos (cosy’y cosh) — h. (2.2-7) 
Given the altitude g’ of S,, two sides of the triangle PGpS, are then known and 
it will suffice to give one of the four elements D, A, fp, y’, in order to determine 
the others, and to such a purpose (2.2-5) can be used jointly with: 
D? = 2 Rx (g' + Rx) (1 — cosy’) + 9”, (2.2-8) 
D?+2DRxsinh=2q' Re + 7”, 22-9) 
which give D respectively as a function of g’ and y, or as an implicit function 
of g’ and h. 
Some other relations, that can be applied, are those giving D,, Z and Xp Dy, 
“horizontal distance’ of S,: 
D, = Rx tany’ 2.2-10) 
Z= Dsinh= (Rx + q') cosy’ — Rx 
Np = Deosh = (Rx + q')siny’ = o’siny’. 
From (2.5-11, 12) we have: 


NVp/(Rx + Z) = tany’, 
that can be compared with (2.2-10). 
In case that h = 0, we have from (2.2-9) a well-known expression 


D?=2q¢' Rx (14+ q'/2 Re) =2q7 (Re +7) 
furthermore, in such a case we have: 
D= D,= Xp = Rr tan ani =r y'U. 
For any h, from the ratio of (2.2-11, 12) we obtain: 
tanh = (cosy’ — cosy’, )/siny’, 
and from this, for a small y’y (and therefore y’), we have: 
tan h= (y'y? — y’*)/2y’. 2.2-15) 
If tanh is sufficiently large with respect to unity, that is if the zenith distance 
zis small, y’* can be neglected in comparison to y’y? in eq. (2.2-15), and we may 
write: 
y/2 tanh=y'y22/2=2q'/(Rxe +’), 2.2-16) 
which approximates (2.2-7). 
In so far as the parameter d, = S;S,,, is concerned, from Fig. 1 we note 
that it is a function only of y’: 
d, = d,(y') = Rx (I/cosy’ — 1) = Rx y’?/2, (2.2-17') 
while: 
d= Sy S,=q' — dy. 22-17") 
We point out that: ‘‘The values of y’ and D, particularly for h > h,, (= 30°), 
and for values of g’ of a few hundred kms, are small, having an order of 
magnitude of a few degrees for y’ and of a few hundred kms for D”’. 
1 In case A = 90°, the corresponding value of fp, called ‘“‘horizontal parallax’, 
is equal to 90° — y’yv, and we designate it also by J1’;, where @ is the latitude of P. 


= 0, we have the so-called 
equatorial horizontal parallax’’, JJ), such as: sin JJ) = R,/(R. + 9), where: 
R, = equatorial radius. 
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3. Relations for a Plane Arc of Trajectory 

While in the previous section we have taken into consideration the relations 
for the parameters in the vertical plane //p, passing through station P and satellite 
S,, we will now discuss the relations for the parameters in different vertical planes. 

As a first approximation, we assume (as per 7, and J, of section II, 1) that 
the arc of trajectory may be considered as lying in a plane, //). 

The time interval J; for which such an assumption applies with a given 
approximation is longer in the case of an absolute arc of trajectory, /,,;, than 
in the case of a relative arc of trajectory, /, ;. 








Fig. 2 


In order to utilize the results of the previous section, where the Earth’s 
surface S’; has been taken as a sphere J’p having its center Gp on the vertical 
passing through P, we will introduce the further assumption that the plane J/, 
is approximately passing through Gp. We will consider separately the corrections 
to be introduced into the above magnitudes in order to compensate for the 
errors deriving from the preceding assumptions. 

One of these corrections, for instance, must take into consideration the distance 


o' = GpS,, instead of the radius vector 9 = G,S,, appearing spontaneously 
when considering the absolute trajectory of an elliptical form, ¢,, having its 
focus in Gr. 

Such a correction will be determined from the vectorial relation: 


GrS,=GrGp + Gp S,. (2.3-1) 
Similar remarks apply for substituting the altitude g, with respect to 27, 
with the altitude g’, with respect to Ip. 
The relative considerations will be given in the next section III, 5, with 
reference to eqs. (3.5-40, 41). 
We will develop the mentioned relations with regard to the arc of relative 
trajectory /, ;, but they can generally be applied also to the absolute trajectory. 
Let us introduce the following definitions and symbols, with reference to Fig. 2. 
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X; = abscissa axis in the plane //;, and intersection of the latter with the 
horizontal plane //p, passing through P 
X,, = abscissa axis in the plane /i;, and perpendicular to the axis .\;. 
Q = intersecting point of .Y; with ,, taken as origin of the coordinates on 
axes X; Y> in ff,. 
A, = azimuth of S, with respect to Y,, calculated positively in a clockwise 
direction (for the observer oriented as the Z axis). 
in anomaly of S, in a polar coordinate system in the plane //;,, having 
its pole in Gp, and such an angle being measured starting from Y;, with the 
positive sign in the counterclockwise direction (for the observer located in P). 
Yin inclination of the plane //;, with respect to the vertical Z 
L = one of the points where S, rises or sets with respect to //p, designated 
respectively by L’ and L”’, and intersections of the relative trajectory /, with [7p. 
The distance of said points from ["p (the sphere by which 2; is approximated 
is indicated with g’,. 
The particular positions that S, takes on the absolute trajectory /, 1n cor- 
respondence to L’ and L” are indicated with S, 7, and S, rp. 
The point Q on the axis X, has the following abscissa: 
ad Rx tan Ym. 2.3-2) 
In conformity with the axes chosen, the following relations apply, with 
reference to Fig. 2: 
X,= Xng+ Yisinym ?.3-3) 
Y,= — X; (2.3-3’') 
z= Y city... 2.3-3'") 
As a function of 9,, the coordinates X,, Y,; are given by: 
X; = —o’'sin 4, (2.3-4) 
Y; = 0’ cos 6, — Rx/cos Ym. (2.3-4’) 
From (2.3-2, 3’’) we have for X,: 
X, = (Re + Z) tan Vm: (2.3-5) 
On the other hand, with reference to the abscissa Xp, defined in the previous 
section as the horizontal distance of S, from P, we obtain: 
XX, = Apcos A,. 2.3-6) 
By writing, now, eq. (2.2—I2’) in the form: 
a b> , 
Ap = (Re--+ Z) tany’ 
r 
from the comparison of the latter with (2.3-5, 6) we get: 
cos A, = tany,,/tan y’. 
Pointing out that: 
i ep sia, (2. 
and recalling (2.2-12), which we write in part again: 
Xp =o'siny’ (2.3-10) 
by means of (2.3-4), we obtain: 


sin A, = — sin 6,/siny’. (2s E) 


From (2.3-8, 11), squared and added in order to eliminate A,, we have: 


sin? y’ = sin? y_ + Cos? ym sin? Oy. dp, a) iy) 


This corresponds to: 
cos y’ = cos 9, COS Ym, 2.3—13) 


14 
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expressing a well-known theorem on the rectangular spherical triangles, Fig. 
as well as (2.3-8, 11). 
Eq. (2.3-13) may also be derived from the two expressions of Rx + Z, Fig. 2: 
Rx + Z=0' cosy’ = 9’ cos 0, COS Ym. (2.3-14) 
Taking into consideration any small angle « (a few degrees), the following 
approximation can be used: 
sina= a, cosa=l. (2.3-15’, 
These relations can be generally applied to y,,, and, with less precision, even 
to #, and y’, but not always to d,. 
In such an approximation, we have in particular from (2.3-12) for the angle 6, 
considered as a function of y’ and y,,: 
= Say" —¥y 2 (2.3-16) 
which may be also obtained taking into consideration the rectangular spherical 
triangle PQS, (Fig. 3), assumed as a plane triangle and taking the radian as the 


length unit. 








The plotting of (2.3-16) in a system of cartesian axes 9,,,,._ and y’, choosing 


equal measure units for the coordinates, is given by a family of equilateral 
in case the axes are 9,, 4. and Ym, 


hyperbolas having as a parameter Ym, OT, 
we have a family of circles having as a parameter y’. 

The second plotting given by Fig. 4. 

In case a particular value of the altitude q’ of S, is considered, and therefore 
of y’y, due to (2.2-2), in Fig. 4 we may write, near the values of parameter y’, 
those of h, according to (2.2-14), or, if the figure is considered for a particular 
value of h, we may write near the values of y’ those of y’y or of q’, as was the case 
in Fig. 4, where we have considered in particular the case h = 0 (then, y’ = y’y). 

In so far as A, is concerned, we have moreover from the ratio of (2.3-8, 11) 
and keeping in mind (2.3-13): 


tan A, = — tan 9,/sin yy». (2.3-17) 
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The latter in the approximation (2.3-15) for 4, and y» reduces to: 
tan A,= — 0,/Ym, (2.3—18) 
or, if we assume that approximation for y’, we have from (2.3-11): 
sin A, = 4, } a (2.3-19) 
which is also deducible from the triangle PQS, of Fig. 3, considered as a plane 
triangle, and taking into account the direction assumed as positive for A, and 9,. 


4. Angular Velocity in Altitude Near Culmination for a Circular 
Are of Trajectory 
We have already mentioned that the stationary condition for the altitude 
angle # characterizes the tracking method near the ‘culmination point’, C. 
The precision in the measurement of /c¢ increases as the slope of the angular 
velocity versus time curve (in the neighbourhood of the culmination instant) 
decreases. 
Consider a point, S,o, where the satellite is on the relative trajectory, /,, ;, 
at an instant ¢, near the culmination instant, ¢.. The angle h(/), in a second 
order neighbourhood of ¢), may be expressed by: 


h(At) = hy + Ag At + (hg/2) (At)?, (2.4-1) 
where /ty, Ay, Ag are the values that A(t) and its first and second derivatives! 
have in S,o, while: 

At=t— ty: (2.4-2) 
The angular velocity in altitude in the same neighbourhood has a linear change: 
h(At) = ly + hy At, (2.4-3) 
and for ¢= tc: 
Nc = (2.4 “ 


while the slope of the plot is constant, in such an assumption: 
h(At) = hy = Nc. 

A schematic plotting of said 
functions is given in Fig. 5. 

The maximum variation the 
function A(t) undergoes in an 
amplitude interval 2 Af, having 
as a medium point fc, Is given 
by: 
(Ah) max = (hc/2) (At)?, (2.4-6) 
putting in the previous equa- 
tions fy = tc. 

Assuming that, in the meas- 
ure of Ac, the visual observation 
requires always a same 4, the 
absolute accuracy of the meas- 
ure will be inversely proportional 
to the slope lic of the plot 4(At), as indicated by Eq. (2.4-6). 








Fig. 


In order to evaluate as a first approximation the function A(.4/), and the 


corresponding /c, we will consider the particular case, according to assumption J, 


1 The time derivatives are indicated by dots placed over the symbols of the 


variables. 
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of section II,1, in which the are /, ; of relative trajectory can be sufficiently 
approximated by an arc of circle G,. 

In order to lize the equations of the previous sections II, 2 and II, 3, 
where the Earth’s surface \'; has been considered approximated by a sphere Ip 
having Gp as its center, we will assume, contrary to the above assumption J;, 
that the center of @, can be assumed approximately at Gp. 

Any eventual correction may be considered apart, for instance in order to 
take into account that /,, has with a better approximation an elliptic form, 
as per assumption 7, of section IT, 1. 

With reference to Fig. 2, already considered, we have now that the circle @ 
approximating /, ;, has the same center Gp as the sphere /'p approximating +7, 
so that all points of @, will be at the same distance q’ from Ly. In the same way, 
the points L’ and L”’, where @, intersects the horizontal plane /7p, passing through 
P, will then be at the same distance from P, according to (2.2-9), written for 
h= 0. 

In such a case, the triangle L’PL”’ being isosceles, the median line through P 
coincides with the axis .\V,, orthogonal to the base L’L’’, and the culmination 
point C coincides, due to symmetry, with the point S,, (Fig. 2), where the axis Y, 
intersects /,;. In such a case this point coincides also with the apex J’ of the 
arc (point of Zmax), While generally these points are different (Fig. 7 

In order to obtain A(t), we can start from one of the equations for the 
trigonometric functions of h, for instance: 

sinh = Z/D. 2.4-7) 

By derivation we have: 

hDcosh = Z—Dsinh. (2.4—8) 


The term D which appears in the above equation may be obtained by deriva- 
tion of (2.2-9), which we write again in the form: 
D? + 2Z Rx = 0"? — Rx’. (2.4-9) 
For a circular arc (o’ = const), we have: 
DD = — RrZ. (2.4-10) 
By this equation, we have from (2.4-8): 
h =ZK'|D cosh, 2.4-11) 
where we have put: 
K'=K’' (D,h) = 1+ Resinh/D. (2.4—12) 


The factor K’, appearing in eq. (2.4-11) of h, includes two terms, 1 and 
Rx sinh/D, which correspond respectively to the two terms Z and D sinh 
of (2.4-8). 

In place of Z, in eq. (2.4-11), we may have v. taking into consideration 
that, due to (2.3-3’’), we get: 


Z=Y; cos Ym: 2.4-13) 
On the other hand, by derivation of (2.3-4’) we have, for 9’ = const.: 
ak o’ 6, Sin 9. 2.4-14) 
This equation and (2.4-13) could be substituted in (2.4-11), thus obtaining 
for h an equation where sin 6, appears. 
However, the arc 6, being small, it may be substituted for the sine, and may 


be expressed by: 
6, = ©, 2, (2.4-15) 
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At being the time increment with respect to the transit instant through the 
culmination point C, now coinciding with S,, Fig. 2. 

It is to be noted how, in case of a circular arc, designating by v, the ve 
(reference is made to the relative trajectory) and by a,.y the centripetal accelera- 
tion, we get: 

0 On, 24-16 
24-17) 


3v these equations, from (2.4-14) we obtain for }7: 


‘=e ag-% If. 24-18 


The expression of 4, which we are seeking, as a function of Jt is obtained by 
substituting (2.4-13, 18) in (2.4-11); it is similar to (2.4-3 
h(A h. At, 24-19 
with the following expression for /t 
h.= a,x K/D 
where the parameters a, ,, D are calculated in C, and the function A is defined 
K = A (D, 4, Ya) = (1 Rx sinh D) cos y/cos h. ae: Bad 

As it is seen from (2.4-20), the inversed slope /, in the plot of A(4¢), for given 
a,,~ and K, increases together with D, as well as the accuracy in the measure 
of h., due to what has been said. 

The centripetal acceleration a, y, appearing in the expression (2.4-20 
presents limited changes (depending essentially on the altitude q’) for 
satellites having a geophysical use. 

In the function K, according to eq. (2.4-21), the factor cos y,, can be replaced 
by the unity, as was the case in the computation of the values of A, listed in 
Table III (it has been assumed a, , 10 m/sec?). 


Table TEL, hy are seconds sec? 





500 km 1,000 : 2,000 





The above function /y can be expressed also in other variables; for instance, 
once the relationship Rx/D has been obtained from (2.2-5): 
Rx/D = cos (y’ + h)/siny’, 


1 It is to be noted that in the absolute motion of S,, with a velocity tg, the cor- 
responding centripetal acceleration da,n va?/o@ equals in the case of a circular 
motion, the gravitational attraction H,(g) per unit of mass, which we designate 
as £p,p. Therefore, we have: gp, = H,(o) gp (Rp/o)?, where gp is the gravitational 
acceleration at the pole and &p» the relative radius. In assumption /, of section II, 1, 
stating that the relative and absolute trajectories differ from each other by a small 


quantity in the interval J;, we have, at least in the order of magnitude: a,,n =da,.n= 


=gp,p and (2.4.18) becomes: Y;= — gp, Ab, as in the fall of weights. 
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after substitution into (2.4-21) and some simplifications, we get: 
K = cos y» sin (y’ + h)/sin y’. (2.4-23) 
This equation shows that when the values of 4 approach 90°, then A — 1/7’, 
that is, due to (2.2-16), A’ + o0'/zq’, (z = zenithal distance), while D — q’. 
Therefore, in such a case: 
ie =e a’ |2q°?. (2.424) 
In particular, if the trajectory is passing through the zenith, then: 
z= — (v,/q’) At, (2.4—25) 


and A(At), bearing in mind (2.4-17, 19), at culmination does not go to zero, 
but retains the value: 


hog =—_-— Z90 = i, q’. (2.4 26) 


5. Azimuth Velocity Near Culmination 

By knowing the value, even if with a limited approximation, that the azimuthal 
angular velocity, 4, reaches near the culmination point C, we are able to set in 
advance the eventual following-up devices, fitted to the collimation instrument. 

Subsequently, the value of A, measured during the observations, can be 
introduced into the relations connecting it to other parameters, in order to 
determine them. . 

With reference to the expression (2.3-8) of cos A,, by derivation we obtain!: 

A=ytany,,/sin? y’ sin A,. ( 

Here the angular velocity 7 appears. This can be obtained as a function of 6 
by deriving (2.3-13). Keeping in mind (2.3-11), we have: 

y= 6, COS Ym sin 6,/siny’ = — 6, COs Y, Sin Ay. 

By substituting into (2.5-1), we get: 

A, = — 6, sin Ym/(sin? y’. 
In case A, = 0, that is in correspondence to S,, Fig. 2, where y’ 
obtain: 
Ano — G,,/sin Va 
Therefore, we can write: 
An=AnoKa 
where we have placed, also recalling (2.3-12): 
K4 = (sin y»/sin y’)? = 1/(1 + cotg? y,, sin? 6). 

These equations apply within the assumptions of section II, 3, for a trajectory 
lying in a plane, passing with a sufficient approximation through the center Gp 
of the sphere by which the Earth’s surface is approximated in the neighbourhood 
of P. 

In case the arc of trajectory be approximately circular, as it was described 
in section II, 4, its apex then coincides with S,, this becoming the culmination 
point, and the relative angular velocity at the azimuth has the following expres- 
sion, derived according to (2.5-4) and by (2.2-16) and (2.4-16): 

tive =-— by, (o' X p,v) = — Uy Xp,v, (2.5-7) 
where Xp y indicates the horizontal distance from P of the apex V (=S,,). 

Eq. (2.5-7) shows that A,,9 is amplified with respect to 6, in the ratio 9'/Xp,r. 


1 The subscript » for the azimuth points out that we have taken the direction 


of axis X, (Fig. 2) as the origin. However, it can be omitted in the derivative, An, 
which does not depend upon the origin. 
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When the approximation (2.3-15) is used for 6, y’ and y,, eqs. (2.5-5, 6) yield: 
Ano/An= (y¥'/Ym)? =1 + (Onl ym')?, (2.5-8) 

and also, recalling (2.4-15), (2.5-4): 
AnolAn=1 + (Ano Al)? (2.5-9) 

When & + 90°, then y,, + 0, and A,, takes very high values. Simultaneously, 
an indetermination for the azimuths arises in the neighbourhood of the culmina- 
tion point. 

6. Duration of the Trajectory Above the Horizon 

More generally, we determine the time t elapsing between the two transits 
of S, at the altitude / with respect to P, and in particular, for h = 0, we obtain 
the time between the rise and the setting of S, on the horizon (rational for P). 

For the actual visibility of the satellite, it will then be necessary to consider 
the lighting conditions, as it has already been pointed out. 

In the evaluation of t as a first approximation, we take into account the 
assumptions J, and /; of section II, 1, spherical Earth and circular are of 
relative trajectory, /, ,;, with its center taken here approximatively as Gp. 

Moreover, we assume that the angular velocity § in the interval rt takes an 
almost constant value 6, and therefore, according to (2.4-15): 

tT=20,/6,, (2.6-1) 
where 0, will be calculated in correspondence with /. 

The order of magnitude of 6, is indicated by the average angular velocity 9,,, 
called also ‘“‘average motion’’, during the revolution period T: 

G5 = ZxiT, (2.6-2) 
and, correspondingly, t has, as an order of magnitude, the fraction 6,/a of 7. 

A more approximate value of 4, is given by the angular velocity 6,,. near 
the culmination point C, which for a circular arc satisfies eq. (2.4-16): 

6, = On. = (Ur/0’)c. (2.6-3) 

The terms t and 6, can be expressed as functions of ym and A. In the case of a 

constant altitude g’, h being determined by y’ according to (2.2-7), t and 6, 

can be expressed as functions of y’ and y,. As a consequence, with reference 
to (2.3-13) we have: 

Co, yn = 2 Og, eal 6,.= (1/6, <) arcos (COS y’/COS Vm). (2.6-4) 

In case A = 0, the variable. y’ takes, for g’ = const., the value y’y, given by 
(2.2-2), and correspondingly (2.6—4) gives Ty U, ym. 

If the trajectory passes through the zenith (y, = 0), then 6, reduces to y’: 

yoy, (2.6-5) 
and when A = 0 is further specified, we have according to (2.2-3): 
On, y UO = vv = (2 q'/o’)!?. (2.6-6) 

Consider now the case where 4, and y’ are small. As a consequence eq. (2.3-16) 
can be regarded as representative of 6, as a function of y’ and yy: 

Dn, ', ym? ="? — Ym? (2.6-7) 

A graph of this equation is represented in Fig. 4, taking as cartesian axes 
On,y’,ym and ym. For a given value of 4, notice that the values of y’y and q’ are 
dependent from y’ and can be written on side of the parameter y’, in Fig. 4. 
In particular, forh = 0, y’ = y’v. 

The scale of 4p,,’,4m can be arranged with another scale of T,’,, on the 
side, as soon as the value of 6, is established. In Fig. 4 we have taken for 6, 
the value 6,,, obtained from (2.6-2) for T = 90 min. 
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III. Further Approximations 
1. Relative Quasi-Elliptical Trajectory 
According to the assumption J, of section II, 1, the absolute trajectory Ja; 
of S, can be considered as an ellipse e,, neglecting within the time interval /; 
the changes of form and plane JJ, of €, (for instance, for the perturbations due 
to the Earth’s oblateness). 
The relative trajectory /, of S, with respect to a reference trihedral 1,, fixed 
to the Earth, is obtained by compounding the absolute motion with the reciprocal 
of the tow motion, M7, due to 
the Earth’s rotation. 

During the motion — My, 
the orbit e, generates a round 
surface, which we call 2, on the 
axis SN of the Earth, lig. 6. The 
meridian section of &, is indicated 
in said figure by /y,. 

Let S.o be the position of 
the satellite in a given instant 
t=), and /, , the relative trajec- 
tory arc in a_ neighbourhood 
J], of t. The are J, 7, is plotted 
in Fig. 6 in the position it has 
on \, at the instant ¢, that is 
issuing from Sz, 9. 

The radii projecting from the 
center Gy are transformed, due 

Fig. 6 to the motion-M,, into radii J, 

projecting from Gr. 
Bearing in mind that the absolute velocity v, of S, has an order of magnitude 
included generally in the interval 7~+8 km/sec, while the tow velocity v; is 
ae 


less than 0.5 km/sec for a point located at the Equator, the angle between v, 
and the relative velocity U, of S, is small. An amplitude of the same order can 
be given to the angle between the osculating planes at ¢, and /, 7 in S,go, which 
we call /7, 9 and J, o. 

Therefore, the plane //, 9 intersects the surface X, according to a line /, q. 
The latter les in the neighbourhood of ¢,; furthermore, it represents a second 
order neighbourhood of /, 7 in Sz 0. 

To evaluate the infinitesimal discrepancy of the third order, between /, , 
and /, ;, it should be necessary to carry out the twist calculation of such a line. 

Actually, e, and /, ; can be represented in neighbourhoods of second order 
of S,9 by the respective osculating circles, having as centers C, and C, respec- 

a ae 
tively, on the main perpendiculars N,, N,, belonging to the planes JJ,, IT, o. 

The surface 2, in the neighbourhood of S,9 is approximated by the local 
sphere J’, having as center Cx, on the perpendicular No at 4, in S, 0, and radius 
equal to the inverse of the square root of the total curvature. The above osculating 
circles are approximately parallels of J’; and their centers C,, C,, are almost 
located on the perpendiculars taken from Cx to planes JJ, and J], o. 


The curvature radius of ¢, can be determined by the knowledge of ‘vq and of 


the component according to N, of the absolute acceleration a (radial, for the 
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central motions). In a similar way, we can proceed for /, ;, computing first the 
relative acceleration a, by the Coriolis theorem. 

If the orbit ¢,, as is generally the case, has a small eccentricity, then all the 
curvature centers C,, C,, Cx are not very distant from Gr. 


2. Culmination Point for Elliptical Trajectory 

Let us take into consideration some corrections to be applied with respect to 
the case of a circular arc, considered in section II, 4, when more generally the 
relative trajectory arc /, is assumed to be of an elliptical form. 

In such a case, as it has already been mentioned, and with reference to Fig. 7, 
representing a view of the //,, plane of /,, the culmination point C is generally 
different both from the apex J” of /, (point of maximum Z and Y;,), and from the 
point S, (Figs. 2 and 7), where the axis Y, intersects /,. 





The culmination point C is defined by the condition h = 0, which according 
to (2.4-8) is equivalent to: 


Z—Dsinh=0. (3.2—1) 
D can be obtained by derivation of (2.4-9), and we get in place of (2.4-10), 
which was valid for 9’ = const.: 
DD=— ReZ+0' 6’. 
Substituting into (3.2-1), this condition is written: 
Z=6'o'sinh/(D + Rx sinh). 
As in eq. (2.4-13): 
Zz Y;COS Ym, 
while for Y;, by derivation of (2.3-4’), we obtain in place of eq. (2.4-14): 
Y;=— 0’ 6, sin 6, + 0’ cos 9,. (3.2—5) 
The apex V’ of the trajectory is defined by Y; = 0, and correspondingly we 
have for 6, from (3.2-5): 
tan bn Vv = (6’ 0’ 6,)p = Dn. : (3.2-6) 
where 6, 1, being small, can be substituted for its tangent. 
In the same approximation, (3.2—5) is written, assuming for 
values in V and recalling (3.2-6): 


Y; =— om 6b, Dn ae 6 = o'y bn.v (bn. si 6,). 
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In the condition (3.2-3), relative to point C, we can take in the right side of 
the equation the values of the parameters in the apex J’, which is near C, and 
then by (3.2-4, 7) we have: 

9n,1° — One = (0' sinh/O, Xp K)r, (3.2-8) 

where the same expression (2.4-21) holds for A, and Xp = D cos fh, as in (2.2-12), 
that is: 

Xp Kk = (D + Rx sinh) cos ym. (3.2-9) 

The following equation for 6,,. is obtained from (3.2-6, 8): 

R.< = Dy, vy (1 — 0" sinh Ap Ky) ;-. (3.2-10) 

The azimuth of the culmination point, A,,,, will then be calculated by 
(2.3-18), or by (2.3-10, 11): 

sin An. = — (0'/Xp) sin Oy,-. 

Eq. (3.2-6) can be written: 

Ob, 4° = '(1/o’) do'/d0,1-, (3.2-12) 
allowing the calculation of 6,1 by step-by-step approximations, considering 
the values that the right side of the equation takes for an initial value 6, = 0 
and then for the values of 0,1, subsequently obtained in the left side of the 
equation. 

In the assumption /, of section II, 1, that the relative trajectory arc J, , 
can be approximated in the interval J by an ellipse ¢,, and taking approximately 
the focus in Gp, we have as an expression of 9’ as a function of 6,: 

eo =a,(l— e,”)/{1 + e, cos (9, — On), (3.2-13) 
where: a, = semi-major axis, e, = eccentricity, 6,» = value of 6, for the perigee, 
variables for which we can take the values inherent to the absolute trajectory, 
due to the fact that for the calculation of 6,,;-a limited approximation is sufficient 
in order to pre-set the observation instruments. 

From (3.2-13) we get the derivative, do’/d6,,: 

do’ /d6,, = [o0'?/a, (1 — e,”)} e, sin (6, — 9,5), (3.2-14) 
which can be substituted into (3.2-12). For small values of the eccentricity we 
have the approximate solution: 

6,,.v = — er Sin Oy», 
which shows that 6, » has as a maximum ¢,, in absolute value. 

In the limiting case h = 0, we have from (2.4-21): A = cos y»,,=1, moreover 
Xp = D, while (3.2-10) gives in this case: 99,¢ = 6n,v. For instance, assuming 
that the distances of S, from 2; (Earth’s surface) are 300 kms and 2200 kms at 
the perigee and apogee respectively, we have e,=1/8, the maximum value of 
6,,v is about 7° and assuming Xp = 2000 km, we have for h = 0 from (3.2-11): 
\An.clmax = 30°, a maximum occurring when 9,» =90°, with an almost 
sinusoidal change for the intermediate values, according to (3.2-15). 

Denote by ¥ the angle formed by the perpendicular to the trajectory with the 
radius vector GrS,. The expression calculated for tan¥ is identical to the 
expression computed for tan@, at V. The relationship Yy = 6, y stresses 
(Fig. 7) that the Y,-axis is parallel to the normal to /, at V. 


3. Relative Velocity 
The absolute velocity v, of S, can be considered as the resultant of the radial 
UVa,o and transversal v, 4 components: 
Va,0 = 0, 


% = 00. 





Observation of a Satellite Near its Culmination 


These components are obtained, as it is known, by the knowledge of ¢,. 
Let us take as a reference system for the generic position of S, a geocentric 
and equatorial system of spherical coordinates. We designate by 0 the declination 
of S,, and by ¥Y; (Fig. 8) the parallel passing through S,, taking eventually 0 
as a radius of the sphere /% of the coordinates. 
oT . . igi ° 
The relative velocity v, is given by: 
U, = Va bi (3.3-3) 
ene ty . - ; ° , 
where v, is the tow velocity due to the Earth’s rotation motion, My. We have 
as a magnitude: 
27 COS 0 (3.3-4 
where w; is the angular velocity of the Earth’s rotation (see Note I, p. 213). 
Even v, can be considered as compounded of a radial component 7,,, according 
to Gr S, (we take the same pole in Gr) and of a transversal component v,,9, which 
is tangent to the sphere /% in S,. 


Let us designate by 7,5 and 7,4, see (3.5-38), the angles formed by 


and V,0 with the parallel -7, (Fig. 8). While: 


Ur, 0 © aio 0, 
vy,9 and 2,64 satisfy the relations 
to be obtained projecting (3.3-3) 
according to the direction of P,, 
and in an orthogonal direction (on 
IG): 
Vy 9 SIN ty 9 = te, SIN Ig 6, 


(3.3-6) 





Vy, 9 COS ty 6 = Vag COS la 9 — Ur. 
(3.3-7 
These equations allow the fol- 
lowing approximate solution, v7, 
being small with respect to v,: 
— Uz COS 1g 9, 
(3.3-8) 
trp =le6t+ AM, (3.3-9) 
Ai = (wz/Va,9) SIN Ty 6. 
(3.3-9’) 
Subsequently, we will obtain the magnitude of v, from: 
U,” =, 9* + Uy,0°. (3.3-L0 
The angle y, that Va forms with Vai is given by: 
tan pa = Va,6/0, (3.3-11 
and it is small for ellipses having a small eccentricity. The similar angle y, will 
be almost equal to yz, keeping in mind eq. (3.3-5) and v,»6 being not very 
different from vq.¢: 
Wy = Wa, (3.3-12 
This means that the eccentricity and the perigee anomaly calculated for the 
ellipse €,9 (which approximates /, ; in the neighbourhood of S,9) are close 
to. the analogous magnitudes calculated for ¢,, as it was said with regard to 
(3.2-13). 
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4. Instant of Culmination 

In order to predict the instant of culmination with a sufficient approximation, 
in order to pre-set the observing stations, we can consider the assumption /;, 
that is, a spherical Earth /%, with its center at Gr and radius Rp. 

Assume now that the right ascension as and the instant ¢; when S, attains 
the position Ss; are known quantities, the position Ss being characterized by a 
declination és, whose value is close or equal to the geocentric latitude (qg) of P. 

The right ascension ap of the zenith of P at the same instant /, can be deter- 
mined by known svstems!: 

Putting: 

Oy == As — Up (3.4-1) 
the arc yg of the great circle included between P and S, at the instant fj can be 
calculated by a known equation of the spherical trigonometry : 

COS YE = SINGG SIN Os + COSYG COS Os COS Ay. (3.42) 

In case ds = ge, particularly considered in Fig. 9, (3.4-2) is simplified to: 

cos yg = 1 — cos? ds (1 — cos %), (3.4-3) 
which, for small values of «,, as those generally considered, can be approxima- 
ted by: 

VE =, COS Os. (3.4-4) 


Let us designate by /,6 the geocentric projection on /¢ of the relative 
trajectory /,; of S,, forming the angle 7, (see the previous section) with the 
parallel Py. 

Actually, the osculating plane in Ss to/, ; does not pass throughG;; however, 


as the relative distance is small, we can assume /, 4 to be a great circle arc in 
the interval into consideration. 

Taking (Fig. 9) from Ps an arc of circle at right angles to/, », this is intersected 
in a point which, with reference to the previous Fig. 2, is the geocentric projection 
of the origin S, of the arcs indicated by 6,. 

Designating by 4,5 the arc S, Ss (Fig. 9), and considering P S, Ss to be a 
rectangular spherical triangle, we have: 

tan 6,5 = tan yg Cos z,, (3.4-5) 
and approximatively, in the limits of applicability of (3.4-4): 
bn, 6 = YE COS ty. (3.46) 
The instant ¢, of the transit of S, through S, is given approximately by: 
t,=ts — Rp Gn. 6 Ur p=bg — Dn,6 Os. (3.4-7) 

With an equation similar to the latter, we can calculate the culmination 
instant ¢,, keeping in mind the expressions (3.2-6, 10) for the discrepancies 6,, y 
and 6, from S, of the apex V of J, 7; and of the culmination point C. 

The azimuth A of S, with respect to the meridian is given by: 


sin (A — 90°) = sin 6, 6/sin ye = In, 6/Ye_. (3.4-8) 


While the preceding equations could be considered satisfactory for determining 
t,, the azimuth could require a better approximation. 

To such a purpose, once a first position S,, of S, has been established by 
the above equations, a second more approximate position S,,2 will be obtained 

1 If as and ds are given in dependence of the Greenwich civil average time, 
Tm (= U.T. = universal time), and T; is the Greenwich sidereal time corresponding 
to Im, being Ap = longitude of P (positive to the East of Greenwich), we have: 
ap = IT; + Ap = Ts, p = sidereal time in P. 
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by imposing the condition at right angles of PS, to the arc /, 9, issuing now 
from S,,;, where the new value of 2, is to be calculated. The value of yg cor- 
responding to S, 1 will be obtained from (3.4~—2), putting in place of ds, and of 
&, == as — ap, the values ds ; and x, for the instant ¢,, of the transit through 
Sn.1 (resulting from the assumed data). Notice that: 

05.1 = Os — On, 5 SiN 1y, (3.49) 


where 0s, In, 5,7, are the previous values. 





5. Transformations of Coordinates 

To study in step-by-step approximations the problems regarding the motion 
of S,, it is very often required to pass from one system of coordinates to another 
one, using the corresponding equations of transformation. 

We have already introduced (see section II, 1) the symbols t, and 1, for 
the absolute and relative reference systems (the first is valid for an invariable 
orientation with respect to the fixed stars, the second is fixed to the rotating 
Earth), specifying by further subscripts G and P whether the origin is in the 
Earth’s center Gr, or in the location P of the observer (geocentric and topocentric 
system). 

Let us indicate by t,’ some reference systems, which, even if they are not 
rigorously t,, have however an orientation, with respect to the fixed stars, 
varying only slowly, according to the particular problem: for instance, the 
system of equatorial coordinates, right ascension « and declination 0, receiving 
well-known corrections due to the phenomena of precession and nutation. 

The cartesian coordinates will be indicated as per Table IV, by small Greek 
letters in the systems t,, underlined when the origin is P, and by Latin letters 
in the systems 7,, small or capital letters respectively, according to the origin 


in Gr or P. 
Table IV 





System Origin Gr Origin. PF (P’, 





Ta ’ Ta’ 
uy 
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The orientation of the system will be specified by a subscript, for instance &,,, 
where the letter w could vary, according to the special orientation. 

The particular point to which the coordinates are referred could be indicated 
by a further subscript, for instance: &,,s = coordinate of S,. 

In specifying the symbols used, we will have the opportunity to refer to well- 
known transformation equations of the coordinates. 

When two systems differ only in the origin, the following transformation 
equations hold: 
g eS (3.5-1) 


w,Q oO 


giving for 0= P (origin): 
(3.5-2) 


and for Q0=Gr: 
(3.5-3) 
In the case of two systems T,, T.’, having a different orientation and the 
same origin, indicating by x, (h = 1, 2, 3) the x, v, z, and by g;,,, the directing 
cosines of the axes, we apply the known equations of transformation (f = 1, 2, 3): 
3 
. 
X wh = Phy Xv,1 T Ph,2 Xw,2 TF Ph, 3 %w,3 = << Ph, k Xw,k* 
k=] 
Indicating: x, = vector of components x,,;, in the reference tT, Pu,u’ = 
linear operator characterized by the matrix |/q;,, 
Dow! = ||Pr,k\|> (3.5-5) 
eq. (3.5-4) can be synthetized by: 


— aa 


X w! — D., w! X ww: 

The transfer from t,, to t,,. Sometimes reduces to a rotation around a deter- 
mined axis. If this is one of the coordinate axes, for instance Z, we have for ® 
the particular expression, where 4 is the value of the rotation: 

cos§ sin 0 
@(z:-6) = —sin9 cos 0 ||, (3.5-7) 
0 0 ] 


Let us consider some particular reference systems, starting from the almost 
absolute ones. 

Let us indicate (Fig. 10): 

Ta’,y = equatorial coordinate system with its axis é, oriented towards the 
vernal equinox ‘Y°. The corresponding spherical coordinates are indicated by «, 6. 

Ta’,, = system where &;, 7; lie in the orbital plane of S,, [/,,;. This plane 
has an inclination 7 on the equatorial plane, and intersects it in the line of nodes 
G7Q, taken as the axis &). 

With regard to the plane //, ; use is made of a polar coordinate system (0, 9), 
with center in Gz. The angle 9 is measured from the reference line é,. The right 
ascension of 2 is indicated by a. For S, we have: 


E; = 9 COS 9, 1 = p sin 6, C; =a (3.5-8) 


Ta’,y = equatorial coordinate system, with its axis &, directed as Gr Q. 
The spherical coordinate measured on the equator starting from 2 is indicated 
by %,9, for a generic point Q: 


ty,9 = a9 — Ag. (3.5-9) 
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The transfer from T,,; tO Ta,» is carried out by a rotation operator of the 

type (3.5-7): 
0 0 
@ (§,=4,;-1)= cost —sini ||. 3.5-10) 
0 sin 2 COs 2 

In the case of S,, the transfer resulting from the polar coordinates 0, § to 

those in the system t,’,,, keeping in mind (3.5-8, 10) is expressed by: 
&)s =ocos8, Nv,s = sin 4 cost, és = osin@sinz. 2 ee 
Denote by ds the declination of S,. Denote also by «5 the difference between 
right ascension and a», according to (3.5-9). It follows that: 
sin ds= sin # sinz, 


tana, s = tan #4 cos?. 





Fig. 10 


As in the previous section, we designate for P: ep = right ascension! (of 
the zenith): Rp, gg = geocentric distance and latitude, yp = radius of the parallel: 
rp = Rpcosgqe. (3.5—12) 
The coordinates of P with respect to the system t,, are, recalling (3.5-9): 
&,-p = 4pCOS & p, Nv,P =P sin oy P, coe P=—Y’p tan Qe. (3.5-12’) 
The direction of the collimation line P S, is determined with respect to Ty, 

by values as,ds of «, 6 verifying the following equations: 


tan (a> — ae) = (Mv,s — Nv, P)! (r,s — >, p). (3.5-13) 


e 


tan? ds _ (Cvs ¥) Cy »)* [(€. 5 » P) 


9 


+ (Nv,s — Nv, p)*). (3.5-13’) 


1 xp may be given by the expression: ap = ap,o + a7 (t — ty), where apo right 
ascension of P at the instant ¢,, and a7 = Earth’s angular velocity with respect to 
point ~: ar = (dm/ds)wr, being: wr = 2n/86400 rad/sec, the angular velocity of 
the Earth referred to the mean Sun, and d,»/d; 1 + 1/365.2422 the ratio between 
the duration of the mean day and that of the sidereal day. 





A. Bont: 


The application of these equations occurs when we take into account the 
motion of S, with respect to the starry sky, as in some systems of photographic 
recording of the trajectory of S, (and in visual observations or without the use 
of goniometers). 

In (3.5-13, 13’) we can shortly put: 


s— €n,P (3.5-14) 


and similar expressions, in agreement with the notations of Table IV. 

In the relative reference systems, let us consider the following: 

Ty,G,4 = geocentric relative system of equatorial coordinates, with its 
axis x, directed towards the Equator point having a longitude equal to the 
longitude Ap of P. 

Tr,G,e = geocentric relative system with its axis z, parallel to the direction 
that the vertical Zin P would have, when the Earth’s surface 2’; is approximated 
by the international ellipsoid, to be indicated by 2’7,. The axis x, is parallel 
to the direction of the meridian of 37, passing through P and oriented to South. 
The positive direction of y, is such that the system x, y, z is left-handed. 

We can make use of a system 1,,¢.,, with the coordinates x,, y,, obtained 
by changing sign to x,, y., that is with the axis x,, oriented to North and y,’, 
to West. 

Ty, p,, and T,,p.., systems similar to the two preceding ones, have their 
origin in P. 

For the transfer from T,’,, to T,,¢,, we employ the equations relative to the 
rotation operator: 


COSH, p SING, p 0 
O (2,3=Cy;%,p) = | —SiNa,p COSa, p Di. (3.5-15) 
0 0 l 
In the system 1,,¢,, the coordinates 
of P are: 
x%1,P = Tp, 
Va, p = 0, 
27,P = 2y P= Rp SIN @G. 
(3.5-16) 
By applying (3.5-1), we obtain the 
equations for the transfer with a transla- 
tion from Tt, ¢,, to Ty, p,z, and in partic- 
ular for S, we should have for in- 


stance, recalling the symbols_ of 
Table IV: 


Xj, s=%,5— Xz p. (3.5-17) 





By means of the coordinates in the 
system T, pz, Wwe express the hour 
angle and the declination of Sy. 





For the transfer from 1,,¢,, tO T,é,e 
(Fig. 11), we apply the rotation: 


cos gp,’ 0 -—sing,’ 
0 (3.5-18) 
COS Ye’, 
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where: 
Qe, Ye = geographical latitude and colatitude of P, that is with respect to 
the ellipsoid 2’r... 

The transfer from ty, to T,,¢,- 18s obtained as a product of the transforma- 
tions defined by the rotations (3.5-15, 18): 


Xe = (& COSa, p+ 7, SING, p) cCosg,’ — C,sing,’, (3.5-19) 
Ye = — & SING, p + Hy COS Gy, p, (3.5-19’) 
ze = (€,cosa, p+7,sSina, p) sing,’ + C,cosg,’. (3.5-19’’) 


In particular, these equations can be applied to P, and recalling (3.5-12’), 
we obtain by simplification: 

Xe p = rp (cosg,’ — tange sing,’) = Rpsin (gy, — ye) = Rp (ye — ). (3.5-20) 

Ve p = 0. (3.5-20’) 

Zep = Yp(sing,’ + tange¢ cosg,’) = Rp cos (y, — yg) = Fp. (3.5-20’’) 


For the transfer from 1,,¢,- to ty,p,. we apply the translation eqs. (3.51), 
and in particular for S, we have: 

Xes5 = %5 — Rpsin (gy — Ge) (3.5-21) 

Ves Vas (3.5-21') 

Ze,5 = 2,5 — Rpcos (gy — ge). (3.5-21”) 


These equations are suitable for representing the relative motion of S, with 
respect to the reference term 1, p,., which, we repeat, has its origin in P, and 
its axes Z,, X,, Y, are respectively oriented as the vertical (with reference to 
the Earth’s ellipsoid), the meridian (to South), and the parallel (to East). 

For the satellite, the coordinates of the type x, are calculated by (3.5-19) 
substituting in place of &, > the expressions (3.5—1]1). 

In order to study problems requiring the utmost accuracy, it is necessary 
to take into account the true direction of the vertical in P and of the meridian. 
Let us designate: 

T,G,g and t, p, = reference trihedrals with origin Gr; and 7, with their 
axes Z,, X,, Y, oriented as the astronomical vertical (with respect to the geoid) 
of the location, and the astronomical meridian (to South), and the perpendicular 
to both (to East). 

The transfer from 1,¢,. to t,,G¢,z, aS well as the transfer from 1, p, to 
Ty p,g are both carried out by the same operator, having a matrix of the type: 


P+ ey hp 
I + €g9 
€32 
where é&;,, are very small coefficients with respect to unity (in general ¢7,,, < 10~‘), 
and in particular €),, &g9, €g3 can be considered as having gone to zero, being 
infinitesimals of second order with respect to the other 6 local constants ¢,x, 
which can be reduced to 3 independents bv the perpendicularity conditions: 


(3.5—-23) 


Let us give the expressions for the distance D (of S, from P) and for the 
ordinate Z,s5, and their derivatives, occurring in the study of the culmination 
problems. 
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With reference to ., neglecting the local geodetical corrections, and 
remarking that: 
f (3.5— 
6 ty 5 (3.5-2£ 
from (3.5-21) we obtain: 
D? = 0? + Rp? — 2 Rp [x,,5 sin (Ye — Yc) + %,5 COS (Ye — Pg) |. (3.5-26) 
The direction cosines of G; S, with respect to t,¢,. (and to T,,p..): 


ie Ve, s/0, Me y = Ve. 510, Ue s = 2.5/0, (3.5-27) 


are expressed by (3.5-19) applied to S,, and by (3.5-11). In particular we have: 


u,, — (coSA cosa, p + sin #cosi sina, p) sing,’ + sin #sinz cos@,’, (3.5-27’) 
and similar equations for u, ,, Ue, y. 

We recall that by y we have indicated (section II, 2) the angle formed by 
G7 S, with the axis z, (and Z,): 

COS ¥ = Ue, s = 25/0. (3.5-28) 

By calculating the time derivative of the third equation of (3.5-27), one 
obtains!: 

5 =Zes O Ue s + O thes, (3.5-29) 
Me = Ue y Fy, pSing, + 6 '(— sin @ cosa, p + cos 4 cosi sin Oy, p) Sing,’ + 
cos 4 sini cos@,’ , (3.5-29') 
in which all terms containing di/dt have been neglected. 
From (3.5-26) we have by derivation: 
DD-= 06 — Rp ‘X-,5 Sin (~e — Pc) + Ve,s COS (Ye — Yo) |, 
with expressions for %,s5, Ves similar to (3.5-29). 
While the altitude angle is given by: 
sinh = Z, s/D, 
the culmination point C is defined by the condition: 
Px D = sinh, 
that is by: 
Z,,5D? =Z.5DD 32’) 
where for D? and D D we apply (3.5-26, 30). 

For determining C it is necessary to solve eq. (3.5-32’), which can be done 
by step-by-step approximations. 

A more uniform process consists in tabulating X,s, Y.s, Z.,s for values of 
the time ¢ having the same interval (e.g. 10 seconds), in a neighbourhood of the 
meridian transit of P (a; = ap), or at the parallel (6; = @,), if this is possible 
(gy > 1). Otherwise, the procedure is to be carried out for the maximum value 
of ds (= 1). 

Designating by tg the transit instant at the Equator (at the node), by ¢ the 
transit instant at the perigee and by top = ty — te the relative interval, it could 
be convenient to consider the time ¢’ counted starting from ¢,: 

t=te+tot+l. (3.5-33) 

Moreover, let 6’ be the anomaly counted starting from the perigee: 

6’ = 6 — Ogp. (3.5-34) 


1 We point out that: agp = «ap — ag, where with reference to Footnote I, p. 213: 
ap = a7, while ag is the precession angular velocity of the node 2. 
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The functions o(¢’) and 6’(t’) embody characteristics of quasi-permanence in 
the subsequent revolutions and their tabulation can be convenient. 
We point out that, by putting: 
K = dt'|dt = 1 — dig|dt — dtgp|dt (3.5-35) 
a ratio slowly varying with the time and close to 1, one obtains in general: 
d/dt = K d/dt’. (3.5-36) 
The angle 7, 5, that the absolute velocity of S, makes with the parallel having 
the latitude mg = ds, is given by: 
tan 14,5 = (1/cos ds) dds/da, s, (3.5-37) 
where the differentials of ds and «, 5 are obtained from 
eqs. (3.5-11’, 11’). In developing the calculation, we 
have: 
tan 7%, 5 = cos # tanz. (3.5-38) 
Designating by Gp the center of the local sphere 
through P, having as _ coordinates Z — Rx, 
X = Y = 0, we obtain the distance 0’ of Gp from S, 


by: 


é, Gp 


0? = (Z,5 + Rx)? + X-5?+ Y. 5%.  (3.5-39) 

In a neighbourhood of the point S, (see Figs. 2 and 
12), the difference between the distances o and 9’ retains 
an almost constant value, which can be calculated in 
correspondence with any point S,, of said neigh- 
bourhood by means of (3.5-25, 39): 

0 — oe =e, — 0, =const. (3.5-40) 

This equation can be used for the transfer from o to 9’, in the relations 
considered in section II, 3. Similar approximate equations could be taken for 
the transfer from y to y’, and from g to q’, parameters considered in said section. 
In so far as the angles 6, and 6,’, having as apices G7 and Gp (Fig. 12), are 
concerned, we can take: 

(3.5-41) 


Other approximate relations considered in the previous sections can be 
verified in their approximation by means of the equations described in the 
present section and by their series developments, which can be obtained for the 
different cases. 
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Abstract — Zusammenfassung — Résumé 


Optimal Escape from a Circular Orbit. The general theory of optimal escape of a 
rocket from a circular orbit about a centre of inverse square law attraction is given 
and applied to the case of a rocket whose motor thrust causes an acceleration which 
is of constant magnitude and large by comparison with the gravitational acceleration 
in the circular orbit. The optimal thrust direction programme is computed. The 
problem of optimal escape employing a small thrust is also solved by a direct method 
and it is found that, over the major portion of the escape trajectory, the direction of 
thrust must bisect the angle between the direction of motion and the perpendicular 
to the line joining the rocket to the centre of attraction. Ultimately, the directions 
of thrust and motion are aligned in all cases. 


Giinstigstes Verlassen einer Kreisbahn. Es wird die allgemeine Theorie des giin- 
stigsten Ausbrechens einer Rakete aus einer um ein Gravitationszentrum nach dem 
Gesetz des reziproken Entfernungsquadrates fiihrenden Kreisbahn angegeben. Diese 
Theorie wird auf den Fall einer Rakete angewendet, deren Motorschub eine Beschleu- 
nigung von konstanter GroBe bewirkt, die im Vergleich zur Gravitationsbeschleu- 
nigung in der Kreisbahn groB ist. Das optimale Programm der Schubrichtung wird 
berechnet. Mit Hilfe einer direkten Methode wird auch das Problem des giinstigsten 
Ausbrechens unter Verwendung eines kleinen Schubs geldst. Dabei ergibt sich, daB 
auf dem groBten Teil der Fluchtbahn die Richtung des Schubs jenen Winkel zwei- 
teilen muB, der zwischen der Bewegungsrichtung und der Senkrechten zu jener Linie 
auftritt, welche die Rakete mit dem Anziehungszentrum verbindet. Zum SchluB 
sind die Richtungen des Schubs und der Bewegung in allen Fallen gleichge- 
richtet. 


Libération optimale d’une orbite circulaire. La théorie générale de la libération 
optimale d’une fusée d’une orbite circulaire autour d’un centre de gravitation est 
établie et appliquée au cas d’une fusée, dont l’accélération constante est grande 
comparée a celle du champ de gravitation. La programmation optimale de la direction 
de la poussée est calculée. Le probleme de la libération optimale, utilisant une faible 
poussée est aussi résolu par une méthode directe. On trouve que, sur la plus grande 
partie de la trajectoire de libération, la direction de la poussée doit bissecter l’angle 
entre la tangente a la trajectoire et la perpendiculaire a la droite joignant la fusée 
au centre d’attraction. Dans tous les cas la direction de la poussée finit par rejoindre 
la tangente a la trajectoire. 


1 Professor of Mathematics, University of Canterbury, Christchurch, New Zealand. 
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1. Introduction 


The problem of programming the thrust direction of a rocket to permit its 
escape from a circular orbit with the minimum expenditure of propellant was 
considered in an earlier paper {1}. The magnitude of the thrust was assumed to 
be a given function of the time. It was shown that economy in the expenditure 
of propellant could be achieved by directing the thrust at a small angle to the 
direction of motion, this angle being steadily decreased so that at the termination 
of the manoeuvre the directions of thrust and of motion were aligned. The sense 
of this angle had to be chosen so that the thrust was thrown off from the direction 
of motion towards the centre of attraction. However, the precise relationship 
between this throw-off angle and the time variable was not determined and it 
is the object of the present paper to carry the investigation one stage further by 
obtaining this relationship in two extreme cases, (i) when the acceleration due 
to the motor thrust is large by comparison with gravity in the circular orbit and 
(11) when it is small. 

articular escape manoeuvres have been investigated by TSIEN 2} and 
BENNEY [3]. The former showed that escape is effected economically by directing 
the thrust along the perpendicular to the straight line joining the rocket to the 
centre of attraction and the latter that further improvement results when the 
thrust “1: ection is aligned with the direction of motion. 


2. General Theory 


General equations governing the optimal trajectory of escape have been 
found in our earlier work [1]. However, it will be convenient to summarise this 
argument in a somewhat different form in the present paper, so as to provide 
suitable equations from which our 
new calculations may proceed. 

We shall choose units of length 
and time such that the radius of the 
circular orbit from which escape is to 
be effected and the velocity in this 
orbit are both unity. Then, assuming 
an inverse square law of gravitational 
attraction towards the centre O of the 
orbit, the gravitational acceleration 
at distance y~ from O will be 1/r?. 
Assuming that the trajectory of escape 
lies in the plane of the orbit, let (7, 4) 
be polar coordinates of the rocket F at 
time ¢ since the commencement of the 
manoeuvre; we shall take 6=0 at 
t=O (Fig. 1). f is the acceleration 
caused by the motor thrust and 
is directed at an angle ¢@ to the 
perpendicular to OR as indicated in 
the figure. / will be regarded as a 
given function of ¢. B is the rocket 
velocity, making an angle % with 
the perpendicular to OR and hence 
e€= % — ¢ is the throw-off angle. Let 8 have components (u,v) along and 
perpendicular to OR. Then equations for the motion of the rocket are: 





Fig. 1 


16* 
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9 
qe 


] 7” 
+ —=fsin @¢, 
7a 


y¥—u=0. | 


Let ¢ = T when the rocket has acquired sufficient energy to permit its escape 
and the motors are closed down. Then ¢ must be made to vary with ¢ in such a 
manner that 7, and hence the propellant expenditure, is minimised. Suppose 
¢@ = g(t) specifies this optimal thrust direction programme. Let d = $(t) + d¢(t) 
represent any neighbouring programme. If (ry + 67, 6 + 06) are the coordinates 
of the rocket and (u + du, v + dv) are its velocity components at time ¢ when 
the thrust follows the perturbed programme, by taking the first variation of 
eqs. (1), we obtain 


» 


éu — — dv 2 5] dr = f ddcos ¢, 


v u Uv 
dv + —du + — dv — —- dr = — f ddsing, 
: 72 


7 


or — Ou = (9, 


These equations are to be integrated under the initial conditions du = dv = dr = 0 
and determine the perturbed trajectory. 
Consider the homogeneous linear equations in variables x, y, z, viz. 


= 0, 


x 


be the three solutions of these equations satisfying at ¢ = 7 the conditions 


0 at 
respectively. The solutions (4) then form a fundamental linearly independent 
set of solutions of the eqs. (3). 
Employing the method of variation of parameters as in |1], we can now express 
the solution of eqs. (2) at the instant ¢ = T in the form 
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: 
6u(T) = + 6¢ (Al cos ¢ — A*sin ¢) dt, 
0 
f 
6v(T) = ; 6¢ (Bl cos ¢ — B*sin ¢) dt, 
ian 
i 


F 84 (Ct cos  — C?sin ¢) dt, 


2 73 


In the case of the optimal trajectory, the rocket has sufficient energy to 


escape along a parabolic arc at ¢= 7. Hence its total energy is zero at this 
instant and thus 


u2(T) + v2(T) — ; 4 == ©, (7) 


Suppose that conditions for escape are achieved at ¢ = T + dT on the perturbed 
trajectory. Then 
{uw (T + 6T) + du(T + 67)}* + {v (T + 67) + 6v(T + 6T)}? — 


9 


nAF+in+eirien © (8) 
But 
u(IT + 67) + du(T + 6T) = u(T) + OT u(T) + du(T), (9) 
to the first order of small quantities. Similar equations can be written down for 
v andr. Hence, eq. (8) yields 
‘(T) 


oe ey 
eee er + a 


This last equation determines 07. If our original trajectory is optimal, T is 
stationary relative to all small variations of the thrust direction programme. 
In this case dT = 0 for all variations 6¢ and thus 

u(T) du(T) + v(T) 6v(7) + =~ = 0. (11) 


Substituting from eqs. (6), we obtain 


T 
J L68 Pcos$ —Qsing) at =o, 
0 
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where 


>= Alu(T) + 


)= A*u(T) + B*v(T) + ee 
‘ apie v2(T) 
But eq. (12) can only be true for all functions 6¢ if 


Pcos¢?—Qsin ¢d = 0, 


2 
tang = il : 
? 

Eq. (15) determines the optimal thrust direction programme. 
At t= T, in view of the conditions (5), 
At=1, B'=0, C'=9, 


Hence, at this instant, 
P == a(T), 


and 


T) 
tan d(T) = oe = tan y(T). 


Thus 4(7) = &(T), or e(T) = 0. We conclude that, at the instant the motors 


are shut down, the directions of thrust and motion are aligned. 


3. The Case of Large Thrust 


In this section we shall assume that / is constant and large. Then, if uw is the 
ratio of the rocket’s mass at the instant ¢ to its initial mass and c is the exhaust 


velocity of its motors, 


ft= —clogu. (16) 


We shall put 
ft<t. (17) 


Then eqs. (1) may be written 





Gms 
where, from this point onwards, dots will denote differentiations with respect 


to t (instead of ¢) and 4 = 1/f is small. 
Similarly, eqs. (3) now take the form 


x 
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Writing {7 = W, W is the characteristic velocity of the manoeuvre and, at 
its termination, tT = W. 
We shall now assume that all the quantities uw, v,7, x, y, z, 6, W are regular 
functions of A for sufficiently small values of this parameter, so that we may write 
uU=UytAu,+A2un+..., (20) 
with similar expansions for the remaining variables. Substituting these ex- 
pansions in the first of eqs. (18) and comparing coefficients of like powers of A 
in the two members of the equation, we obtain the following equations 
iy = SIN do, 
2 | 
; : Yo 
4 = $005 4% + — — -; 


Yo Yo" 


. Re ari. é 
te = $y COS by — > G1" SiN by + 


Treating the second of eqs. (18) in the same manner, we obtain 


Up = COS do, 
Ug V 
: 0 Yo 
v, = — $,S1n dy — 
"0 
yon ak ies Se, 
y 


' ier 
de = — $25iN dy — 5 $y" COs $y — 


0 
From the third of eqs. (18), we find that 
; — 
(28) 


(29) 


1) = Up, 
Fg My, 
Since, for all A, w = 0 when t = O, we deduce from eq. (20) that 
Uy (0) = u, (0) = a, (0) (30) 
Similarly, since v = 1, y = 1 when t = 0, 
v,(0)=1, —v,(0) = v,(0) =... = 
7(0) Lk: r,(0) =7,(0) = 


(31) 
9 (32) 

Substitution of the expansions in eqs. (19) yields 

iy ox 8, (33) 


) 


2 Uo 


X=% tAX + 


it follows that 
x(W) = %(W5) + A{x,(Wo) + W, %(Wo)} + 


+ A2 {x9(Wo) + W, %,(Wo) + We xo(Wo) +4 Wy2%,(W $+ ..., 
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with similar expansions for y(W), z(W). But the three sets of solutions x'(t), 
v(t), 2'(t) (¢ = 1, 2, 3) of eqs. (19) must satisfy the conditions (5) at r = W for 
all sufficiently small values of A. We accordingly arrive at the conditions 

(41) 


Zy) 0 25” 0 ” 
ay + Wyte = yy' + Wy Vo = 4° + W, 4) = 0, 
where 7 = I, 2, 3, all to be satisfied at tr = Wp. 
By the same reasoning as that which led to eq. (40), we can show that 
u(W) = U,+4AU,4+27U,4+..., (43) 

where 

Uy = %o(W5), (44) 

U, = u,(Wo) + W, %(W,), (45) 

Uy = Ug(Wo) + W, u,(Wo) + We tig(W,) + 4 W,? 0(W,). (46) 
Similar expansions exist for v(W) and 7(W). Substituting these in eq. (7), its 
left hand member may be expressed as a power series in A. Equating the coeffi- 
cients of the powers of A in this series to zero, we obtain the results: 


(47) 
(48) 


9 6 
UP 4+ Vi'+ et tO, + — 5 8 (49) 
0 


The first of these equations will determine W5, the second W, and the third W,. 
We shall now obtain a first approximation to the optimal manoeuvre by the 


neglect of all terms O(A). 
From eqs. (33), (35) and (37) and conditions (41), we conclude that for all t 


i. = , 4% (50) 


Vo 7 


0 
zy! 0 Zo” ( 24° 
Hence, neglecting terms O(A), 
A* = 1, 5B = 0, Ci=0@, A* = 0, Bt an 
for all tr. To the same order of accuracy, eqs. (13) and (14) now give 
P=4u(W) = U4, (eq. (44)], 


Q = v(W) = V,. 
To this order, eq. (15) is accordingly 


tan $d) = Es, (53) 
Vo 
i.e. gg is constant for all t. 
We can now integrate eqs. (21), (24), (27) under the initial conditions (30) — (32) 
to give 
U=TSINgd, U=TtCSgd+1, m=1. (54) 
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Hence 
Uy = Wo sin Do; Vo = W, cos Lp | 


and eq. (53) is equivalent to 
iil xs gen Lo 
W, cos dy + | 
This implies that 
dy = 9. 
Hence 
Uy = 0, Uy=t+1, ty = 
Substituting in eq. (47), we find that 
W, = 2-1. 
It follows that 
U,=0 Vv» = /2, Real. (60) 


li: 
Our problem has now been solved to zero order in 4. The value (| 2— 1) 


derived for W is clearly identical with the value appropriate to this quantity 
when the thrust is impulsive. 

Proceeding to the calculation of first order terms, we will first integrate 
eqs. (34), (36) and (38) under the three sets of conditions (42). These conditions 
now reduce to 

x,' = y,' = 2,' = 0, (61) 
It will be found that the three sets of solutions are 


(62) 


to be satisfied at t = | 6 ..<-3: 


. er 1 
v,* = 0, y,;=1-—3 


(63) 
(64) 


x= (r+ 1)? 
x3=—4(r+1)3 
Thus, to the first order in /, 
Al = 
Bl - 
¢1 = 


We can now calculate P,Q, to O(A) from eqs. (13), (14), viz. 
)+4/2 (x + 1)? — (x + VU}, 
o) + Wj}. (72) 

Eq. (15) then yields 

d, =4$/2u,(W,) +4 (c+ 1)2?-— 4/2 (c+ D. (73) 
It is now possible to integrate eqs. (22), (25) and (28) under the initial condi- 

tions (30) — (32). The results of these integrations are: 

u,=4\/2 t u,(W,) + 4(t + 1)8 eet} (x + 1)?—(t +1) +} (2 
v, = 0, 


7, =0. 
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Putting t = - — |/2 —1 in eqs. (74) — (76), we find that 
=—}(/2-1), v(W ,  7(W,) =9. 
Thus, eqs. (73) sak a reduce to 
$= 4 (r+ 1)?—43)/2 (r+ 1) + }(2— 2), 
u, =4(r+ 1) — ,/2 (x + 1)? — 2(2 + V2) (r+ 1) +43//2. 

From eq. (45) and two similar equations for V, and R,, 

U,=4(/2-1),, V,=W, R,=09, (80) 
and hence, substituting in eq. (48), we obtain 
W, = 0. (81) 

This completes the solution to the first order in A. 

Since W, = 0, we find it necessary to compute W, in order to assess the 
inferiority of our optimal thrust programme employing a finite thrust when it is 
compared with escape under an impulsive thrust. 

Integrating eq. (26) under the initial condition (31), we compute that 


l pe L ae 
5 V2(e+18—5 (V2+ V+ 1)2 


Similarly, from eq. (29), we obtain 


— {Vez 1) (r+ 1)2 


l y= 1 "7 
4 5 V2 +) — 5 (72-9). 


From two equations of the type (46), we now calculate that 
] ~ 1 = 
V,-=W,-— = (11/2 —15 R, = = (19 — 13/2), 
2 2 16 | ), 2 24 ( | 
and hence, from eq. (49) that 
l 
5/2 — 
moe 


To summarise, we have shown that the optimal programme for ¢ to the first 
order in A is 


W, = 


o = AR (t+ 1)? — 43/2 (r+ 1) + 3: (2 — 2). (86) 
To the same order of approximation, the motion of the rocket under this thrust 
programme is determined by the equations 


perme ota —})/2(r+ 1)? 
=t+ 1, 
r=l. 
Since 6 = Av/r, we have also 
6=A(t+ 1). 
Thus the angular displacement of the rocket during the escape manoeuvre is 
4/2 or |/2/f radians. 





Optimal Escape from a Circular Orbit 


Uu 
tan os ——»> 
v 


and hence 
b= AR(r +1)? -—4F)2 (c+) —3 (2+ 2) +4 )2(e +). (92) 
It now follows that the throw-off angle is given by 
e = fAV2(r +: 1)-1(c +. 1 — 22, (93) 
1 as expected. The initial value of this angle is 
— 4)/4 f = 0.061/f radians. ¢/A has been plotted against 


and is zero at tT = | 
$4 (3/2 — 4) = (3| 
t in Fig. 2. 


2 









































Fig. 2 


The characteristic velocity of the manoeuvre is given by 
inn l - 
W=/2—14+—A/7 (5/2 — (§ 
| 7g 7 (6/2 —7), (94) 


= 0.414 214 + 0.001 481 22. 


Comparing this with the corresponding results for the non-optimal manoeuvres 
of TsIEN and BENNEY, viz. 

W = 0.414 214 + 0.002 349 /?, 

W = 0.414 214 + 0.001 615 2? 
respectively, we note a small improvement. In terms of the mass ratio, the 
improvement on TSIEN’s manoeuvre is 0.087 4?/c % and on BENNEY’s manoeuvre 
is 0.013 A2/c %. Thus, if A = 1 and c = j (i.e. the acceleration due to the motor 
thrust is equal to the gravitational acceleration at the initial orbit and the exhaust 
velocity is one quarter of the velocity in this orbit), then the mass ratio improve- 
ments are about 0.35% and 0.05% respectively. 


4. The Case of Small Thrust 


It is natural when dealing with this case to seek expansions of the various 
variables in powers of /. However, it is found that, if ¢ is retained as the independ- 
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ent variable, these series converge less and less rapidly as we proceed along the 
escape trajectory and may even diverge over the latter stages. On the other hand, 
if a change is made to T, no such expansions exist. This case is accordingly very 
much more difficult to deal with. 
To amplify these statements, we will suppose / constant and the thrust direc- 
tion programme to be determined by 
d=/d,+f%d+..., (95) 
i.e. ¢ is of the first order in /. Both Ts1EN’s and BENNEY’s programmes satisfy 
this condition. We then seek a solution of the form 
u=Utfu,t+fugt+..., (96) 
with similar expansions for v and 7. Substitution of these expansions in eqs. (1) 
and consideration of coefficients of powers of f, leads to the equations 
2 


U9 
Ug — 


Uy lo 0 


' 


Mo% 1% % 49%" 1 
0 
Hq, 





u 

2 
where dots here denote differentiations with respect to ¢. These equations are 
to be solved under the initial conditions (¢ = 0), 


Uy = 4, = 
(98) 


It will be found that 


2 (1 — cost), 
= 2sint —t, 
= 2(t —sin2), 
for all 7. 
Hence, to the first order in f 
u = 2/f(1—cost?), | 
y=4 = ee 


f (100) 
y =1+ 2f(t—sin?2). 


(2 sint — t), | 


Also, since § = v/r, we have 
6=t+4/(8 — 8cost — 3??). (101) 
Clearly, over the early part of the trajectory, the rocket spirals steadily 
outwards from the circular orbit, apart from a small oscillation, superposed upon 
this steady spiral motion, of period approximately that of its motion in the 
original orbit. It is of interest to note that, when ¢ = 27, i.e. after approximately 
one revolution in the spiral, eqs. (100) give 
u=Q, v=1—2zf, r=1+ 427}. 
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Thus, to the first order at this instant, 

“4 = 0. v2/y = I/r?. (103) 
These are the conditions that the rocket should be in a circular orbit of radius 7. 
It follows that the early motion may be regarded as a sequence of transfers from 
one circular orbit to another of slightly larger radius via a spiral tangential 
to both. 

If, now, second order terms, viz. ug, V9, 7, are calculated, it will be found 
that expressions of the type ¢? sin ?¢, ¢t? cost appear. These represent oscillations 
of steadily increasing amplitude which will eventually become comparable with 
the non-oscillatory terms. We conclude, therefore, that the latter stages of the 
escape manoeuvre may be described as successive transfers between ellipses 
(rather than circles) of increasing eccentricity, the final transfer being to a 
parabola along which the escape to infinity is made. It is this complexity of the 
trajectory which is largely responsible for the difficulty experienced in dealing 
with this case. 

It is natural to change the independent variable to t = /?t, as was done in 
the previous section, for the range of t-values from the circular orbit to escape 
will remain finite as f +0, whereas the range of ¢-values becomes infinite. If 
this change of variable is made in eqs. (100), the oscillatory terms cos¢ and sin ¢ 
are replaced by cos(t/f) and sin (t/f/) respectively. Neither of these terms 
possesses an expansion in ascending powers of /, since neither is regular in the 
neighbourhood of / = 0. In general, therefore, we cannot expect the equations 
of motion to possess a solution of the form (96), if t is accepted as the independent 
variable. 

However, it will be found that the oscillatory terms present in eqs. (100), 
arise from the complementary functions of certain differential equations and 
hence can be eliminated by appropriate modification of the initial conditions 
(98). In fact, if we require that at ¢=0 


ti, = 0, Uv = 
* (104) 
, = 2, v y 
it will be found that eqs. (100) are replaced by 
“w= 2, v=1-—ft, y=] + 2 fi. (105) 


Similarly, by appropriate choice of the initial conditions on 1%, v;, 7;, (¢ = 2, 3,. 


oscillatory terms may be entirely eliminated from the solution. The new set of 
conditions so obtained differs from the old set only in so far as quantities of the 
first order and higher orders are concerned. The new conditions assume that 
the rocket is moving initially in an elliptical orbit of small eccentricity of order /* 
instead of a perfect circle. With the object of simplifying the analysis, we shall 
now suppose that the initial orbit is subjected to this small modification and 
consider the problem of escape from the modified orbit. The escape trajectory 
will then be a simple spiral. 

Since no oscillatory terms are to appear in the solution of the equations of 
motion, we may now assume a solution of the form (96) with t as the independent 
variable. Putting ft in eqs. (1), we obtain 


f(u — sin @) - 


f(v — cos ¢) 


fr 








230 D. F. LAwpDEN: 


where dots once again (and for the remainder of this section) denote differentia- 
tions with respect to t. Substituting the expansions (96), etc. together with a 
corresponding one for ¢, viz. 

$= tfait+Pdot-.. (107) 
(we shall prove ¢, = 0 under optimal conditions below), and equating coeffi- 
cients of like powers of / from the two members of each equation, we obtain 


(108) 
(109) 


(110) 


Whence, from eqs. (108), (109) and (111), we obtain 
ih, = O, t= Li. (113) 
Eliminating u, from eq. (110) by the use of eq. (112) and employing eqs. (113), 
we find that eq. (110) is equivalent to 
9 = 217,32 cos do. (114) 
Integrating this equation under the initial condition on 7, from (104), we obtain 


] 


“ove: ck. Sees (115) 


vy=1— [ cos hp At. (116) 


0 
This completes the solution to zero order in / for any thrust direction programme. It 
will be noted that, to this order, all the initial conditions (104) have been satisfied. 
Substituting this solution in eq. (7) to calculate a zero order approximation 

to W (viz. Wy), we obtain 


Ww 


( — | 00s tyr) =0, 
0 


W, 


[cos gy at = 1. (117) 


0 

It is now obvious by inspection that this equation for W, has a minimum 

solution when cos ¢, takes its maximum value of unity for all values of rt. 
To zero order, therefore, ¢) = 0 is the optimal programme (TsIEN’s) and 


(118) 


(119) 
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This solution implies that when escape conditions have been achieved, 7) = oo 
and the trajectory is infinitely long. If we try to proceed to the next stage of 
approximation upon this as a basis, certain terms become infinite and the method 
fails. We shall accordingly calculate me: optimal programme leading to condi- 
tions just short of escape, replacing eq. (7) by 


(120) 


Ultimately, we shall suppose that 7 — 0. 
Substituting from eqs. (118) into eq. (120), we now calculate that 
Wy =1-— 7. (121) 
To reduce the labour of calculation, we shall now look for a solution in the form 
6 = fap Puy + ..., (122) 
v =(l—1t)+f%u4+... (123) 
y (l—rt)-?+ f*7,+... (124) 
=/¢,+/¢,4+... (125) 
W=1-—-yn+fWh4+..., (126) 
where we have omitted terms which, if included, would later be found to vanish. 
Substituting these expansions in eqs. (106) and equating coefficients of powers 
of f as before, we obtain the equations 
— g, = — (1 —1)®7, + 2 (1 — 1)? v, + 2 (1 — 1)87 (127) 
(1 — 1)? u, = 2, (128) 
to + 46,2 = — (1 — 1) ug — (1 — t)? mv, + (1 — Tt)? Hy 70, (129) 
fo ty (130) 
Putting s = 1 — t, we can obtain the solution to these equations in the form 


(131) 


(132) 


2 
7 ds, (133) 


where & is an integration constant and ¢, is regarded as a function of s. K will 
be determined by the initial conditions and its existence proves that these are 
still arbitrary to a limited extent at the level of the second order in /. 

Now {c. f. eq. (40)], 

u(W) = uo(Wo) + f {uy(Wo) + W, u9(W,)} + 
+ f? {uo(Wo) + W, u,(W,) + Wo tig(Wo) + 4Wy?2 t9(Wo)} + .-. 
- 
/ 

“3 + O(f*). (134) 


Similarly 
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; J i 
) 
where ¢,, is the value taken by ¢, att = Wy) = 1 — 9. 
Substituting these expressions in eq. (120) and taking account of terms to 


O(f?), we calculate that 
1 


a 2 iv 
2° 47? 2. (4 =} 


1 
¢, is, at present, an arbitrary function of s. We now choose it so that W, is 
minimised. Clearly this will be so if 


l l 
=o = = (138 
1 st (1—r)* — 
Thus, the optimal thrust direction programme is given by 


Oe 


fees ol an 139 
¢ i-a @—/fe* on 


to the first order in f. 
To the same order, the trajectory of escape is determined by the equations 


(140) 


(141) 


Also, since /6 = v/r, 
0 = {] 1 44 O(f 
b= Tf — (1 —1)%* + O(/). 
The characteristic velocity of the manoeuvre is given by 
17 


: + O(f%). 
i + O(7*) 


] 
W=1-n-P(5K+ 


Since tan % = u/v, we have 
(145) 


to the first order. Comparing eqs. (139) and (145), we observe that 

d=" (146) 
approximately. Thus our optimal manoeuvre requires that the direction of 
thrust should bisect the angle between the direction of motion and the perpendic- 
ular to the radius vector 7. This programme is the mean of the programmes of 
TsIEN and BENNEY. 

Clearly, as 7 +0, / must also approach zero at least as rapidly as 7°, if the 
above argument is to remain valid. We shall assume, therefore, that 7 is first 
fixed to have some small value and the range of values of / then restricted to 
ensure convergence of our expansions. 

The thrust direction programme determined by eq. (146) will ensure optimal 
achievement of conditions close to escape. These conditions will be reached via 
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a spiral trajectory never diverging widely froma circle; this follows from eq. (140), 
where u is seen to be of order /. However, over the latter part of the escape 
trajectory (which we have not considered) the rocket orbit is transformed from 
an approximately circular one into a parabolic one and this part of the trajectory 
will accordingly diverge greatly from a circle. In fact, over this portion of the 
track, the rocket is at such a great distance from the centre of attraction that 
the thrust is comparable in magnitude with gravity and conditions approximate 
more closely to those assumed in section 3 than they do to those assumed in this 
section. It may be expected, therefore, that the thrust direction programme 
determined by eq. (86) will have to be followed over this final section of the 
escape trajectory and that the angle between thrust direction and rocket motion 
will be steadily reduced towards the end of the manoeuvre, so that these direc- 
tions are aligned at the instant of escape as required by the general theory. 


5. Conclusion 


As a result of this investigation, we are entitled to conclude that, under all 
circumstances, if escape is effected from a circular orbit by aligning the motor 
thrust with the direction of motion, the propellant expenditure will be very 
nearly minimal, and that little advantage is to be gained from a more complex 
thrust direction programme. However, if escape is to be effected in such a manner 
that the rocket is to arrive at infinity with a non-zero velocity, this conclusion 
may be invalidated. This point deserves further investigation. 
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Buchbesprechung — Book Review — Compte rendu 


History of German Guided Missiles Development. Herausgegeben von TH. BENECKE 
und A. W. Quick. Mit zahlreichen Textabb., VIII, 420 S. Braunschweig: Verlag 
A. Appelhans & Co. 1957. Geb. DM 32.—. 


Nach dem Kriege ist eine Reihe oft unvollkommener und mangelhafter Arbeiten 
erschienen, in denen versucht wurde, eine Ubersicht iiber die Entwicklung fernge- 
lenkter Fluggerate wahrend des Krieges in Deutschland zu geben. Die vorliegende Zu- 
sammenfassung von 26 Vortragen, dieim Rahmen des AGARD-Seminars im April 1956 
in Miinchen gehalten wurden, hat diese Aufgabe in eindrucksvoller Form erfiillt: 
Die geschickte Auswahl der Themen sichert dem Leser eine gute Ubersicht tiber die 
wesentlichen Entwicklungen; allein die Darstellung seitens der berufensten Autoren, 
die von ihren eigenen Arbeiten berichten, verbiirgt Sachlichkeit und hohes Niveau. 

Nach einer einfiihrenden Ubersicht tiber die verschiedenen Entwicklungen findet 
der Leser 14 Arbeiten, die Problemen der Lenkung und Steuerung gewidmet sind. 
Die Fragen des Lenkverfahrens, der Steuersysteme, der Steuergerate, der Ztind- 
auslosung, ihre Anwendungen und Entwicklung an verschiedenartigen Geraten sind 
noch heute aktuell, auch wenn die technologische Entwicklung auf den einzelnen Ge- 
bieten inzwischen fortgeschritten sein mag. Die Darstellung dieser Probleme in ihrer 
ersten Entwicklungsform und ihre Zusammenstellung vermitteln einen selten ge- 
botenen Einblick in dieses weite Wissensgebiet. 

Die aerodynamische Entwicklung der V 2 kann als Schulbeispiel fiir die l.osung 
derartiger Aufgaben gelten. Es sind wohl ftir kein anderes Gerat so vollstandige und 
korrekte Messungen bekannt geworden. 

Neun Arbeiten befassen sich mit Fragen der Triebwerksentwicklung: Treibstoffe, 
Pulverraketen- und Fliissigkeitsraketentriebwerke, Staustrahl- und Verpuffungs- 
strahltriebwerke sind die Themen. Bei den Flissigkeitstriebwerken wird je eine Ent- 
wicklung mit Wasserstoffsuperoxyd, mit Fliissig-Sauerstoff und mit Salpetersaure als 
Sauerstofftrager beschrieben, bei den Staustrahltriebwerken je eine Entwicklung fiir 
Unterschall- und Uberschallfluggeschwindigkeit. Auch hier erkennen wir die wohl- 
gelungene Absicht, den gesamten Bereich der modernen Triebwerksentwicklung zu er- 
fassen und so dem Leser einen Uberblick und eine Gegeniiberstellung zu erméglichen. 

Das Buch wird auch bei dem Fachmann groBes Interesse finden, dem es manche 
Anregung vermitteln wird. Es ist ein einzigartiges Dokument deutscher Pionier 
arbeit, von deutschen Autoren zusammengestellt, und es ware zu begriiBen, wenn es 
auch in deutscher Sprache erschiene. W. Piz, Stuttgart 


Erratum 


Kooy, J. M. J.: On Relativistic Rocket Mechanics. Astronaut. Acta 4, Fasc. 1, 31 


(1958). 
p. 55, line 18 read: ... Empen (5) for: ... EULER [5'. 
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Kernverbrennungsplasmen und magnetische Kernbrennkammern 
fiir Strahltriebwerke 


Von 
F. Winterberg', DGRR 
(Mit 11 Abbildungen) 


(Eingegangen am 13. September 1957?) 


Zusammenfassung — Abstract — Résumé 


Kernverbrennungsplasmen und magnetische Kernbrennkammern fiir Strahl- 
triebwerke. Es werden die Eigenschaften von Kernverbrennungsplasmen der Fusions- 
und Spaltungsreaktionen im Zusammenhang mit dem Antrieb von Raketen dis- 
kutiert. 

Um eine Beriihrung der heiBen Plasmen mit den Wanden der Verbrennungs- 
kammern zu verhindern, werden bestimmte Anordnungen von Magnetfeldern zum 
Einschlu8 der Plasmen vorgeschlagen. 

Eine Reihe Moglichkeiten zur direkten Erzeugung von elektrischem Strom aus 
der Kernenergie zur Aufrechterhaltung der ben6tigten starken Magnetfelder wird 
zusammengestellt. 


Nuclear Combustion Plasmas and Magnetic Nuclear Combustion Chambers for 
Jet Propulsion. The properties of fusion and fission plasmas are discussed in 
connexion with rocket propulsion. 

To prevent contact of the hot plasmas with the walls of the combustion 
chambers special arrangements of magnetic fields are proposed for confining the 
plasmas. 

For maintaining the necessary high magnetic fields a variety of methods for 
direct conversion of nuclear into electrical energy are considered. 


Plasmas nueléaires et chambres de réaction magnétiques pour moteurs-fusée. Les 
propriétés de plasmas provenant de réactions nucléaires par fission ou fusion sont 
discutées en relation avec la propulsion par fusée. 

En vue d’empécher le contact du plasma a haute température avec les parois de 
la chambre certaines dispositions de champs magnétiques sont proposées pour le 
pincement du flux. 

Plusieurs possibilités d’extraction directe de l’énergie électrique a partir de la 
réaction nucléaire sont rassemblées en vue de produire les champs magnétiques 
nécessaires. 


Einleitung 


Die Ausstr6mgeschwindigkeit einer thermischen Rakete ist proportional der 
Wurzel aus der absoluten Temperatur. [iir groBenordnungsmaBig hohere Aus- 
stroémgeschwindigkeiten sind deshalb gréBenordnungsmaBig héhere Temperaturen 


1 Forschungsreaktor Geesthacht bei Hamburg, Bundesrepublik Deutschland. 
2 Leider erfolgte aus technischen Griinden eine VerzoOgerung der Publikation der 
vorliegenden Arbeit. (Die Redaktion.) 
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erforderlich. Die bisher zur Diskussion gestellten thermischen Atomraketen, bei 
denen der Antrieb durch Aufheizung einer RiickstoBmasse erfolgt, sind durch 
eine obere Grenze der dem Reaktormaterial zumutbaren Temperatur begrenzt. 
Die maximal theoretisch denkbare Temperatur bei Kernfusions- oder Kern- 
spaltungsprozessen ist jedoch um viele GréBenordnungen hodher. Die hohe Tem- 
peratur der Reaktionsprodukte wird gr6éBtenteils zu Gunsten einer Entropie- 


vermehrung vernichtet. 

Es werden hier neue Wege diskutiert, die bisherige Nachteile ausschlieBen, 
dafiir aber eine Fiille neuer technischer Probleme bringen. 

Es wird zunachst vorgeschlagen, Plasmareaktoren als Raketenbrennkammern 
zu verwenden. Als Reaktionsplasmen kommen dafiir Fusions- und Spaltungs- 
plasmen in Frage. 

Wie SANGER gezeigt hat, kénnen eimige thermonukleare Reaktionen zwischen 
107 und 109% °C geziindet werden und die Energieproduktion eines solchen thermo- 
nuklearen Plasmareaktors ist von derselben GroBenordnung wie bei chemischen 
Hochdruckfeuerungen. 

Wenn statt der bisherigen mit festen oder fliissigen Kernbrennstoffen arbei- 
tenden Spaltungsreaktoren solche mit gasférmigen, etwa mit Uranhexafluorid, 
verwendet werden, zeigt sich, daB solche Reaktoren selbst bei sehr hohen Tem- 
peraturen unter Umstanden iiberkritisch gehalten werden konnen. Die Energie- 
produktion ist dabei in giinstigsten Fallen, selbst bei Temperaturen oberhalb 
10° °C, noch um Gr6Benordnungen hoéher als bei chemischen Héchstdruck- 
feuerungen und wird erst oberhalb 10° °C geringer als diese. 

Im Vergleich zu den thermonuklearen Kernfeuerungen liegen bei den Spal- 
tungskernfeuerungen die maximalen Energieproduktionsraten um _ GréBen- 
ordnungen hoher. 

Die Ausbrandzeiten liegen im giinstigsten Fall in der GréBenordnung von 
Sekunden. 

Bei Anwendung solcher Plasmareaktoren als Kernbrennkammern von Raketen 
muB der zum Abbrand kommende Kernbrennstoff in die geziindete bzw. iiber- 
kritische Kernbrennkammer gepumpt werden, aus der er in einer Raketendiise 
expandiert wird. Die nach diesem Prinzip arbeitenden Atomraketen unter- 
scheiden sich von den chemischen Raketen im wesentlichen nur durch die Ver- 
wendung von Kernbrennstoffen an Stelle chemischer Treibstoffe. 

Die hohe Temperatur der Kernbrandplasmen erlaubt keine Anwendung 
materieller Wande. Der einzig gangbare Weg, der sich hier erdffnet, ist durch die 
Moglichkeit, ein Plasma in ein Magnetfeld einzuschlieBen und damit von seiner 
materiellen Umgebung zu isolieren, gegeben. 

Durch entsprechende Gestaltung des Magnetfeldes lassen sich magnetische 
Kernbrennkammern fast jeder gewiinschten Form, z. B. mit einer LAVAL-Diise 
versehen, herstellen. Die Ziindung der Kernbrandplasmen erfolgt beim thermo- 
nuklearen Plasmareaktor durch adiabatische Kompression im Magnetfeld, beim 
Spaltungsplasmareaktor durch die Bedingung der Uberkritikalitat des Ver- 
brennungsraumes. 

Die Kopplung des Magnetfeldes mit den Reaktionsplasmen bietet auBer- 
dem die Méglichkeit einer direkten Umwandlung der Reaktionsenergie in elek- 
trische Energie. Die Gewinnung von Elektrizitat ist einmal fiir die Aufrecht- 
erhaltung der magnetischen Kernbrennkammern, zum anderen fiir die Ziindung 
der thermonuklearen Reaktion erforderlich. Es ist daher eine Kombination der 
verschiedenen hier vorgeschlagenen Wege voraussichtlich notwendig. 

Bei einem anderen, zur Diskussion gestellten Weg ist die Direkterzeugung 
von Atomenergie in Elektrizitat in einem iiberkritischen Reaktor vorgesehen. 
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Der Grundgedanke eines solchen iiberkritischen Reaktors basiert auf der 
MOglichkeit, die anfanglich hohe Energie (von 90 MeV) der geladenen Spalt- 
produkte zum Aufbau eines elektrischen Feldes zu verwenden. Es ist dabei denk- 
bar, eine Spannung von 4,5 x 108 Volt zu erreichen. Mit dieser Spannung be- 
schleunigte Ionen haben eine Geschwindigkeit von groBenordnungsmaBig 10° cm/s. 

Die Direkterzeugung von Elektrizitat aus Kernenergie ist auch fiir eine Auf- 
heizung von Plasmen mit Lichtbégen fiir Staustrahltriebwerke von Bedeutung. 


1. Atomtechnik und Raketentechnik 

Alle zukiinftigen Anwendungsméglichkeiten der Atomenergie sind durch 
zwei Tatbestande wesentlich bestimmt. 

A. Wahrend den Menschen seit Entdeckung des Feuers nur Umwandlungs- 
grade der Materie in Energie von 10~!° technisch greifbar waren, sind durch 
die ErschlieSung der Atomenergie Umwandlungsgrade der Materie von 10-3 
zum ersten Male méglich geworden. Zur Veranschaulichung sei daran erinnert, 
daB 1 kg Steinkohle 8 kWh im Vergleich zu 1 kg Uran 235 mit 25 Millionen kWh 
lefert. 

B. Die Atomenergie hat zum ersten Mal den Weg eréffnet, sehr hohe Tem- 
peraturen kiinstlich zu erzeugen, wie sie bisher nur im Sterneninneren theoretisch 
angenommen wurden. Die bei kernchemischen Verbrennungsprozessen auf- 
tretenden Partikelgeschwindigkeiten legen um viele Zehnerpotenzen hoher als 
bei den starksten chemischen Verbrennungsprozessen. Die Geschwindigkeit z. B. 
der bei eitter Kernspaltung auseinanderfliegenden Spaltstiicke entspricht einer 
Temperatur von 10!” °C. 

Nun zwei fiir die Raketentechnik maBgebliche Gesichtspunkte. 

C. Im Gegensatz zu einem Fahrzeug, das sich auf der Erde fortbewegt und 
theoretisch beliebig oft auf Zwischenstationen zur Erneuerung seiner Treibstoff- 
vorrate halt machen kann, ist an ein Raketenfahrzeug die Forderung zu er- 
heben, iiber méglichst groBe Energiereserven zu verfiigen, da tiber weite Strecken 
keine Zwischenlandungen erlaubt sein kénnen. 

D. Um einer Rakete einen méglichst hohen Antrieb zu verleihen, ist die 
Forderung nach einer méglichst groBen Ausstromgeschwindigkeit zu erheben. 
Bei thermischen Raketen ist dies gleichbedeutend mit der Forderung nach einer 
mdéglichst hohen Brennkammertemperatur. 

Wie man sieht, ist die Forderung C durch Tatbestand A grundsatzlich er- 
fiillt und Forderung D durch Tatbestand B. 

Alle bisherigen Vorschlage zur Realisierung von Atomraketen laufen darauf 
hinaus, in einem herké6mmlichen Spaltungsreaktor ein Arbeitsmedium aufzu- 
heizen und anschlieBend in einer Diise zu expandieren. 

Allen diesen Vorschlagen sind aber vor allem zwei Argumente entgegen- 
zuhalten. Einmal besteht wenig Aussicht, mit festen Reaktorbrennstoffen iiber 
Temperaturen von einigen 10% °C zu gelangen. Dadurch ist es nicht mdéglich, 
iiber wesentlich héhere Temperaturen, als sie schon bei chemischen Raketen 
iiblich sind, hinauszukommen. Die niedere Entropie der Spaltungsstiicke wird 
nutzlos zu einem solchen Aufheizreaktor entwertet und es ist notwendig, viel 
Schubmasse mitzunehmen. Zum andern besteht aber noch eine weitere 
Schwierigkeit, auf die zuerst von WIGNER [3) hingewiesen wurde. Diese Schwie- 
rigkeit besteht darin, daB der zur Aufheizung des Arbeitsmediums erforderliche 
Reaktor im abgeschalteten Zustand auBerhalb der Erdatmosphare infolge un- 
geniigender Kiihlung zu einem baldigen Zerschmelzen der ganzen Rakete fiihren 
wiirde. 


ee 
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Die hier gemachten Vorschlage umgehen diese Nachteile. 

Im Gegensatz zu allen bisherigen Vorschlagen verzichten sie grundsatzlich 
auf Reaktoren der iiblichen Bauart. 

Es sollen daher 1. an Stelle fester Kernbrennstoffe gasf6rmige verwendet 
werden, die auf hohe Temperaturen gebracht werden, 2. die heiBen Plasmen durch 
magnetische Felder von allen materiellen Gebilden isoliert und 3. die damit eng 
zusammenhangende Bedeutung von Wegen zur Freisetzung von elektrischer 
Energie auf damit verbundenem oder anderem Weg diskutiert werden. Die 
vorliegende Arbeit ist die Weiterentwicklung zweier Arbeiten 1, 2), in denen 
Spaltungsplasmareaktoren als Raketenbrennkammern erdrtert werden. 


2. Thermonukleare Reaktionen 
A. Allgemeines 

Wahrend die Kernspaltung eine Kernreaktion ist, die tiber ungeladene Neu- 
tronen ablauft, handelt es sich bei thermonuklearen Prozessen um Kernreak- 
tionen zwischen Atomkernen mit gleicher Ladung. Zur Auslésung einer solchen 
Kernreaktion miissen daher die beiden Reaktionspartner eine kinetische Anfangs- 
energie besitzen, die zur Uberwindung der gegenseitigen CoULOMB-AbstoBung 
ausreicht. 

Erst wenn einander die Kerne geniigend nahe gekommen sind, iiberwiegt der 
EinfluB der starken, aber nur auf kurze Entfernung wirkenden anziehenden 
Kernkrafte, die abstoBenden elektrostatischen Krafte. 

Die Moglichkeit der thermonuklearen Reaktion beruht darauf, daB die Be- 
dingung einer kinetischen Mindestenergie der Reaktionspartner bei geniigend 
hohen Temperaturen von selbst gegeben ist. Es geniigt daher, die zur Kern- 
reaktion kommenden Stoffe auf eine geniigend hohe Temperatur zu bringen, um 
im makroskopischen MaBstab eine Kernverbrennung durchzufiihren. Wegen 
der notwendigerweise hohen Temperaturen werden die Atome dabei praktisch 
vollstandig ionisiert sein, so daB man von dem zum Abbrand kommenden Kern- 
verbrennungsplasma spricht. Bei technisch beherrschbaren Drucken reicht, wie 
SANGER (3) gezeigt hat, die Energieproduktion thermonuklearer Reaktionen 
pro cm’ und s bei geniigend hohen Temperaturen an jene chemischer Hochdruck- 
feuerungen heran. Die Ausbrandzeiten des Kernverbrennungsplasmas kénnen 
dabei so klein werden, wie es fiir technische Zwecke notwendig ist. 

Ein groBes Hindernis fiir thermonukleare Reaktionen bedeuten die erforder- 
lichen hohen Ziindungstemperaturen, die ausnahmslos iiber 10’ °C liegen, also 
um viele GréBenordnungen hoher als bei chemischen Reaktionen. 

B. Das Kernverbrennungsplasma 

Um die physikalischen Verhaltnisse zu iibersehen, soll jetzt etwas tiber das 
zum Abbrand kommende Kernverbrennungsplasma gesagt werden. 

Jedes im Gleichgewicht befindliche Gas enthalt neben der haufigsten, durch die 
Temperatur T bestimmten Teilchengeschwindigkeit von der GréBe 

3kT 
| M 
auch alle anderen Teilchengeschwindigkeiten zwischen Null und Unendlich, 
wobei die Verteilung der Teilchen auf diese Geschwindigkeiten durch die 
MAXWELL-BoLTzMaANNsche Geschwindigkeitsverteilung bestimmt ist. Es kommen 
also schon bei beliebig niederen Temperaturen, wenn auch duBerst selten, Teil- 
chengeschwindigkeiten vor, die ausreichen, das abstoBende CouLoMB-Potential 
der Kerne zu iiberwinden, und somit zu einer Kernreaktion fiihren kénnen. Bei 


(1) 


7 = 
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Erhohung der Temperatur treten solche Teilchenenergien immer haufiger auf 
was eine Erhéhung der Energieproduktion zur Folge hat. Aufer diesen energie- 
spendenden Reaktionen finden aber auch Verlustprozesse an die Umgebung des 
Plasmas statt. Erst bei sehr hohen Temperaturen und damit hoher Energie- 
produktion ist es mdglich, die Energieverluste an die Umgebung kleiner als die 
Energieproduktion des Plasmas zu machen. 

Um technisch eine thermonukleare Reaktion in Gang zu bringen, ist es wesent- 
lich, durch eine méglichst starke Aufheizung tiber den Punkt, von dem ab die 
Verluste an die Umgebung kleiner werden als die Energieproduktion, mdéglichst 
schnell zu gelangen. 

C. Die Energieproduktionsrate thermonuklearer Reaktionen 


Die Idee der Energieproduktion durch thermonukleare Kernreaktionen ist 
zum ersten Mal von ATKINSON und HOUTERMANS /4) im Zusammenhang mit 
der Frage nach der Energieerzeugung in den Sternen ausgesprochen worden. 
Die Berechnung der Energieproduktionsrate als Funktion von Temperatur 
und Plasmadichte waren zum damaligen Zeitpunkt des Standes der Theorie 
der Kernreaktionen noch mit Fehlern behaftet. Gamow 5) hat diese Mangel 
beseitigt, und wir folgen seiner Ausarbeitung der Idee von ATKINSON und 
HovuTERMANS, wobei wir uns an die zweckmaBige Bezeichnungsweise der unter [3] 
zitierten Arbeit von SANGER anschlieBen. 

Um die Anzahl der stattfindenden Kernreaktionen pro cm? und Sekunde 
eines Kernbrandplasmas zu erhalten, muB der Reaktions-Wirkungsquerschnitt 
o(v) der betrachteten Kernreaktion mit der MAXWELL-Verteilung 

dN = f(v) dv 
multipliziert und von Null bis Unendlich integriert werden. Die Integration 
wird dabei mit der Sattelpunktsmethode durchgefiihrt. Die Energieproduktion 
pro cm und s ergibt sich durch Multiplikation dieses Resultats mit der Warme- 
tonung der betrachteten Einzelreaktion. 

Mit den Bezeichnungen: 

die Teilchengeschwindigkeit, 

R der Radius des gebildeten Zwischenkerns, 
A,, A, die Atomgewichte der reagierenden Kerne, 

= A, A,/(A, + A,), 

die Nukleonenmasse, 

die Resonanzbreite des angeregten Zwischenkerns, 

und Z, die Kernladungszahlen der StoBpartner, 

das elektrische Elementarquantum, 

das PLancxsche Wirkungsquantum, 

die absolute Temperatur, 

die Warmeténung der Einzelreaktion, 

die Plasmadichte, 

c, relative Gewichtskonzentrationen der Reaktionspartner, 

die BOLTZMANN-Konstante, 


ie ie 

1" 352 M3 A A, A,e®Z,Z, 

Zi 2° AM e&Z,*Z,* 

oe eeane 

erhalt Gamow fiir die Energieproduktion in erg pro g und s den Ausdruck: 
AE = E o*c, gk, (ke T—'*)* exp [— hk, T—**] (erg g—' s—*). 


WAMOL ZA «is. 
exp 8|- ry cm’ g-?s 


—1)] 


Ry = 


1/3 
(grad'/3), 
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Aus Gl. (2) folgt durch Differenzieren das Maximum der Reaktionsrate bei einer 
Optimaltemperatur von 


(3) 


mit 
AE max = (2/e)2 E 06, cy k. (4) 
Die Lage des Maximum ergibt sich anschaulich durch die bestmégliche Uber- 
lappung der Kurve des Wirkungsquerschnitts und der MAXWELL-Verteilung. 
Mittels der Gasgleichung laBt sich Gl. (2) auf die fiir technische Verhaltnisse 
interessantere Form 


AE = E $*c, ¢, —“— (kg T-"3)2 exp {— k, T-"3] erg cm—3 s—!] (5 
t “2 < 2 2 J 


bringen. In Gl. (5) wird die Energieproduktion bei festgehaltenem Feuerraum- 
druck pro cm® und s angegeben, wie sie fiir technische Fragestellungen von 
Interesse ist. Die Energieproduktion je Volumen- und Zeiteinheit hat bei fest- 
gehaltenem Druck iiber der Temperatur ein Maximum bei der kleineren Tem- 
peratur 


von der Hohe 
: ee. M?2k 
Ean = Ble}? E Pe, : 


k,8 ke | 4 - 


4 
aid! 
Die Ausbrandzeit des Kernbrandplasmas ist durch die Halbwertzeit des Reak- 
tionsablaufs gemaB 
(7) 
charakterisiert. 

Neben den dabei betrachteten ZweierstoBkombinationen sind auch kompli- 
ziertere Reaktionsketten denkbar, wie der BETHE-WEIZSACKER-Zyklus der Sonne 
und der vermutliche WasserstoffbombenprozeB zum Aufbau von Helium aus 
Lithium und Deuterium: 

-»n + §Li -+3H + 4He 


°H + °H —+4He + n—,' (8) 


wobei ein Neutron sich in jeder Reaktionskette wieder selbst reproduziert. 
Eine Zusammenstellung der Energieproduktionskurven nach dem_ besten 
gegenwartig verfiigbaren experimentellen Material findet sich bei Post [6]. 


3. Die Kernspaltungsverbrennung 
A. Allgemeines 

In Analogie zur thermonuklearen Verbrennung lassen sich die physikalischen 
Gesetze der Kernspaltungsverbrennung aufstellen, wie sie in den unter (1, 2) 
angegebenen Arbeiten entwickelt wurden. 

Im Gegensatz zu allen bisherigen Reaktoren mit festen oder fliissigen 
Kernbrennstoffen sollen solche mit gasfoérmigen Spaltstoffen verwendet werden 
und die Reaktion bei solchen Temperaturen ablaufen, daB man mit Recht von 
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einem Spaltstoffplasma sprechen darf. Als solche Spaltstoffplasmen kommen 

z. B. Uran und Plutonium bei hohen Temperaturen in gasférmigem Zustand in 

Frage. Aber auch viele Kombinationen mit anderen Stoffen sind denkbar. 
Ein Reaktor dieser Art soll als Plasma-Spaltungsreaktor bezeichnet werden. 


B. Der prompt kritische Plasma-Spaltungsreaktor als Raketenbrennkammer 


In der Atomtechnik unterscheidet man zwischen schnellen, intermedidren und 
thermischen Reaktoren. Bei der ersten Art findet keine Abbremsung der an- 
fanglich mit 10% cm/s fliegenden Neutronen, bei der zweiten Art eine teilweise 
Abbremsung und bei der dritten Art eine Abbremsung bis auf thermische Energien 
statt. Die Abbremsung hat bei thermischen Neutronenenergien z. B. den Vorteil, 
daB der Wirkungsquerschnitt fiir Spaltung etwa um den Faktor 100 gr6Ber ist. 
Die freien Weglangen und damit die kritischen Abmessungen sind entsprechend 
kleiner. Von Nachteil bei thermischen Neutronenenergien ist, daB die Reak- 
tionskette fiir bestimmte Zwecke, wie z. B. fiir Bomben, nicht schnell genug ab- 
lauft. Von Vorteil fiir die Zwecke der Raketentechnik ware dabei, daB Wasser- 
stoff als bestes Bremsmittel fiir Neutronen verwendet werden miiBte, der durch 
seine hohe AusstrOmgeschwindigkeit gegeniiber allen anderen Stoffen be- 
giinstigt ist. 

Die Eigenschaft des Wasserstoffs, bestes Bremsmittel fiir Neutronen zu sein, 
ergabt sich bekanntlich aus der Tatsache, daB Protonen und Neutronen etwa die- 
selbe Masse besitzen, und somit ein Neutron schon bei einem StoB alle Energie 
an das Proton abzugeben vermag. 

Wesentlich fiir das Arbeiten eines Plasmareaktors ist, daB die Anordnung iiber- 
kritisch ist, das heiBbt, daB die Neutronenverluste an die Umgebung nicht die im 
Reaktor erzeugten Neutronen iibersteigen. In dem hier zur Diskussion gestellten 
Strahltriebwerk wird, wie schon betont, der Kernbrennstoff in die iiberkritische 
Kernbrennkammer gebracht, die den Plasmareaktor bildet und nach Abbrand in 
einer Raketendiise expandiert. AuBerdem eriibrigt sich hier eine Ziindung, da 
sie durch die Bedingung der Kritikalitat von selbst gegeben ist. Im Gegensatz 
zu allen anderen Keaktoren soll der Plasmareaktor bei sehr hohen Temperaturen 
arbeiten, das heiBt mit Plasmen, die eine geringe Dichte besitzen. Um die Energie- 
produktion unter diesen Umstanden geniigend hoch zu halten, miiBte deshalb 
ein solcher Reaktor, wie bei Atombomben, am besten prompt kritisch gemacht 
werden. Normalerweise arbeiten die Reaktoren im verspatet tiberkritischen Be- 
reich. Darunter versteht man bekanntlich, daB die Kettenreaktion durch die 
von den Spaltstiicken nach ungefahr 10 s abgedampften Neutronen gerade in 
Gang gehalten wird. Im verspatet kritischen Bereich ist die Energieproduktion 
daher viel geringer. Die lange Lebensdauer der verspateten Neutronen gewahrt 
dabei eine leicht durchfiihrbare Regelung des Reaktors. 

Es wird fiir viele Falle geniigen, bzw. erwiinscht sein, eine geringere Energie- 
produktion als im prompt kritischen Fall zu erhalten. Die fiir den prompt 
kritischen Fall berechneten Energieproduktionsraten geben dann eine obere 
Grenze der méglichen Energieproduktion des Kernspaltungsplasmas an, da alle 
Ubergange zwischen prompt und verspatet kritisch mdglich sind. 


C. Das Kernspaltungsplasma 


Zum Unterschied von Feuergasen der thermonuklearen Reaktionen und vieler 
chemischer Verbrennungsprozesse, deren Reaktivitat bei konstanter Plasma- 
dichte mit wachsender Temperatur zunimmt, sind die Kettenreaktionspro- 
zesse der Kernspaltung (von extremen Fallen abgesehen) im Vergleich dazu 
fast temperaturunabhangig. Selbst die an sich kleinen Temperaturkoeffizienten 
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der Reaktivitat von Reaktoren beruhen im wesentlichen auf Dichte-Anderungen 
mit wachsender Temperatur. Der Unterschied wird verstandlich, wenn man be- 
riicksichtigt, dafZ zum Zustandekommen einer thermonuklearen Reaktion die 
Reaktionspartner eine hohe Geschwindigkeit zur Uberwindung des CouLoMB- 
Berges besitzen miissen. Als Folge davon werden die Wirkungsquerschnitte stark 
temperaturabhangig, im Gegensatz zu den Wirkungsquerschnitten der unge- 
ladenen Neutronen, auf die der CouLoMB-Berg keinen EinfluB hat. Die Situation 
ist hier vielmehr so gelagert, daB fiir niedere Neutronenenergien ein 1/v-Gesetz 
des Wirkungsquerschnitts beobachtet wird, wahrend fiir hohe Energien der 
Wirkungsquerschnitt im wesentlichen geschwindigkeitsunabhangig und gréBen- 
ordnungsmaBig durch den geometrischen Wirkungsquerschnitt bestimmt ist. 
Im Vergleich zu den anderen Reaktionen bleibt jedoch bei Spaltungsreaktionen 
die Abhangigkeit der Reaktivitat von der Dichte, da diese allein den fiir die 
Reaktionsgeschwindigkeit maBgeblichen makroskopischen Wirkungsquerschnitt 
No bestimmt. Im Kernfeuerungsgas der Kernspaltungsreaktionen wird die Ver- 
brennung in jenen Gebieten um so schneller vor sich gehen, die eine héhere Dichte 
haben. 

Es sol] jetzt das Schicksal eines Kernbrennstoffteilchens betrachtet wer- 
den. Es werde dabei angenommen, daB das Teilchen in die Brennkammer ge- 
langt und fiir sich genommen plotzlich iiberkritisch wird. Als Folge davon 
findet in diesem Teilchen eine starke Warmeentwicklung statt, die zu einer 
starken Ausdehnung des Teilchens und schlieBlich AusstoBung durch die Diise 
fiihrt. Die zu diesem AufheizprozeB notwendigen Zeiten sind dabei so kurz, daB 
entsprechend der SANGERschen Theorie der Kurzzeitvorgange {7} nur die trans- 
latorischen Freiheitsgrade zu beriicksichtigen sind. 

Um den geschilderten Vorgang quantitativ zu erfassen, miissen die dafiir 
maBgeblichen Reaktorgleichungen aufgestellt werden, die die Energieproduk- 
tion als Funktion von Druck und Temperatur liefern. 


D. Die Reaktorgleichungen des prompt kritischen Plasmareaktors 

Das zeitliche Verhalten eines Reaktors laBt sich durch zwei Gleichungen be- 
schreiben. Die erste Gleichung liefert den Zusammenhang der Anderung des 
Neutronenflusses in Abhangigkeit von Flu8B und Temperatur und die zweite den 
Zusammenhang von Flu8 und Temperatur. Wahrend die erste Gleichung sich 
aus reaktorkinetischen Uberlegungen ergibt, wird die zweite durch den thermo- 
dynamischen Zusammenhang von NeutronenfluB und Leistung gewonnen. 

Die erste Reaktorgleichung lautet im prompt kritischen Fall: 

l,¢d=(n—1) ¢. (9) 

Dabei bedeuten /, die StoBzeit eines Neutrons zwischen zwei Reaktionen, ¢ den 
Neutronenflu8 in (n/cm?s) und y den Vermehrungsfaktor der Neutronen. 7 — 1 
ist der Faktor, um den sich die Neutronenzahl nach einer Generation vermehrt, 
wobei beriicksichtigt ist, daB pro Spaltung ein Neutron verbraucht wird. 

Die StoBzeit J, ist durch die Beziehung 

1 
N Oa v 


(10) 


lo o 


festgelegt. v ist die Geschwindigkeit der Neutronen, o, der Wirkungsquerschnitt 
des Spaltstoffs fiir Spaltung und Einfang. 
Wegen ~ = NRT schreibt sich (10 


(10 a) 
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Damit schreibt sich Gl. (9): 

i ims {)] — 1) aad 

a ee i (1] 

p? h ¢ 
Bei konstantem /,, das heiBt, wenn sich mit wachsendem FluB die Dichte nicht 
andert, folgt durch Integration von (9) 


” l 
t 


é= 0 & lo, (12) 

In dem uns interessierenden [all konstanten Plasmadrucks ist aber /, 
keineswegs mehr konstant, sondern nach (11) eine Funktion der Temperatur. 
Um das damit verbundene Problem zu lésen, muB noch die zweite Reaktor- 
gleichung aufgestellt werden, die den Zusammenhang zwischen Flu8 und Tem- 


peratur liefert. 
Die Leistung Q pro cm® hangt mit der Temperatur bei konstantem Druck 


gemal 
G=9% T erg cm~3 5-1] (13) 
zusammen. Andererseits ist die Leistung mit dem Flu8 durch die Beziehung 
Q = No;¢°-3,1-10-* erg cm—3 s—] (14) 
verkniipft, wobei die GréBe 3,1. 10-4 die pro Spaltung freiwerdende Energie in 
erg angibt. o ist die Plasmadichte. Durch Verbindung von (12) und (13) folgt 
0c, T = No; $-3,1- 10-4 [erg cm~3 s—1}, (15) 
Mittels der Gasgleichung 
N = iF : bzw. a= ifn A (16) 
und der fiir Kurzzeitvorgange maBgeblichen spezifischen Warme der Trans- 
lation bei konstantem Druck 


5 R 
ar 


folgt aus (15) 
T =3,1-10-4=“ 


Die Gln. (9) und (17) legen das zeitliche Verhalten des Reaktors fest. 
Fiihrt man noch die Abkiirzungen 
(n - L) og v 
k 


a2 == 


b = 3,1-10-4+ — & 
oO 
ein, so lassen sich (11) und (17) auf die einfache Form 
Tdh=apd (18 a) 
fut (18 b) 
bringen. 
Aus (18 a) folgt durch Differentiation 


T =b¢. (19) 


Wenn man in Gl. (18 a) mittels (18 b) und (19) den FluB eliminiert, erhalt man: 
TT =apT. (20) 
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An (20) ist bemerkenswert, daB sich die GroBe b herausgehoben hat. Wir kommen 
darauf noch zuriick. Setzt man: 


T= q, 
so folgt 


dq 7 . dq 


isc dT i 


In (20) eingesetzt liefert dies: 


i 
Tq —apg. (21) 


Gl. (21) hat einmal die nicht interessierende Lésung g = 0, das heiBt JT = const., 
und zum anderen die aus der Differentialgleichung 


dq 
pes 29 
7 ap (22) 
folgende Lésung: 

on ee as (23) 


Hierbei bedeuten 7, die Temperatur und f.. deren Anderung zur Zeit ¢t = 0. 

Da auf der linken Seite von (23) ein Ausdruck steht, der proportional der 
Leistung ist, liefert (23) bereits die Energieproduktion als Funktion von Druck 
und Temperatur. Zur Beurteilung der zeitlichen Dauer des betrachteten Aufheiz- 
prozesses muB Gl. (23) nochmals integriert werden und man erhalt 


(24) 


E. Die Energieproduktionsrate als Funktion von Druck und Temperatur 


Um die Energieproduktionsrate zu bestimmen, muB man das durch die 
Gl. (23) bestimmte Schicksal eines Teilchens herausgreifen. Es soll dabei ange- 


nommen werden, daB 7, klein gegen die iibrigen GréBen ist, auBerdem soll T > Ty 
sein, so daB sich (23) in der Form schreiben 1aBt: 


T=apinT. (25) 
Mit (18 b) ergibt sich daraus fiir den FluB 


a = 
d pein 


bzw. 
d = 0,806 - 104 (7 — 1) vIn T. 
Die Leistung berechnet sich aus Gl. (14); wegen p = NRT folgt mit (26) 
v In T : 
p? = [erg cm~%s—?]. (27) 


An Gl. (27) ist bemerkenswert, daB die pro Spaltung freiwerdende Energie nicht 
eingeht. Dies scheinbar widerspruchsvolle Ergebnis laBt sich aber verstandlich 


0 =2,5 (yn — 1) 
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machen, Bei einer geringeren Kernreaktionsenergie wird namlich die gleiche 
Leistung durch die Kettenreaktion bei derselben Temperatur erst zu einem 
spateren Zeitpunkt erreicht. Dabei ist zu bemerken, daB unsere Ausgangs- 
gleichungen eine Abnahme der Spaltstoffsubstanz durch die voranschreitende 
Kettenreaktion unberiicksichtigt lassen. Bei einer kleineren Reaktionsenergie 
wiirde sich eine solche Abnahme schon bei Erreichung niederer [emperaturen 
bemerkbar machen, indem sie ein weiteres Anwachsen der Kettenreaktion ver- 
bietet. Aus diesem Grund ist die Anwendung der Gl. (27) fiir chemische Ketten- 
reaktionen beispielsweise nur unterhalb dieser Grenze statthaft. Durch diese 
Einschrankung wird eine obere Grenze fiir die maximal erreichbare Temperatur 
festgelegt. Kernkettenreaktionen kénnen im Gegensatz zu chemischen Ketten- 
reaktionen viel weiter voranschreiten und damit zu viel hdheren Temperaturen 
fiihren, bis sie durch den Ausbrand des Brennstoffs zum AbreiBen kommen. 
Aus (27) entnimmt man, daB die Energieproduktion bei konstantem Druck 
mit wachsender Temperatur abnimmt im Einklang mit der Tatsache, daB die 
Anzahl der zur Spaltung pro cm? verfiigbaren Kerne bei konstantem Druck mit 
wachsender Temperatur geringer wird. 

Gl. (27) gibt streng genommen nicht die richtige Energieproduktion wieder, 
die sich durch Bildung des Mittelwerts der Energieproduktion eines Teilchens, ge- 
nommen iiber den AufheizprozeB, ergeben wiirde. Da der AufheizprozeB von den 
Anfangsbedingungen abhangt und auBerdem auBerordentlich schnell durch- 
laufen wird, kann man mit guter Naherung auf diese Verfeinerung verzichten. 
Im stationaren Betrieb ist darauf zu achten, daB die Kettenreaktion bei Er- 
reichung der gewiinschten Energieproduktion nicht weiter ansteigt. 

Je nachdem, ob die Spaltneutronen abgebremst werden oder nicht, spricht 
man von einem thermischen oder schnellen Reaktor. AuBerdem ist eine teilweise 
Abbremsung auf mittlere Neutronenenergien moéglich. Reaktoren dieser letzten 
Art werden als intermediare Reaktoren bezeichnet. Wir beschranken uns bei der 
Diskussion der Gl. (27) auf die beiden Grenzfalle schneller und thermischer Reak- 
toren und stellen die bendtigten Werte zusammen. 


schnell thermisch 
n 2,5 < 2.5 
v ~2-10° (cms—!] ~ 2-108 [em s7! 
o, ~2- 10-74 [cm?] > 2-10-22 (cm?) 
Beim thermischen Reaktor ist fiir die Neutronengeschwindigkeit der unter 
thermischen Normalbedingungen geltende Wert und als Spaltquerschnitt der 
halbe Wirkungsquerschnitt von U 233 genommen worden. Letzteres soll be- 
riicksichtigen, daB ein Teil der in der Brennkammer vorhandenen Atomkerne 
Moderator-Atome sind. Fiir einen thermischen Reaktor ist das Produkt ov 
temperaturunabhangig, da o; fiir niedere Energien ein 1/v-Gesetz befolgt. Mit 
den oben angegebenen Werten erhalt man fiir den schnellen Reaktor: 


log T 
~4,5-+ 108 2 © __ [cal cm-3 s—}] (27a) 
ee 


und fiir den thermischen Reaktor 
log T 


9 10 


Der Druck # ist dabei in atm einzusetzen. 


Q=4,5-104p feal-cm*s-*). 
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In Abb. 1 sind die Energieproduktionsraten als [Funktion der Temperatur 
beim Druck von 1 und 100 atm aufgetragen. Zum Vergleich ist die Energiepro- 
duktion einer V2-Raketen- 
brennkammer eingetragen. 
Man sieht, daB bei Feuer- 
raumdrucken, wie sie in 
chemischen Hochdruck- 
raketen iiblich sind, die 
Energieproduktion erst bei 
sehr hohen Temperatu- 
ren unter diejenige che- 
mischer Hochdruckfeu- 
erungen gelangt. 

Der Vergleich von 
schnellem und thermischem 
Reaktor lehrt, daB sich 
der schnelle Reaktor in 
Beziehung auf die Energie- 
produktion um den Fak- 
tor 10? giinstiger stellt. Der 
Faktor 10? ergibt = sich 
daraus, daB die Neutro- 
nengeschwindigkeit beim 
schnellen Reaktor um den 
Abb. 1. Grenzkurven fiir die Energieproduktion von Kern- Faktor 104 groBer, der 

spaltungsplasmen Spaltquerschnitt aber um 
den Faktor 10? kleiner ist. 








schneller Reaktor 


thermischelr Reaktor 


@ +2-fakerle 


F. Abschatzung des zeitlichen Verlaufs 


Um den zeitlichen Verlauf der Brennstoffaufbereitung abzuschatzen, mub 


man auf Gl. (24) zuriickgreifen. Setzt man in (24) die GréBe (7, + In T'T,)-} 
als langsam veranderliche Funktion vor das Integral und nimmt dafiir einen 
Mittelwert von der GréBenordnung | an, so erhalt man: 


T~apt 


als Abhangigkeit der Temperatur von der Zeit. 
Nach dieser rohen Abschatzung besteht ein zeitlich linearer Temperatur- 
anstieg. 
Fiir schnelle Reaktoren ist a= 10! und fiir thermische a= 10~!; damit ergibt 
sich, wenn wir fp in atm ausdriicken: 
T~ 10° p2 (28 a) schneller Reaktor 
} 
T~ 105 pt (28 b) thermischer Reaktor. 


Aus (28 a) und (28 b) entnimmt man die auBerordentliche Schnelligkeit des Auf- 
heizprozesses. 

Fiir die spezifischen Warmen darf man daher die fiir Kurzzeitvorgange mab- 
geblichen translatorischen Freiheitsgrade zugrunde legen. 


G. Die Ausbrandzeiten 


Von weiterer Wichtigkeit fiir die Beurteilung des Reaktionsablaufs sind die 
Ausbrandzeiten. Sie geben eine Aussage, wie hoch der Ausbrand des Brennstoffs 
bei gegebener Aufenthaltsdauer in der Brennkammer ist. 
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Die Abnahme der spaltbaren Kerne pro cm* durch Kernspaltungen wird 
durch die Gleichung 


iN 
sr a; b (29) 
at 


beschrieben. Man definiert als Ausbrandzeit die Zeit, bei der die Anzahl der 
spaltbaren Kerne auf den e-ten Teil abgesunken ist: 
: 30 
‘i = ’ le } 
ad 
oder wenn man ¢ aus Gl. 
(26) einsetzt, 
O825- 10-4 l 
1. = —— 6 
oO; pin 7 
31) 
Man erhdlt (pf in atm) 
fiir den schnellen Reaktor: 








05-108 
p log T 
10 
und fiir den thermischen 
Reaktor: 


(31 a) 





5 Abb. 2. Ausbrandzeiten von Kernspaltungsplasmen 
05+ 10° 
= (31 b) 


log a 


10 


In Abb. 2 sind die Ausbrandzeiten aufgetragen. Daraus lernt man, daB nur 
bei schnellen Reaktoren und zugleich hohen Drucken die Ausbrandzeiten auf 
Werte herunterkommen, die eine Verwendung von Plasmareaktoren in Raketen 
wirtschaftlich tragbar erscheinen lassen. Andernfalls muB ein groBer Verlust an 
teurem Brennstoff, der unverbrannt abgestrahlt wird, in Kauf genommen 
werden. 

H. Der kritische Radius des Plasmareaktors 


Zum Zwecke der Abschatzung soll einfachheitshalber die Giiltigkeit der ele- 
mentaren Neutronendiffusionsgleichung vorausgesetzt werden. Man darf des- 
halb den gewonnenen Ergebnissen nur den Wert einer ganz rohen Abschatzung 
beimessen. 

Bei der Berechnung des kritischen Radius des Plasmareaktors folgen wir dem 
bekannten Buch von GLASSTONE und EpLUND /8]. Als Kritik wollen wir dabei vor- 
wegnehmen, daB die im Rahmen dieses Buches abgeleiteten Formeln von der 
Differentialgleichung der Neutronendiffusion gewonnen sind und deshalb streng 
genommen nur in dem MaBe Giiltigkeit besitzen, als die freie Weglange klein gegen 
die Dimension des Reaktors ist. Diese Situation ist im Fall des Plasmareaktors 
sicher nicht gegeben. 

Der kritische Radius R, eines kugelformigen Reaktors wird durch den 
Ausdruck 

aL 


Ry = j= (32) 


i 
bestimmt. 
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Dabei bedeuten: 
x l 
N | 36,0; 


die Diffusionslange der Neutronen, o, und o; die Wirkungsquerschnitte gegen- 
uber Streuung und Spaltung, N die Anzahl der spaltbaren KNerne pro cm?. 
Setzt man, wie es groBenordnungsmabig bei schnellen Neutronen der 
Fall ist, 
0,~0;~ 10-73 cm? = a, 

so ergibt sich der kritische Radius gréBenordnungsmabig zu 

R (33) 

Y~ => de 

0 No 

Wegen p = NRT, wo p der Druck in dyn, & die BOLTZMANN-Konstante und T 
die absolute Temperatur ist, ergibt sich 


(34) 


™ 
R,~ 10 —, (34 a) 


P 


wobei der Druck # in (34 a) in Atmosphdren zu messen ist. Bei T = 106 °C und 
p = 10? atm wiirde das zu einem kritischen Radius von der GréBenordnung km 


fihren. 

Gliicklicherweise sind hier die Verhaltnisse insofern doch noch giinstiger, als 
es mOglich ist, den Reaktorkern mit einem Neutronenreflektor zu umgeben. Es 
gibt Neutronenreflektoren, die eine Albedo von nahezu 1 haben, das heiBt fast 
jedes auf den Reflektor treffende Neutron wird in den Reaktorkern riickreflek- 
tiert. 

Dariiber hinaus ist es sogar noch denkbar, den Reaktor mit einem iiber- 
kritischen Reflektor zu umgeben, der selber aus spaltbarem Material besteht und 
unter entsprechenden Bedingungen sogar Albedowerte iiber | bringen kann. 
Bei einem iiberkritischen Reflektor wird ein auftreffendes Neutron mit einer ge- 
wissen Wahrscheinlichkeit eine Kernspaltung auslésen, so daB unter diesen Um- 
standen mehr Neutronen reflektiert werden kénnen, als auf den Reflektor auf- 
treffen. Mit der Anwendung solcher tiberkritischer Reflektoren sind aber weitere 
erhebliche Schwierigkeiten verbunden, die in einer starken, durch die Spaltungs- 
prozesse im Reflektor verursachten Erwarmung gegeben sind. Unabhangig davon 
scheint es nicht ausgeschlossen zu sein, schon bei Anwendung unterkritischer 
Reflektoren iiberkritische Anordnungen zu erhalten. Als solche unterkritische 
Reflektoren eignen sich fiir schnelle Neutronen besonders schwere Elemente, fiir 
thermische Neutronen am besten Stoffe der leichtesten Atomkerne. 

Wesentlich fiir die Giite eines Reflektors ist die GroBe seines Streuwirkungs- 
querschnitts fiir Neutronen. Besonders geeignet sind bestimmte Isotope, die in 
gewissen Energiebereichen Resonanzstreuung aufweisen und zu Albedowerten 
von nahezu | in den betrachteten Bereichen fiihren. Bei Anwendung eines Reflek- 
tors betragt der kritische Radius eines Reaktors 


R= R, — 6, (35) 
wo 6 das sogenannte ,,reflector saving‘ und R, der kritische Radius ohne Re- 
flektor ist. 
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Die Neutronendiffusionstheorie liefert fiir 6 den Ausdruck: 
(36) 


Darin bedeuten D. und D, die Diffusionskoeffizienten im Reaktor (c) und Re- 
flektor (7); L, ist die Diffusionslange im Reflektor. Zwischen D und der Streu- 
weglange besteht der Zusammenhang: 
D 3 37) 
= — As. { 
3 ‘ 
Damit erhalt man fiir den kritischen Radius bei Beriicksichtigung von Gl. (32) 
Wi. dD. 
[yi 
Es soll jetzt gefordert werden RK < 0, was mit einer kleinen Abmessung des 
Reaktors gleichwertig ist. Driickt man D,, D,, L, und L, durch die Wirkungs- 
querschnitte aus, wobei zu beachten ist, daB A = 1/N ai ist, so folgt aus G. (38) 
mit der gestellten Forderung 
x ie Os 
— 4 < (2) ’ (39) 
yn — Loy). Oa) 


\ 


R= ) Be (L. = L gesetzt). (38) 


og ist der Absorptionsquerschnitt des Reflektormaterials. Die Indizes c und 7 
beziehen sich auf Reaktor und Reflektor. Die Ungleichung (39) ist insofern be- 
achtenswert, als in ihr nicht die Anzahl der Atome pro cm® von Reaktor und 
Reflektor eingehen, was streng sicherlich falsch ist und mit unserer rohen Ab- 
schatzung in Zusammenhang zu bringen ist. Gl. (39) beinhaltet, daB im gleichen 
MaBe wie der kritische Radius ohne Reflektor mit abnehmender Teilchenzahl 
pro cm? bei konstantem Druck, das heiBt mit steigender Temperatur wachst, das 
reflector saving’’ zunimmt. 

Der kritische Radius mit Reflektor wird deshalb bei konstantem Druck von 
der Teilchenzahl im Reaktor, und damit von der Temperatur unabhangig. 

Fiir schnelle Neutronen ist 0, ~o;; daraus folgt als iibrig bleibende For- 
derung an den Streu- und Absorptionsquerschnitt des Reflektors, wenn man noch 
H = 2,5 setzt: 

6 > 655.65, (40) 
eine Bedingung, die sich bei der Wahl geeigneten Reflektormaterials, hohen Streu- 
und kleinen Absorptionsquerschnitts unter Umstanden erfiillen lassen wird. Es 
scheint danach nicht ausgeschlossen zu sein, selbst bei sehr hohen Feuergas- 
temperaturen und damit kleinen Teilchenzahlen pro cm? noch iiberkritische An- 
ordnungen im technisch erlaubbaren Rahmen zu erhalten. 


I. Verwendung von Gassuspensionen 

Die Nachteile der Verwendung von rein gasférmigen Brennstoffen liegen in 
dex GroBe der kritischen Radien. Bei Anwendung eines Neutronen-Reflektors 
wird dieses ernste Problem nur gemildert, aber wohl noch nicht beseitigt. Es 
ist also notwendig, nach neuen Méglichkeiten zu suchen, die von den geschil- 
derten abweichen. Solche neuen Méglichkeiten bieten die Suspension fester Kern- 
brennstoffteilchen in einem Tragergas. Ein solcher Suspensionsreaktor wurde 
von DE Bruyn [9] auf der Genfer Atomkonferenz vorgeschlagen. Bei einer 
solchen Gassuspension kann es sich beispielsweise um ein Uranstaub-Gasgemisch 
handeln. Bei diesen Gassuspensionen kénnen pro cm? mehr Brennstoffatome 
gebracht werden als in einem Plasmareaktor. 
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Haben die festen Brennstoffteilchen einen Durchmesser von 10-4 cm, so 
kénnen alle Spaltprodukte unabgebremst aus ithnen heraustreten und_ thre 
Energie zunachst an das Tragergas abgeben, bevor sie wieder auf ein Brennstoff- 
teilchen treffen. 

Entscheidend fiir die Wirkungsweise einer solchen Gassuspension in einem 
Reaktor ist die Lebensdauer der Teilchen bei der hohen Temperatur. Ist die 
Lebensdauer nun geniigend groB, so kann die Energieproduktion des Plasmas 
selbst bei hohen Temperaturen beliebig hochgetrieben werden. 


4. EinschluB des Plasmas in magnetische Winde 


Zur Gewahrleistung einer stationaren Kernverbrennung ist es unbedingt 
notwendig, zu verhindern, da das heibe Plasma mit irgendwelchen materiellen 
Wanden in Berithrung kommt. Es ist daher eine unumgangliche Forderung, das 
heiBe Plasma in anderer Weise als in materielle Wande einzuschlieBen. 

Bei der kosmischen Kernverbrennung in Sternen bildet das Gravitationsfeld 
des Sterns eine Potentialmulde, die ein rdumliches Zusammenhalten der Materie 
bewirkt. Der Gasdruck aller Teilchen einschlieBlich der Photonen wird in diesem 
Fall durch den entgegengesetzt wirkenden Gravitationsdruck das Gleichgewicht 
halten. Der Gravitationsdruck im Innern einer inkompressiblen Kugel der Dichte 
o und vom Radius ¢ betragt: 


» 


= — Gr? (41) 
= ~iitro \ 
3 4 


e 


(G = 6,66- 10-8 g-! cm’ s-? Gravitationskonstante). 

Soll der Druck von 100 at im Inneren einer Kugel der Dichte 1 g/cm? er- 
reicht werden, so miiBte die Kugel einen Radius von etwa 300 km haben. An 
diesem Beispiel lernt man, daf§ Gravitationsfelder fiir den EinschluB technischer 
Kernverbrennungsplasmen ungeeignet sind. 

Anders verhalt sich die Situation bei elektrischen und magnetischen Feldern. 
Da ein Plasma aus geladenen Teilchen besteht, wirken solche Felder auf Plasmen. 

Elektrische Felder bilden keine Potentialmulden und scheiden daher aus. 
Dagegen ist es méglich, den gewiinschten Effekt mit Magnetfeldern zu er- 
reichen. 

Die Plasma-Teilchen beschreiben im magnetischen Feld raumliche Spiralen 
um die Feldlinien. Ein Plasma verhalt sich im Magnetfeld wie ein diamagneti- 
scher Korper. Befindet sich ein Plasma im Magnetfeld, so findet eine Diffusion 
der Teilchen im Gebiete kleinerer Magnetfeldstarke statt. 

Anschaulich bewegen sich die geladenen Teilchen im Magnetfeld mit dem 
Radius 

MU, C 
y ox 


In (42) ist H die Magnetfeldstarke, Z die Kernladungszahl und v. die Geschwin- 
digkeit senkrecht zur Richtung von H. Kommen die Teilchen in Gebiete von 
kleinerem H, so werden die Kriimmungsradien ihrer Bahnen gr6Ber, wobei sie 
durch St6Be noch weiter in die Gebiete kleinerer Feldstarke abwandern. Gelangen 
sie in Gebiete von gréBerem H, so geschieht das Gegenteil. Die abnehmenden 
Kriimmungsradien ihrer Bahnen stellen sich dem Hineinwandern der Teilchen in 
Gebiete von groBerer Magnetfeldstarke entgegen. Aus dieser anschaulichen Be- 
trachtung ergibt sich, daB es durchaus méglich ist, in inhomogenen Feldern ge- 
eigneter Gestalt Vlasmen einzuschlieBen. In einer anderen Betrachtungsweise 


(4: 
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laBt sich sagen, daB sowohl das magnetische Feld als auch das elektrische der 
Feldstarken H bzw. E einen Druck der Gr6éBe (10 
P= al bzw. i dyn| (43) 
82 S2 
auf das Plasma ausiiben. Zur Erreichung eines Felddruckes von 10? at z. B. 
sind daher Magnetfeldstarken von etwa 50 000 GauB erforderlich. 

Um eine stationére Kernverbrennung durchzufiihren, muB das geziindete 
Plasma in ein solches Feld eingeschlossen werden {6}. Durch diese Forderung 
scheidet das elektrische Feld, wie schon gesagt, bei alleiniger Verwendung jeden- 
falls aus. 

Es ist aber méglich, das Plasma vollstandig in ein Magnetfeld einzuschlieBen. 
Solche Feldanordnungen werden als magnetische Flasche bezeichnet. 

Ein Beispiel einer solchen magnetischen Flasche ist der sogenannte Pinch- 
Effekt. 

Die durch ein Plasma gehende elektrische Entladung fiihrt zu einem Magnet- 
feld, das die Entladung und damit das Plasma selbst umschlieBt. Es zeigt sich 
jedoch {11}, daB der Pinch-Effekt unstabil ist und daher ausscheidet. Um aus 
dieser Schwierigkeit zu gelangen, hat man vorgeschlagen, magnetische Flaschen 
durch Felder auBerer Spulenanordnungen herzustellen. Eine solche magnetische 
Flasche mit einfachen topologischen Eigenschaften ist durch die Torusgeometrie 
gegeben. 

Die Feldlinien einer torusf6rmigen Spule umschlieBen im Innern ein Zzu- 
sammenhangendes Gebiet mit groBer Feldstarke H und damit magnetischem 
Druck p = H?/82. 
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Abb. 3. Magnetische Flasche 


Ein anderes Beispiel einer solchen magnetischen Flasche, dem wir unsere be- 
sondere Aufmerksamkeit schenken wollen, ist durch eine Langsspule gegeben, 
bei welcher die Feldstarke an den Enden stark erhéht ist. Das Feldlinienbild 
einer solchen Spule ist in Abb. 3 aufgetragen. 

Die Erhéhung dieser Feldstarke an den Spulen soll in dem gezeichneten 
Spulenwulst zum Ausdruck kommen. Die Feldlinien H = const. entsprechen 
einem magnetischen Druck P = H?/8a = const. Wie bei SPITZER [10] ausge- 
fiihrt wird, bildet eine Feldlinienverdichtung der vorliegenden Art fiir geladene 
Teilchen einen magnetischen Spiegel von bestimmter Reflexionskraft. 

Die Reflexionskraft eines solchen magnetischen Spiegels wird in dem zitierten 
Werke angegeben. 


Astronaut. Acta, Vol. IV, Fasc. 4 18 
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Wenn die magnetische Feldstarke an den Spulenenden fiir alle Abstande zur 
Spulenachse um einen konstanten Faktor H/H, gréBer ist als im Spulenzentrum, 
dann ist das Reflexionsvermégen des magnetischen Spiegels 


(44) 


Gl. (44) bringt zum Ausdruck, daB das Reflexionsvermégen des magnetischen 
Spiegels fiir H -+ x nach | strebt, wie es anschaulich zu erwarten ist. 






































Abb. 4. Magnetische Kernbrennkammer 


Fiir die Zwecke einer magnetischen Kernbrennkammer wird es nun aber von 
Bedeutung sein, die Feldlinienanordnung so zu treffen, daB die Brennkammer zu 
einer Seite hin gut verschlossen und zur anderen Seite hin etwa in Form einer 
LavaL-Diise gedffnet ist. Beides laBt sich, wie in Abb. 4 angedeutet ist, gut er- 
reichen, in welcher eine magnetische Raketenbrennkammer schematisch angedeutet 
ist. Das zur Verbrennung bestimmte Frischgas werde auf der linken Seite der 
Kammer von auBen durch ein Gebiet sehr hoher magnetischer Feldstarke (J) 
in die Kammer eingefiihrt. Da es ungeladen angenommen werden kann, bildet 
der bei (J) gebildete magnetische Spiegel hoher Reflexionskraft fiir das ein- 
tretende Frischgas kein Hindernis. Nachdem das Frischgas in der Kammer auf- 
geheizt, geziindet und zum Abbrand gekommen ist, stroémt es durch die magne- 
tische Lavat-Diise (J7) mit hoher Geschwindigkeit aus. Fiir 7 ~ 108°K sind 
dabei fiir Helium Ausstrémgeschwindigkeiten bis zu 103 km/s zu erwarten. 

Fiir unsere Zwecke ist wesentlich, festzustellen, da8 sich durch geeignete 
Spulenanordnungen magnetische Felder konstruieren lassen, die alle gewiinschten 
Eigenschaften besitzen einschlieBlich derjenigen, beliebige Diisen zu bilden. 


5. Ziindung der thermonuklearen Verbrennung 
A. Die Bestimmung der Ziindungstemperatur 


Die Bestimmung der Ziindungstemperatur fiir thermonukleare Reaktionen 
ist zuerst von SANGER (3) angegeben worden, war aber im Ansatz fiir das Opazi- 
tatsgesetz noch nicht ganz korrekt. Die richtigen Werte dafiir finden sich in den 
Arbeiten von TELLER [12], Post (6) und LinuHartT [13]. Die Ziindungsbedingung 
fiir irgendeinen Vorgang gehorcht der Ungleichung 

E 


7 i. (45) 
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Dabei bedeutet E die Energieproduktion des zu ziindenden Materials und J seine 
Energieverluste an die Umgebung. Es wird angenommen, da bei den hohen 
Temperaturen nur die Strahlungsverluste ins Gewicht fallen. Es wurde 
bereits gezeigt, da es mdglich ist, diese Voraussetzung mit Hilfe magnetischer 
Flaschen zu erfiillen. 
Strahlt der kugelf6rmig mit dem Radius 7 angenommene KO6rper schwarz, 
so gilt fiir die aus der Oberflache austretende Strahlung 
I,=427r?%0 T4. (46) 
In Gl. (2) ist o die STEFAN-BOLTZMANNsche Konstante und T die absolute Tem- 
peratur. 
Andererseits ist die Energieproduktion einer Plasmakugel vom Radius 7 
durch Gl. (2) bestimmt. 
= v*-ao* T-*8 exp [— 6 T-**}. 
3 sf 
In Gl. (2a) und a und 34 sind die die Reaktionen charakterisierenden Kon- 
stanten, die sich in ihrer Bedeutung aus (2) ergeben. Setzt man (47) und (46) 
in (45) ein, so ergibt sich 


(47) 


~ 


I 
/,(T) ist in dieser Gleichung nur noch eine Funktion von T. 

Aus (48) entnimmt man, daB8 fiir geniigend groBe ry die Ziindungsbedingung 
immer erfiillbar ist. Fiir technisch beherrschbare Drucke und damit Dichten 
fiihrt (48) auf Radien astronomischer GroBenordnung, wie sie uns bei stationadren 
Kernverbrennungen in Sternen bekannt sind. 

Gliicklicherweise strahlen insbesondere die Wasserstoffe keinesfalls schwarz, 
so daB eine Einstellung des thermodynamischen Gleichgewichts der Photonen 
mit den iibrigen Teilchen des Plasmas nicht mdglich ist. 

Die Theorie von KRAMERS zeigt, daB fiir Plasmen mit wachsender Temperatur 
die freie Weglange der Photonen stark zunimmt und fiir technische Kernver- 
brennungsplasmen schlieBlich solche Werte annimmt, die groB gegen deren Ab- 
messungen ist. Die Folge davon ist, daB jedes Photon nach seiner Entstehung 
ohne weitere Wechselwirkung aus dem Plasma gelangt. Die Abstrahlung ist 
daher im Gegensatz zur Schwarzstrahlung proportional zum Volumen und nicht 
zur Oberflache der strahlenden Kérper. Die Photonenausstrahlung ist eine 
Elektronenbremsstrahlung, die durch Elektron — Kern und Elektron — Elektron 
frei — frei — Ubergange entsteht. 

Diese Abstrahlung gehorcht fiir eine Kugel vom Radius r theoretisch dem 
Gesetz 


=/,(T) 02+ r>1. (48) 


4 = 
== eT eee Te erg s~4]. (49) 


Aus Gl. (49) entnimmt man, daB die Wasserstoffe gegeniiber allen anderen 
Stoffen in Beziehung auf ihre kleine Abstrahlung bevorzugt sind. Setzt man (13) 
und (2 a) in (10) ein, so erhalt man 


(50) 


An Gl. (50) ist bemerkenswert, da8 sich der Radius r und die Dichte @ heraus- 
gehoben haben. Es gibt daher fiir die Art der Kernverbrennung keinen kritischen 
Radius. AuBerdem ist die Ziindungstemperatur unabhangig von der Plasma- 
dichte. Aus der Gleichung /,(7) = 1 berechnet sich die Ziindungstemperatur. 

18* 
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Diese Gleichung hat zwei Wurzeln. Die Ziindungstemperatur entspricht der 
kleineren Wurzel. 

Es ist also méglich, eine thermonukleare Reaktion zu ziinden, selbst wenn die 
erforderliche hohe Temperatur nur in einem kleinen Raumbereich erreiciit wird. 
Die Ziindungstemperatur fiir die 7 — D-Reaktion liegt bei 3- 10° °K und fiir 
D — D bei 3- 108 °K. 

Die Ausstrahlung wird von einer bestimmten Temperatur oberhalb der 
Ziindungstemperatur wieder groBer als die Energieproduktion, was sich im Auf- 

treten der zweiten Wurzel 
der Gl. (17) zeigt. 

In Abb. 5 ist dieser 
Sachverhalt schematisch 
wiedergegeben. Auf ihr 
sind die Energieproduk- 
tions- und Abstrahlungs- 
kurven in doppelloga- 
rithmischer Auftragung 
qualitativ wiedergegeben. 
Die thermonukleare Reak- 
tion ist nur in dem Be- 
reich von der Ziindungs- 
temperatur bis zur Grenz- 
temperatur 7, selbst er- 
halten. Die aufgezogene 


Linie von log/, beziehe 
sich auf den Augenblick 
é 3 Aided der Ingangsetzung der 
Kernverbrennung. Durch 
den vorschreitenden Ab- 





Abb. 5. Ziindungstemperatur, obere Grenztemperatur 
und Erléschungstemperatur einer IXernverbrennung 
(schematisch). Der fette Kurvenzug gibt den Gang brand wird die Aus- 
des stabilen Arbeitspunktes an strahlung als Funktion 
der Zeit ¢ gr6Ber, was sich 
in einem parallelen Ver- 
schieben der Geraden log /, nach oben hin auBert. Dadurch wird die Ziindungs- 
temperatur 77’ hinaufgesetzt und die Grenztemperatur 7;;’ herabgesetzt. Die 
Schnittpunkte 77’ und 7; treffen einander schlieBlich nach der Zeit t, — ty bei der 
Erléschungstemperatur 7,. Der stabile Arbeitspunkt der Kernverbrennung 
wandert von 7, tiber 7,’ bis zur Erléschungstemperatur 7,;. Indem man dem 
Plasma neuen thermonuklearen Brennstoff zufiihrt, ist es aber denkbar und wohl 
auch moglich, die Kernverbrennung tiber diese Zeit hinaus aufrechtzuerhalten. 
Die Kernverbrennung wird nach gelungener Ziindung zu einer weiteren Er- 
hdhung der Plasma-Temperatur fiihren, bis der Vorgang bei der Temperatur 7; 
sich selbst stabilisiert. Diese Selbststabilisierung ist von Vorteil, da sie eine 
auBere Regelung iiberfliissig macht. 

Sie kann aber auch von Nachteil sein, wenn beide Schnittpunkte nahe bei- 
einander liegen, wie es leider bei der D — D-Reaktion der Fall ist. Es geniigen 
dann bereits geringe zusdatzliche Energieverluste des Plasmas nach auBen, um es 
zum Erléschen zu bringen. 

Bei der 7 — D-Reaktion liegen die Verhaltnisse wesentlich giinstiger, jedoch 
stehen der Verwendung von Tritium wirtschaftliche Griinde entgegen. 

Bei der 7 — D-Reaktion ist diese obere Temperaturgrenze Tg der Kern- 
verbrennung wesentlich hoher als die Ziindungstemperatur und in dem Zwischen- 





Kernverbrennungsplasmen und magnetische Kernbrennkammern 


bereich beider Temperaturen erreicht das Ausstrahlungsverhaltnis E/7, Werte, 
die weit iiber 1 liegen. 

Bei der Verwendung von Deuterium bildet sich aber gliicklicherweise zu etwa 
gleichen Teilen Tritium und Helium. Das entstandene Tritium kompensiert 
durch seine viel gréBere Energieproduktion in der Reaktion mit Deuterium die 
Ausstrahlung des gebildeten Heliums, so daB die Schnittpunkte von £(7) und 
I,(T) zeitlich langsamer zusammenriicken, als es ohne diesen Effekt sonst der 
Fall ware. 

T'iir die selbstandige Unterhaltung einer thermonuklearen Verbrennung ist 
es weiterhin erforderlich, daB die Fusionsprodukte ihre Energie an das Plasma 
abgeben. Nach LINHART [13] folgt die Bedingung dafiir aus dem Zusammenhang 
zwischen Magnetfeldstarke und Lamorfrequenz, der in Gl. (42) angegeben ist. 

Betragt die Energie der Fusionsprodukte E£, so ist ihr Lamorradius y wegen 
t= IZM E 
J2MEc 

fen , 
Die Fusionsprodukte der D — D-Reaktion haben etwa eine Energie von | MeV. 
Daraus folgt ein Lamorradius fiir die He-Kerne zu 


i= 


0,7 - 10° 
H 


das sind bei einer Feldstarke von beispielsweise 104 G 10 cm. 

Die minimale GréBe der Kernbrennkammer R ergibt sich nun aus der For- 
derung, daB R>vy sein muB, um ein Aufschlagen der Fusionsprodukte auf die 
Wande zu verhindern. Andernfalls wiirde ihre kinetische Energie dem Plasma 
nicht zugefiihrt werden, was zur Aufrechterhaltung der Verbrennung not- 


‘cm ], 


wendig ist. 
B. Die Ziindung 


Von allen gemachten Vorschlagen, thermonukleare Reaktionen zu ziinden, 
scheint der von LINHART [13) gemachte besonders Erfolg versprechend zu sein. 

Er teilt das Ziindungsproblem in zwei Stufen ein. 

1. Vorwarmung des Plasmas durch elektrische Entladung auf mittlere Tem- 
peraturen. 

2. Adiabatische Kompression und Ziindung des Plasmas im Magnetfeld 
durch schnelles Erhéhen der Magnetfeldstarke und damit des magnetischen 
Druckes. 

Die erste Stufe vollzieht sich in der Weise, daB die Energie der elektrischen 
Entladung sich zunachst auf die Elektronen iibertragt, die durch St6Be einen 
Teil ihrer Energie an die Kerne abgeben. Der spezifische Widerstand eines 
Plasmas wird mit wachsender Temperatur kleiner nach dem Gesetz 

const ; ‘ ant 
— 22 cm (53) 
T 3/2 - - 
fiir ein Deuteriumplasma 
6,5- 104 3 : = 
C= 7a L (54) 
was fiir T = 106 °K auf einen Wert von 
o = 6,5-10-° 
fiihrt. 
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Von Kupfer betragt der spezifische Widerstand 1,7- 10-6 Bei 108 °K hat 
daher das Plasma bereits Leitfahigkeitswerte, wie sie bei Metallen vorkommen, 
so daB durch elektrische Entladungen tiber diese Temperatur hinaus nicht mehr 
viel Energie dem Plasma zugefiihrt werden kann. 

Die Kompression eines Plasmas kann ein-, zwei- und dreidimensional er- 
folgen (10]. Die Temperaturerhéhungen sind bei ein- und zweidimensionaler 
Kompression gréBer als bei der dreidimensionalen. Die Temperaturerhéhung ge- 


horcht der Forme!l: 
—1 


fee & . y 7s l <i Re {RA 
rit, =(t,/! = (P/ds) * , (55) 
wobei y = (m + 2)/mist und m die Anzahl der Freiheitsgrade. Wegen P = H?/82 
schreibt sich Gl. (55) 
yl 
9 
4 (56) 
Hy 
Im Falle einer zylindrischen Raketenbrennkammer werde das Magnetfeld 
axial erhoéht; dann gilt m = 2 und damit y = 2, damit 
T H a 
== . (Od ) 
T» Ay 
Angenommen, das Plasma werde im ersten Schritte bei einer Feldstarke von 
H, = 30 GauB auf 7, = 10° °K gebracht und im zweiten Schritt werde die 
Feldstarke auf 104 GauB, einem technisch vorstellbaren Wert gebracht, dann be- 
tragt die Temperaturerhoéhung 


T/T 


104 
—— = =3-10° 
PS ig 
und fiir Ty = 108 folgt ZT =3-108C°, was der Ziindungstemperatur von 
Deuterium entspricht. 

Die Kompression im Magnetfeld mu8 aus zwei Griinden sehr schnell erfolgen. 
Einmal steigen die Ausstrahlungsverluste mit wachsender Temperatur rasch an 
und zum anderen muB die Kompression schneller vonstatten gehen, als der Stob- 
zeit der Teilchen entspricht. Die stattfindenden St6Be gleichen die rein zwei- 
dimensionale Kompression aus, so daB dann eine dreidimensionale Kompression 
mit einem Wert von y 5/3 zu erwarten ist, wodurch der Exponent in Gl. (56) 
ungiinstiger wird. 


6. Direkterzeugung von Elektrizitat aus Kernenergie 


Die groBe Schwierigkeit, die der Anwendung so starker Magnetfelder in der 
Raketentechnik im Wege steht, liegt auf der Hand. Es ist namlich noch nicht 
die Frage beantwortet, auf welche Weise die bendtigten starken elektrischen 
Stréme hergestellt werden kénnen, mit denen die Spulen zur Erzeugung der 
Magnetfelder gespeist werden sollen. 

Zur Herstellung so starker Magnetfelder sind unter irdischen Bedingungen 
kraftwerksahnliche Vorrichtungen notwendig, die in einer Rakete nicht mitge- 
fiihrt werden k6nnen. 

Der hauptsachlichste Grund hierfiir ist nicht einmal in der GréBe solcher 
Kraftwerke zu suchen, da sich mit herkémmlichen Reaktoren, ohne den 
biologischen Strahlenschutz allerdings, sogar recht kleine wirkungsvolle Kraft- 
werke herstellen lassen. Vielmehr ist die Schwierigkeit darin zu sehen, daB 
jede Wa&armekraftmaschine iiber einen Kiihler den Teil der wertlos ge- 
wordenen Warme unter EntropievergréBerung an die Umgebung abgeben muB 
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der bei den schlechten Wirkungsgraden herkémmlicher Warmekraftwerke den 
groBten Teil ausmacht. Im Vakuum des Weltenraumes kann diese Energieabgabe 
nur iiber die Abstrahlung von Photonen geschehen, die bei einem schwarzen 
Korper nach dem STEFAN-BOLTZMANNschen Gesetz 

W = Fo T* (58) 
geschieht, wobei IV die Leistungsabgabe, F die strahlende Flache, 7 die STEFAN- 
BoLtzMANNsche Konstante und T die absolute Temperatur ist. Daraus ergibt 
sich bei vorgegebener Leistung und Temperatur des Strahlungskiihlers die 
benotigte Abstrahlungsflache. Bei einer Leistung von beispielsweise IV = 50 
Megawatt und einer Temperatur von 7 = 4: 10? °K ergibt sich eine bendtigte 
Abstrahlungsflache von 4-104 m?. 

Die auBerordentlichen Gr6Ben der bendtigten Abstrahlungsflachen erklaren 
die Schwierigkeiten, die dem Einbau konventioneller Atomkraftanlagen in Raketen 
entgegenstehen. Es ist daher anzustreben, nach Wegen zu suchen, die es ge- 
statten, ohne den Umweg iiber die Warme die Kernenergie direkt in Elektrizitat 
zu verwandeln. 

Im folgenden wird hierfiir eine Reihe von Moglichkeiten zusammengestellt. 
A. Direkte Verwandlung der Bremsstrahlung durch Photozellen und der Wdrme 

durch Thermoelemente in Elektrizitat 

Wie bereits ausgefiihrt, strahlt ein Plasma hoher Temperatur seine Energie 
in Form von Bremsstrahlung ab. Die Abstrahlung erfolgt dabei nach Gl. (49). 
Es ist nun daran zu denken, einen Teil dieser sehr intensiven Bremsstrahlung 
durch Photozellen direkt in Elektrizitat zu verwandeln. Unter Umstanden sind 
dazu bestimmte Halbleiterphotozellen besonders geeignet, bei denen man _be- 
kanntlich hinsichtlich ihres Wirkungsgrades schon erstaunlich gute Werte er- 
zielt hat. Auf diese Weise ist zu hoffen, wenigstens einen Teil der benétigten 
elektrischen Energie aus dem Plasma direkt wieder zuriickzugewinnen. 

Auch die immer noch betrachtlichen Warmemengen, die durch Absorption 
der auftretenden Strahlungen an unerwiinschter Stelle freigesetzt werden, kénnen 
wenigstens zum Teil wieder als Elektrizitat direkt zuriickgewonnen werden. 
Hierzu eignen sich bekanntlich Thermoelemente, deren Wirkungsgrad allerdings 
schlecht ist. 

B. Direkterzeugung von Elektrizitat aus Plasmen durch magnetohydrodynamische 
Kopplung des Plasmas mit dem Magnetjeld 

Wie von TELLER [12} zuerst im Fall thermonuklearer Reaktionsplasmen ge- 
zeigt wurde, besteht eine Moglichkeit, Elektrizitat durch die Kopplung des 
Plasmas mit dem Magnetfeld ohne Umweg iiber die Warme zu gewinnen. Die 
TELLERsche Idee ist von COLGATE und AAmopT [13) auf Kernspaltungsplasmen 
iibertragen und diskutiert worden. 

Zwischen Magnetfeld und Plasma besteht eine Wecliselwirkung, die in der 
Gl. (43) ihren AuBdruck findet. Jede mit duBerer Energiezufuhr bedingte 
Erhéhung des Magnetfeldes fiihrt zu einer Kompression des Plasmas. Umgekehrt 
fiihrt jede durch innere Wirkung des Plasmas verursachte Expansion zu einer 
Abgabe elektrischer Energie nach auBen, die z. B. vom Leitersystem der Feld- 
spulen abgenommen werden kann. Das Plasma wirkt hier wie die Primarwick- 
lung eines Transformators. Die vom Plasma in elektrische Energie verwandelte 


Arbeit berechnet sich nach der Gleichung 
> 


1 


l 
A= | pav = = 


O77 


Vo 
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Bei konstantem auBerem Magnetfeld betragt die Arbeit 
H2 
= —(V,—J,). (60) 
Sz 
Nimmt man an, daB |), = 100 Vo, Vy = 104cm? und A = 104 G ist, so betragt 
die geleistete Arbeit 
A ~ 10} erg. 
Nimmt man weiter an, daB sich dieser Vorgang in einem geeigneten KreisprozeB 
etwa hundertmal in der Sekunde wiederholt, was zu einem Wechselstrom von 
100 Hz fiihrt, so betragt die dabei freiwerdende elektrische Leistung 
I} ~ 100 Megawatt. 
Aus diesem numerischen Beispiel sieht man, was fiir eine groBe Bedeutung 
die Ausnutzung solcher Prozesse fiir die Raketentechnik einmal erlangen kann. 


C. Kalte Direkterzeugung von Elektrizitat in einem Kernspaltungsreaktor 

Es soll jetzt ein anderer Weg gezeigt werden, der es erméglicht, ohne Umweg 
iiber die Warme Kernenergie direkt in Elektrizitat zu verwandeln. 

Der WarmeerzeugungsprozeB in einem Kernspaltungsreaktor herk6mmlicher 
Bauweise geschieht in mehreren Schritten. Zuerst findet durch Einfang eines 
Neutrons in einem spaltbaren Kern eine Kernspaltung statt. Der Kern wird dabei 
in zwei etwa gleich groBe Stiicke zerlegt, die mit einer Anfangsgeschwindigkeit 
von 10% cm/s auseinanderfliegen. Die kinetische Energie dieser Spaltstiicke be- 
tragt bei dieser Geschwindigkeit rund 90 MeV. 

Die Reichweite der Spaltprodukte in metallischen Schichten ist gemessen 
worden und betragt etwa 10-3 cm. Auf dieser Wegstrecke geben die Spalt- 
produkte ihre ganze kinetische Energie an die umliegenden Atome ab.  An- 
schaulich ]4Bt sich dieser Vorgang so auffassen, daB die Spaltprodukte eine hohe 
Temperatur in der engeren Umgebung ihres Bremsweges erzeugen. Durch Warme- 

leitung an die weitere Umgebung nimmt die- 

:. se lokale Temperaturspitze schnell ab. SchlieB- 

~ lich findet der Vorgang sein Endstadium in 

e einer Erwarmung des ganzen Reaktors. Die 

Warme wird dann in der tiblichen Weise 
durch ein Kiihlmittel abgefiihrt. 

Ein Spaltprodukt ist bei einer Energie 
von 90 MeV im Mittel 20fach ionisiert. Zur 
Beschleunigung eines solchen Spaltprodukts 
auf diese Energie miiBte es eine Spannung 
= von 90/20 = 4,5 Millionen Volt durchlauten. 

"s ee a Dab diese Spaltprodukte auch umge- 

: kehrt in der Lage sind, eine Spannung von 
Abb. 6. Zur Direkterzeugung von 45 Millionen Volt aufzubauen, ist der 
Elektrizitat aus der Kernspaltung ‘ Be : . 
Grundgedanke fiir die Direkterzeugung von 
Elektrizitat aus Kernspaltungsreaktionen. 

Abb. 6 ist ein Beispiel einer Anordnung, die dies leistet. A ist eine Platte 
aus spaltbarem Material, z. B. Plutonium. B ist eine Auffangplatte aus irgend 
einem Metall oder anderem Leiter. Zwischen den Platten A und B herrscht Hoch- 
vakuum. In der Platte 4 soll eine Kernspaltung stattfinden. Die Pfeile a und a’ 
deuten die Flugbahn der Spaltprodukte an. Bei der Spaltung werden etwa die 
Halfte der Hiillen-Elektronen des spaltbaren Atoms durch die momentane Be- 
schleunigung der Spaltprodukte auf 10° cm/s abgestreift. Die abgestreiften 
Elektronen verbleiben in der Platte A und laden diese negativ auf. Das positiv 





























Kernverbrennungsplasmen und magnetische Kernbrennkammern 259 


geladene Spaltprodukt a trifft auf die Platte B und ladt diese positiv auf. Der 
geschilderte Vorgang wiederholt sich mit weiteren Spaltprodukten. 

Jedes weitere Spaltprodukt hat dabei das Feld der durch Spaltprodukte 
bereits erfolgten Aufladung der Platte B zu iiberwinden. SchlieBlich wird die 
zwischen A und B herrschende Spannung so grofB sein, daB die weiteren 
Spaltprodukte die Platte B gerade noch erreichen kénnen. Zwischen A und B 
herrscht dann eine Spannung von 4,5 Millionen Volt unter der Annahme, daB die 
Mehrzahl der Spaltprodukte beim Austritt aus der Platte A eine Energie von 
90 MeV haben und 20fach ionisiert sind. Beides ist streng genommen nicht erfiillt. 

Weiters ware zu wiinschen, daB alle Spaltprodukte aus der Platte senkrecht 
austreten. Leider ist dies aber keineswegs der Fall und setzt daher in erster 
Linie den Wirkungsgrad der Anordnung in Beziehung auf die Direkterzeugung von 
Elektrizitat herab, was sich in sehr unangenehmer Weise in einer Erwarmung 
der Platten auBert. Die Spaltung ist im Gegensatz zu dem geauBerten Wunsch 
isotrop, so daB alle Richtungen gleich wahrscheinlich sind. 

Wird die Spannung an den Platten beispielsweise auf 4,5 Millionen Volt 
festgehalten, so schlagen alle nicht senkrecht austretenden Spaltprodukte in 
parabelformigen Bahnen auf die Platte 4 zuriick. Dadurch wird A erwarmt. 
Man wird daher die zwischen A und B herrschende Spannung herabsetzen, um 
einer gr6Beren Anzahl von Spaltprodukten zu erlauben, auf der Platte B zu landen. 
Das fiihrt dazu, daB auch die Platte B erwarmt wird. Bei einer bestimmten unter- 
halb von 4,5 Millionen Volt legenden Spannung erreicht der Wirkungsgrad, 
wie hier nicht naher erlautert werden soll, einen maximalen Wert. Zur Hinauf- 
setzung dieses Wirkungsgrades ist daran zu denken, zusdtzliche Gitter einzu- 
bauen, um die Spaltprodukte in andere Bahnen zu lenken, die ein bevorzugt 
senkrechtes Auftreffen der Teilchen auf die Platte B gewahrleisten. Giinstiger 
als Platten wiirden sich Zylinder stellen, an deren Achse diinne Spaltstoffdrahte 
ausgespannt sind. Am giinstigsten wiirden sich winzige Spaltstoffkugeln im 
Zentrum von konzentrischen Kugelschalen stellen. Eine solche Anordnung darf 
aber als technisch undurchfiihrbar angesehen werden, so da wir ihr kein weiteres 
Augenmerk schenken brauchen. 

Da die Spaltprodukte in Metallen eine Reichweite von etwa 10-3 cm haben, 
ist dafiir zu sorgen, daB die Platte 4 geniigend diinn ist. Anderenfalls wiirden 
nur die an der Oberflache stattfindenden Kernspaltungen zum Aufbau des 
Spannungsgefalles beitragen. 

Eine Dicke der Platte A von 10-4 cm diirfte geniigen, um praktisch alle 
Spaltprodukte zum Austritt zu bringen. 

Der Energieverlust der Spaltprodukte in Materie erfolgt nach einer sogenannten 
Bracc-Kurve. Auf dem ersten Teil des Abbremsweges finden wegen der hohen 
Geschwindigkeit der Spaltstiicke praktisch keine Ionisationen im Bremsmittel 
und damit Energieverluste an die Umgebung statt. Wenn die Platte 4 diinn 
genug ist, werden auch Spaltstiicke, welche die ganze Platte durchsetzen, noch 
nicht zu groBe Energieverluste erlitten haben. 

Ein weiteres wesentliches Merkmal dieser Vorrichtung besteht darin, daB eine 
geniigend grofe, sich periodisch wiederholende Anordnung von Platten A und B 
einen iiberkritischen Kernreaktor ergibt. Der Kernreaktor kann dabei als 
schneller, thermischer oder intermediadrer Reaktor arbeiten. 

Eine solche tiberkritische Anordnung ist in Abb. 7 veranschaulicht. Die 
Platten aus Spaltmaterial werden an eine Sammelschiene angeschlossen, ebenso 
die Auffangplatten. Zwischen beiden Sammelschienen wird dann durch eine ge- 
steuerte Kettenreaktion eine Spannung von z. B. 3 Millionen Volt aufrechter- 
halten. 
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Die Steuerung des Reaktors kann dabei tiber Strom und Spannung als 
MeBwertgeber erfolgen. Der NeutronenfluB ist der Stromstarke proportional. Be- 
tragt der Abstand zwischen den Spaltstoffplatten 4 cm und ist d die Dicke der 
Platten in cm, so berechnet sich fiir einen schnellen Plutoniumreaktor einer 
beispielsweise kugelf6rmigen Anordnung des ganzen Reaktors der kritische 
Radius nach der Diffusionstheorie zu 


R=8,8: > (cm). (61) 
¢ 


Dieser Wert gibt aber auch die GréBenordnungen von anderen geometrischen 
Anordnungen wie Zylinder und Kubus richtig wieder. Bei einem Abstand von 
x = 1cm und einer Plattendicke von d = 10-4 cm erhalt man einen kritischen 
Radius von 10° cm. Dieser kritische Radius kann aber durch einen Neutronen- 
reflektor ganz erheblich gesenkt werden. 
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Abb. 7. Zur Direkterzeugung von Elektrizitat aus einem Abb. 8. Zur Anordnung von 
iiberkritischen Kernreaktor Moderator und Spaltstoff 


Bei einem groBen Reaktor und einem groBen Reflektor ist die Reflektorsaving 
durch Gl. (5) gegeben. Die Berechnung in Frage kommender Reflektoren zeigt, 
daB der kritische Radius des geschilderten Reaktors auf technisch beherrschbare 
GroBenverhaltnisse herabgedriickt werden kann. 

Giinstiger in Beziehung auf den kritischen Radius stellt sich ein thermischer 
Reaktor. Zu diesem Zweck werden nach dem Beispiel der Abb. 8 die 
Platten B oder auch A oder beide von Rohren R durchsetzt, bzw. sind 
jeweils mit Rohren verbunden. Die R6éhren werden mit einer Moderator- 
fliissigkeit, z. B. H,O, .angefiillt, oder durchflossen. Aber auch die Anwendung 
von Graphit oder Beryllium als Moderator ist modglich. Im _ letzteren Fall 
ist daran zu denken, die Platten B ganz oder zum Teil aus diesen Stoffen her- 
zustellen. Schon eine geringe Menge von Moderator kann die Verhaltnisse grund- 
legend andern. Die Neutronenenergien liegen dann im intermedidren Bereich. 
Da mit einer Erwarmung des ganzen Reaktors zu rechnen ist, kann durch Um- 
pumpen der Moderatorfliissigkeit diese Warme durch die Roéhren abgefiihrt 
werden. Haben wir z. B. reines Plutonium und leichtes Wasser im Volumen- 
verhaltnis 1 : 10 des ganzen Reaktors, so betragt der kritische Radius ohne 
Reflektor etwa 2 m. Die hohe zwischen den Platten dA und B herrschende 
Spannung hat zur Folge, daB sich zwischen A und B eine Gasentladung aus- 
bilden wird. Zur Herabsetzung dieser Gasentladung mu8 der zwischen A und B 
liegende Raum etwa auf ein méglichst hohes Vakuum gebracht werden. Bei 
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einem héchsten Vakuum kann dann zwischen 4 und B nur noch eine Entladung 
durch Feldemission stattfinden. | 

In Abb. 9 ist der Feldemissionsstrom als Funktion der Feldstarke aufge- 
tragen. Man entnimmt aus dieser Abbildung, daB selbst bei einem Abstand von 








Abb. 9. Feldemissionsstrome 


2 mm zwischen A und B und damit einer Feldstarke zwischen A und B von 
22 Millionen Volt/cm noch kein nennenswerter Strom auftreten kann. An Kanten 
und Spitzen hingegen sind erheblich gréBere Feldstarken zu erwarten, die zu Ent- 
ladungen AnlaB geben kénnen. AuBerdem werden durch geringe Gasreste Ka- 
thodenstrahlentladungen von A nach B ausgelést. Diese Entladungen lassen 
sich durch Auftragung diinnster Nichtleiterschichten herabdriicken. Auch an die 
Moglichkeit, zwischen die Platten A und B eine solche nicht-leitende Schicht zu 
bringen, ware zu denken. In Abb. 10 
wird die Wirkungsweise eines sol- 
chen Isolators erlautert. Auf der 
nach B zugekehrten Seite des Isola- 
tors J werden alle Oberflachenelek- 
tronen so lange abgesaugt, bis sich 
ein Gleichgewicht eingestellt hat. 
Die B zugewandte Oberflache ladt 
sich dabei positiv auf. Auf der 4 
zugekehrten Seite passiert das Um- 
gekehrte. Eine starke negative Auf- 
ladung wird eintreten. Diese starke 
negative Ladungsschicht wird dann 
dem Austritt von Ladungstragern 
aus A entgegenwirken, womit det 
gewiinschte Zweck erreicht ist. 

Es ist darauf zu achten, die Isolationsschicht méglichst diinn zu halten, um 
eine zu starke Abbremsung der Spaltstiicke im Isolator zu verhindern. 
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Zur Direkterzeugung von Elektrizitat 
aus der Kernspaltung 


7. Kombination der verschiedenen Anordnungen 


Fiir die praktische Anwendung in Raketen wird es von groBer Bedeutung sein, 
die verschiedenen hier skizzierten Verfahren zu kombinieren. Vor allem ist man 
genotigt, die groBen Magnetfelder wenigstens anfanglich zur Ziindung aufzu- 
bauen. Fiir diesen anfanglichen Strom wird man den die Elektrizitat direkt- 
erzeugenden Spaltstoffreaktor mit Erfolg beniitzen kénnen. Man kann aber 
auch direkt mit diesem Spaltstoffreaktor einen Ionenstrahl beschleunigen. 
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Weiter besteht die Méglichkeit, diesen Reaktor fiir das Magnetfeld eines Spalt- 
stoffplasmareaktors, der Teilchen abstrahlt, zu verwenden. Dann kann dieser 
Spaltstoffplasmareaktor Strom liefern, der einen Ionenstrahl unterhalt. Die 
gleichen Méglichkeiten stehen fiir den Fusionsreaktor offen mit dem Nachteil 
allerdings, daB sehr starke Magnetfelder und damit ein hoher Stromverbrauch 
erforderlich sind. SchlieBlich kann zwischen direkterzeugenden Spaltstoff- 
reaktor und Fusionsreaktor ein Spaltstoffplasmareaktor geschaltet werden, der 
den Strom fiir die Magnete des Fusionsreaktors liefert. 

Die drei zuletzt genannten Falle sind insofern von Bedeutung, als man den 
Spaltstoffplasmareaktor schon mit geringen Feldstarken betreiben kann, wenn 
man seine Temperatur relativ niedrig halt und auf die Abstrahlung seines Plasmas 
verzichtet. 

Es ist aber auch daran zu denken, den Spaltstoffplasmareaktor primar als 
Stromquelle zu verwenden. Wird der Spaltungsplasmareaktor bei relativ niederen 
Temperaturen von einigen 10% °K_ be- 
trieben, so ist es méglich, das Plasma in 
einen festen Behalter einzuschlieBen. 

Wirkt in diesem Behalter das Feld 
eines Elektromagneten, so findet eine 
Kompression des Plasmas und damit Er- 
héhung der Reaktionsrate statt. Diese 
Erhéhung der Reaktionsrate im Plasma 
fiihrt zu einer starkeren Erwarmung 
und Ausdehnung und damit Arbeit gegen 
das Magnetfeld, so daB der Magnetspule 
elektrische Energie entnommen werden 
kann. Nach einiger Zeit wird eine weitere 
Ausdehnung des Plasmas aufhoéren, da 
ja die mit der Ausdehnung verbun- 
dene Abnahme der Reaktivitat zu einer 
Abnahme der Energieproduktion fiihrt. 
Abb. 11. Schaltungen von Plasma und Wird nun die der Magnetspule entnom- 

Schwingungskreis mene elektrische Energie zur Aufladung 

eines Kondensators verwendet, so kann 

’ nach Beendigung der Ausdehnung der 

Kondensator seine Energie wieder dem Magnetfeld zuriickgeben, das dann 

seinerseits wieder eine Kompression des Plasmas bewirkt, so daB das Spiel von 

neueim beginnen kann. In dieser Anordnung bildet der Kondensator mit der 

Magnetspule einen gedampften Schwingungskreis, der durch die Kopplung mit 

dem Plasma erregt und zeitlich im stationaren Betrieb auf eine feste Frequenz 
nach Beendigung des Einschwingungsvorganges sich einspielt. 

Zur Ingangsetzung des Einschwingvorganges diirfte die schwache in den 
Spulen eigens vorhandene magnetische Remanenz geniigen, so dai die Anordnung 
selbst-erregend ist. Zur Entnahme von elektrischer Energie aus diesem Schwin- 
gungskreis ist erstens daran zu denken, die Energie in einem Arbeitswiderstand 
im Primarkreis zu verbrauchen oder aber iiber eine induktive Transformator- 
kopplung zu jeder gewiinschten Spannung zu gelangen und da Energie in einen 
sekundar geschalteten Arbeitskreis zu schalten. Solche Arbeitswiderstande sind 
z. B. Lichtbogen, Magnete von Fusionsreaktoren und Ionenquellen. 


In Abb. 11 ist die Schaltung von Plasma und Schwingungskreis fiir beide 
Moglichkeiten schematisch aufgezeichnet. 
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Abstract — Zusammentassung — Résumé 


General Variational Theory of the Flight Paths of Rocket-Powered Aircraft, Mis- 
siles and Satellite Carriers. General equations are presented for analyzing the op- 
timum flight paths of rocket-powered aircraft, missiles and satellites. The Earth 
is assumed spherical; the variability of the acceleration of gravity with the 
altitude is accounted for. 

The variational question is investigated within the general frame of the problems 
of MayeER type, ie., as the problem of minimizing the difference IG between the 
final and initial values of an arbitrarily specified function G (.X, 4, I’, 6, m, t) of range, 
altitude, velocity, path inclination, mass and time. 

A characteristic of the general problem is that it embodies three degrees of freedom. 
They are, respectively, associated with the simultaneous optimization of the time 
history of lift, thrust modulus and thrust direction. Special problems involving either 
one or two degrees of freedom are investigated by the introduction of additional 
constraining equations. 

Excluding a few exceptional cases, the totality of extremal arcs is generally 
composed of zero-thrust sub-arcs, sub-arcs flown with maximum engine output, and 
variable-thrust sub-ares. ‘Thus, discontinuous solutions are found and discussed in 
the light of the ERDMANN-WEIERSTRASS corner conditions. The results presented 
here generalize, in a single unified theory, large segments of previous treatments 
developed by the author and other researchers. 

For the case of a flat Earth, particular attention is devoted to some special 
classes of trajectories, such as: vertical paths associated with problems where 
G G (h, I’, m, t); level paths associated with functional forms of the type G= 
G (X, |’, m, t): arbitrarily inclined rectilinear paths associated with problems where 
G G (X,h, V, m); curvilinear trajectories flown with negligible induced drag; 
non-lifting paths imbedded in an isothermal medium; and vacuum flight trajec- 
tories. 

For several of the above particular cases, closed form expressions are derived 
for the distribution of LAGRANGE multipliers and the optimizing condition. Some 


1 This research was supported by the United States Air Force, through the Air 
Force Oifice of Scientific Research of the Air Research and Development Command, 
under Contract No. AF 18(603)—69 and is a condensed version of the investigation 
described in 15). — Presented at the IXth International Astronautical Congress at 
Amsterdam, Netherlands, August 25—30, 1958. 

* Professor of Aeronautical Engineering, Purdue University, Lafayette, Indiana, 
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first integrals are determined for the equations of motion and the set of EULER equa- 
tions. Furthermore, a complete formulation of the boundary conditions is supplied 
by means of the general transversality condition; its application is shown to typical 
flight paths of Earth satellites and intercontinental missiles. 


Allgemeine Variationstheorie der Flugwege von mit Raketenantrieb bewegten Flug- 
zeugen, Flugkérpern und Satellitentriigern. Es werden allgemeine Gleichungen fiir die 
Auswertung der optimalen Flugbahnen von raketenangetriebenen Flugzeugen, Flug- 
k6rpern und Satelliten angegeben. Die Erde wird kugelf6rmig angenommen; die 
Veranderlichkeit der Schwerebeschleunigung mit der Hohe wird beriticksichtigt. 

Das Variationsproblem wird untersucht im Rahmen der Probleme vom MayeEr- 
Typ, das ist der Aufsuchung der Mindestdifferenz AG zwischen Anfangs- und Endwert 
einer willkirlich bestimmten Funktion G (X,h, V’, 0, m,t) von Reichweite, Hohe, 
Geschwindigkeit, Bahnneigung, Masse und Zeit. 

Das allgemeine Problem umfaBt drei Freiheitsgrade. Diese sind beziehungsweise 
verkniipft mit der gleichzeitigen Optimalisierung des zeitlichen Ablaufs der Auftriebs- 
kraft, des Schubmoduls und der Schubrichtung. Spezielle Probleme, die nur einen 
oder zwei Freiheitsgrade betreffen, werden mittels Einfiihrung von zusatzlichen Be- 
schrankungsgleichungen behandelt. 

Mit Ausnahme einiger Sonderfalle besteht die Mannigfaltigkeit aller extremen 
Bahnstreckenteile aus Bogen, die entweder ohne Schub oder mit Maximalschub oder 
mit veranderlichem Schub durchflogen werden. So werden unterbrochene Lésungen 
gefunden, die im Lichte der ERDMANN-WEIERSTRASSSChen Eckbedingungen be- 
sprochen werden. Die Resultate, wie sie hier dargestellt werden, vereinigen in einer 
einheitlichen Theorie eine Reihe von friiheren Arbeiten des Verfassers und anderer 
Forscher. 

Besondere Aufmerksamkeit wird unter der Annahme einer flachen Erde auf 
einige bestimmte Klassen von Flugbahnen gelenkt, wie z. B. vertikale, wo G = 
G (h, V,m, t); waagrechte, wo G =G(X, V,m,1t); beliebig geneigte geradlinige, wo 
G =G(X,h,V,m); gekrimmte Flugbahnen mit vernachlassigbarem, induziertem 
Widerstand; auftriebslose in isothermer Umgebung; und schlieBlich Flugbahnen 
im luftleeren Raum. 

Fir einige dieser speziellen Falle werden geschlossene Ausdriicke fiir die Ver- 
teilung der LAGRANGEschen Faktoren und die Optimalisierungsbedingung abgeleitet. 
Einige erste Integrale werden fiir die Bewegungsgleichungen und die Gruppe von 
EvuLeR-Gleichungen bestimmt. Ferner wird eine vollstandige Formulierung der Grenz- 
bedingungen mittels der allgemeinen Transversalitatsbedingung angegeben und ihre 
Anwendung auf typische Anflugbahnen von Erdsatelliten und Fernraketen gezeigt. 


Une théorie variationnelle générale pour les trajectoires d’avions propulsés par 
fusée, de missiles et de satellites. Des équations générales sont présentées, pour 
analyser les trajectoires de vol optimum d’avions propulsés par fusée, de missiles 
et de satellites. On suppose que la Terre est sphérique; on tient compte de la 
variation de l’accélération de la pesanteur avec l’altitude. 

Le probleme aux variations est étudié dans le cadre général des problemes du 
type de MAYER, c. a. d., comme le probleme de minimiser la différence 4G entre la 
valeur finale et initiale d’une fonction G (X,h, V, 6, m, t) arbitrairement définie du 
rayon d'action, de l’altitude, de la vitesse, de l’inclinaison de la trajectoire, de la masse 
et du temps. 

Le probléme général est caractérisé par le fait qu’il comprend trois degrés de 
liberté, qui sont associés respectivement, avec l’optimisation simultanée de la varia- 
tion avec le temps de la portance, du module de la poussée, et de la direction de la 
poussée. Les cas particuliers comprenant un ou deux degrés de liberté sont étudiés 
en introduisant des équations supplémentaires de liaison. 

A part quelques cas exceptionnels, la totalité des arcs extremaux est généralement 
composée d’arcs partiels parcourus avec une poussée nulle, avec une poussée maximum, 
et avec une poussée variable. Ainsi, des solutions discontinues sont obtenues et sont 
discutées a l’aide des conditions de ERDMANN-WEIERSTRASS. Les résultats présentés 
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ici généralisent, en une seule théorie, nombre d’études précédentes dues a l’auteur 
et a d’autres auteurs. 

Quelques classes particulieres de trajectoires ont été tout spécialement étudiées, 
dans l’hypothése d’une Terre plate, ce sont: les trajectoires verticales associées 
avec les problemes ot G =G (A, l,m, ?t); les trajectoires a altitude constante 
associées avec les fonctions de la torme G=G(X,1/',m,1t); les trajectoires 
rectilignes arbitrairement inclinées associées avec les problemes ot G =G(X,h, V,m); 
les trajectoires curvilignes parcourues avec une trainée induite négligeable; les 
trajectoires a portance nulle dans un milieu isotherme; les trajectoires parcourues 
dans le vide. 

Pour quelques uns des cas particuliers cités ci-dessus, des expressions analytiques 
sont obtenues pour la distribution des multiplicateurs de LAGRANGE et pour la condi- 
tion d’optimisation. Quelques intégrales premieres des équations du mouvement 
et des équations d’EULER sont obtenues. De plus, une expression compléte des 
conditions aux limites est donnée grace a la condition générale de transversalité; 
son application a des trajectoires typiques de satellites et d’engins intercontinentaux 
est indiquée. 


Foreword 

This article is an attempt to introduce a broad, unified theory of the flight 
programming for rocket-powered vehicles. Considerations of size have inclined 
the writer to present only statements of a general engineering nature, with regard 
to the necessary conditions for the extremum. Detailed topics such as discontin- 
uities arising from staging or methods of solution of special types of boundary 
value problems have been excluded. For these problems, the interested reader is 
referred to the continuously growing specialized literature on the subject. 


I. Introduction 

When a missile is flying in a vertical plane, several possibilities exist for 
modifying its trajectory: to control the elevator’s position; to control the thrust 
magnitude; to control the thrust direction. It is in this sense that a missile in 
symmetrical flight can be thought of as a machine having three degrees of 
freedom: they are, respectively, associated with the time history of the lift and 
of the thrust vector. 

Thus, for a given set of end-conditions, infinite trajectories exist which are 
mathematically and physically possible. Among them it is of engineering interest 
to seek those special paths which meet some optimum requirement. 

Generally speaking, the problem of the best operational performance in a 
vertical plane can be stated as the problem of saturating the previously mentioned 
three degrees of freedom in such a way that the difference AG = G; — G; between 
the final and the initial value of an arbitrarily specified function G of the 
generalized coordinates of the missile is a minimum. In practical cases the 
G-function can be, for instance, the range, the altitude, the flight velocity, the 
energy-height, the mass, the time, the dynamic pressure or the skin temperature. 

Particular aspects of the above general problem can be originated by freezing 
one or two degrees of freedom and studying the optimization of the remaining 
one(s). In this connection, the interested reader can find much useful information 
in the enclosed list of References. 

Description of the Present Research 

Under the sponsorship of the Office of Scientific Research of the United States 
Air Force, an investigation of a wide class of variational problems of interest in 
the Mechanics of Flight of rockets has been undertaken. Detailed aspects of the 
theory of the optimum burning program have been considered in the papers of 
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[1] to [4] and [17], which deal with rectilinear trajectories either horizontal or 
vertical or arbitrarily inclined. One degree of freedom characterized the problems 
investigated in [l| to [4], namely the degree of freedom associated with the 
time history of the modulus of the thrust. 

With the present paper all the restrictions introduced in [1] to [4] and [17] 
are removed. The paths considered are of a general, curvilinear nature; the 
Earth is spherical; the acceleration of gravity is variable. Furthermore, and more 
important, three degrees of freedom characterize the broad aspects of the present 
investigation. The latter is concerned with the simultaneous determination of the 
time history of modulus of the thrust, direction of the thrust and angle of attack. 
General equations are presented covering a wide group of variational problems of 
the Mechanics of Flight. These equations contain, as a particular case, not only 
previous work developed by the author and his associates [1) to [4) and [17] 
but also a large segment of the contributions due to several other researchers 
(see list of References). 


II. Fundamental Equations 


The trajectories considered in the present report are entirely contained in a 
plane passing through the center of the Earth. The latter is assumed to be 
spherical. The vector acceleration of gravity is regarded as radially directed; 
its modulus (g) is related to the altitude by the following relationship: 


(1) 


where the sub-index 0 denotes quantity evaluated at sea-level, 9) radius of the 
Earth, A altitude above sea-level and 9 = 0, + / distance between aircraft and 


center of the Earth. 
The airplane is conceived as a particle, on which aerodynamic forces of 


symmetric type are acting, i.e., lift (L) and drag (D). These forces are calculated 
as in unaccelerated flight, i.e., by neglecting the so-called aerodynamic lag. Thus, 
the relationship between lift (ZL) and drag (D) is assumed to have the general form: 

D = Di(h, V,L) (2) 


where V is the flight velocity, relative to the Earth. 

The power plant considered here is an ideal rocket engine, such that its 
equivalent exit velocity (V.) is a constant. The modulus of the thrust is V, £, 
where £ is the mass flow. The latter is variable, though bounded between a lower 
value (6 = 0) and an upper value (8 = Bmax) 


0< BS Bmax. (3) 


1. Parametric Representation of the Engine Characteristics 


In order to handle the inequality (3) the idea of parametric representation 
of the engine characteristics is introduced [1] to [3]. The mass flow (4) is 
represented as a function of a parameter (x) having the following properties: 


(a) for — ~olela, f= 0, dB/dx = 0 
(b) for % Lal+ oo, B = Bmax, dB/dx = 0 


(c) for ty <a < My, aB/da # 0. 


With the above scheme, « is considered the independent parameter of the 
rocket engine and is allowed to vary between — oo and + oo. The mass flow £ 
19 
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becomes a dependent quantity, varying between 0 and Bmax according to the 
scheme of Fig. 1. In turn, the thrust V, # is limited between 0 and V, Bmax. 








> 


a 





Notice that the condition df/dx = 0 represents either a coasting flight or a 
flight with maximum engine output. On the other hand, df/dx ~ 0 represents 
any other operating condition of the engine intermediate between the two limiting 
ones. Notice also that « is only a parameter and that there is no necessity of 
attributing to it any special physical meaning. 


2. Kinematical Relationships 


The following relations tie distance flown (X), altitude (h), time (¢), velocity 
modulus (V) and path inclination (6): 


j 


Qo + 
»=h—Vsino=0. 
The dot sign denotes time derivative and the X-variable curvilinear coordinate 
measured (Fig. 2) along the circle of radius 9) and positive westward with respect 
to an observer located at the North Pole; in turn, 6 is the angle which the velocity 
vector forms with the plane tangent to the spherical surface of radius 9) + A 
passing through the aircraft. 


J,=X- £0 V cos =0 (4) 


3. Dynamical Equations 


The dynamical behaviour of the aircraft on the two directions tangent (t) 
and on the normal (7) to the flight path (Fig. 2) is represented by the below 
indicated equations: 

ep @ | Pe one |. 

T=V + b6(— a? a =@ (6) 
. Vcosé r L+V, i 
J,=0- dinceseche ; : S at Te) SMe | oe cos pe = 0 


2 +h" 
(7) 


where « is the so-called engine parameter, defined in Section II, 1, w the angle 
between thrust vector and velocity vector (Fig. 2), m the instantaneous mass 
of the vehicle, wg the modulus of the angular velocity associated with the motion 
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of the Earth around its polar axis and wg the smaller of the two angles which the 
polar axis forms with the perpendicular to the plane of the motion. The last 
term on the right of Eq. (7) is due to the CorIo.is acceleration. Furthermore, 
the relationship between mass, time and engine mass flow is indicated as: 


=m + Bla) = 0. (8) 








Fig. 2. Illustration of the coordinate system used in the present paper 


4. Problem with Three Degrees of Freedom 


Eqs. (4) to (8) form a set of five differential relationships, where the independent 
variable is one (t) and the dependent variables are eight (X, 4, V, 0, m, L, «, ). 

It follows that the general problem of the optimum trajectory in a vertical 
plane embodies three degrees of freedom. They are, respectively, associated with 
the time programming of: lift distribution L(t); engine mass flow #[a(t)} and 
thrust direction w(t) 


5. Problems with Two Degrees of Freedom or One Degree of 
Freedom 
In addition to studying trajectories of a general nature, it is of engineering 
interest to understand the behaviour of the rocket along special types of flight 


paths. 
Thus, in the present report, the possible presence of either one or two constrain- 


ing equations of the form!?: 
Jg=P(X,h, V,0,m, L, B(a), o, t) 
Je=¥(X,h, V, 6, m, L, B(x), a, t) 


is accounted for. 
1 Within the context of the present analysis Eqs. (4) to (8) are called fundamental 
constraints; while Eqs. (9) and (10) are termed additional constraints. 
19* 
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Ill. Variational Formulation 


The set of Eqs. (4) to (10) is now considered. The independent variable is 
the time (¢). The dependent variables are the range (A), the altitude (h), the 
flight velocity (V), the path inclination (4), the mass (m), the lift (LZ), the engine 
parameter (ax) and the thrust direction (w). For ® and ¥ not identically zero, 
one degree of freedom is left! and an optimum requirement can be, therefore, 
imposed. In this connection, the variational problem (of MAYER type) is stated 
as follows: “Among all sets of functions \(¢), A(t), V(t), O(t), m(t), L(t), a(t) and 
w(t) satisfving Eqs. (4) to (10) and certain prescribed end-conditions, to determine 
the special set which minimizes the difference? AG = G; — G;, whereG = G (X, h, 
V, 6, m, t).” 

Particular cases of the above general problem are, for instance: 

(a) the case G= — X, maximizing the range?®; 

(b) the case G = — m, minimizing the propellant consumption; 

(c) the case G =f, minimizing the time of flight. 

The end-conditions are concerned with the initial and final values for X,h, V, 
4, m,t. Notice that some, but not all, of these coordinates can be assigned. Notice 
also that the end-values for the non-derivated variables 2, 6 and w cannot be 
prescribed. In fact, they are a mathematical consequence of the set of constrain- 
ing equations and EULER equations, as shown in the following sections. 


1. Euler Equations 


A set of variable LAGRANGE multipliers A,(¢)...A,(¢) is introduced and the 
following expression, termed fundamental function, formed: 
7 
F= > ade (11) 
k=1 
where J,...jJ, denote, respectively, the first members of Eqs. (4) to (10). Since 
the unknown functions are eight in number, one must write eight EULER equations. 
They are written as: 


(12) 
where z,= X, => h, = V, ze, =0, 4, =m, 3 = L, =a, and y= w. 


From the above equations, the following explicit form of the EULER equations 
is obtained: 


(13) 


— 9 50 Qo” oe oe ihe 
V oo t+h| -* ah © 7 ah 


1 The problem with two degrees of freedom is generated when etther ® or W is 
identically zero; analogously the problem with three degrees of freedom is obtained 
when both ® and YW are identically zero. 

2 The sub-index 7 denotes initial point; the sub-index / refers to final point. 

3 Clearly, the problem of maximizing X; — X; is identical with the problem of 
minimizing — (X; — Xj). 
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— A, — cosw — -sinw +A,;+4,— +4, 
roe | As ~~ cos 4 pn + As + Ap 3B A, 3B 

VB V aD oY’ 

0 = A, ——sinw — A, —— cosw+A,— +A,—.- 20 
oT —— 5 ow ” dw 2) 
An important mathematica! consequence of the set of Eqs. (13) to (20) is that: 
°F ET ae a ee sa 


(19) 


(21) 


Generally speaking, the set of EULER equations (13) to (20) and constraining 
Eqs. (4) to (10) must be dealt with by approximate procedures of integration. 
The main difficulty stems from the circumstance that the variational problems 
of the Mechanics of Flight are boundary value problems, i.e., problems with condi- 
tions prescribed in part at the initial point and in part at the final point. Thus, 
the use of trial-and-error techniques is, in the general case, an unavoidable 


necessity. 


2. Discontinuity of the Eulerian Solution 
As the EULER equation (19) shows, the extremal arc is discontinuous. In fact 
it generally embodies?: 
(a) sub-arcs of equation 
ap. , 
—_ = 0, (22 
ra (22) 
(b) sub-arcs of equation 
V a a aw ; 
— a cos w + TT sin o| + As + Ag Bp +A, 777 == Q, (23) 
According to the parametric representation illustrated in Section II, I, 
Eq. (22) represents either a coasting flight or a flight with maximum engine 
output. Eq. (23), on the other hand, is representative of a flight condition with 
a continuously variable mass flow, as shown in the following sections of this 


article. 


1 An important exception is represented by the case where one of the two additional 
constraints prescribes that the mass flow is either a constant or a known function 
of the time. In such a case the aforementioned discontinuity disappears. 
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3. Erdmann-Weierstrass Corner Conditions 
In view of the discontinuous character of the solution, the ERDMANN-WEIER- 
STRASS corner conditions must be applied. These are continuity conditions to be 
satisfied at everv corner of the discontinuous extremal solution. In analogy with 
(1] to 4, the analysis of the corner conditions yields the following results: 


ak. = (An) 4. (k Ls) (24) 


AX +h +AZV+AGO+ Asm) = (A,X +AHA+AV + 4,6 +45 m)4 (25) 


where the subscript (—) denotes a condition immediately before a corner and the 
subscript (+) a condition immediately after a corner. 
4. Boundary Conditions 
For the problem under consideration the boundary conditions include a 
number of fixed end-points conditions plus a number of natural conditions. The 
latter must be deduced from the following general transversality condition of 
the Calculus of Variations: 
OG + 4, 0X + A, 0h + 4, 0V + A, 00 + A; dm — 
a *y a's a ty a , a ‘ f . 
—(A, AXA +A,4h+A4,V +4,6+ A, m) ot]; =0 (26) 
which is to be identically satisfied for all systems of variations consistent with 
the prescribed end-conditions. After considering that G = G(X,h, J, 9, m, t), 
Eq. (26) generally splits into twelve sub-conditions, namely 6 at the initial point 
and 6 at the final point. 
5. Additional Constraints Independent of the Time 
If the additional constraints (9) and (10) are independent of the time, 1.e., if 
6D/ot = 0, 0 /ot = 0, Eq. (21) admits the first integral 
AX +Agh+AgV +AgO+4,m=C (27) 
where C is an integration constant. Notice that the corner condition (25) can be 
rewritten as: 
(28) 
The value of the integration constant C is, therefore, the same for all sub-arcs 
forming one extremal arc. Furthermore, the transversality condition is trans- 
formed into: 
rc A , 4 4 , “ 4 af 
(6G + 4, 0X + A, 0h + 2, 0V + 4,06 + 2; 6m — C Ot); = 0. (29) 
Particular Case 
If the G-function is independent of the time (éG/ét = 0) and if no time 


condition is prescribed at one of the two end-points, the transversality condition 


yields the important result: 
C=90. (30) 


6. Additional Constraints Independent of Both the Lift and the 
Thrust Inclination 

If the additional constraints (9) and (10) are independent of both L and w, 

Le., if @@/aL=0, Miaw=0, AW/OL=0, dV/dw=0, the two EuLer 
equations (18) and (20) yield the following result [5 


rr a“ 
@ = arctan aL : (dl) 
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Implied in Eq. (31) is an elegant graphical interpretation, illustrated in Fig. 3 
where M = V/a(h) is the MacH number! and C,; = C; (Cp, M) the drag polar, 
i.e., the relationship between lift coefficient (Cz), MAacH number and drag 
coefficient (Cp). If P is the representative point of the aircraft and if M is the 
instantaneous MacH number, 

the optimum value of o@ is 

identical with the angle which 

the tangent to the C;(Cp) curve 

associated with the given MAcH 

number M forms with the C,- 

axis. The particular case of a 

drag polar of the form 


Cp —— Cp,(M) + k(M) C,? 
(32) 


is now considered, where Cp, is 
the zero-lift drag coefficient and 
K the induced drag factor. Af- 
ter accounting for the classical 
definitions of lift and drag, G 
Eqs. (31) and (32) lead to: 





Fig. 3. Optimum inclination of the thrust axis as 
o= arctan (2A C;): (33) related to the polar diagram of the vehicle 


7. Additional Constraints Independent of the Distance Flown 


If the additional constraints are such that @@/@X = 0, e¥/aX =O, the 
EULER equation (13) admits the first integral 
4, =C, (34) 


where C, is a constant. 


8. Problems with Three Degrees of Freedom 


If d=0 and V = 0, Eqs. (27), (28), (29), (31) and (34) simultaneously hold. 
The boundary conditions for some important particular cases are now formulated. 
a) Typical Boundary Conditions for a Satellite Carrier 


The problem of minimum propellant consumption (G = — m) is now consid- 
ered in connection with the following data: 


X;, hi, Vi, mi, t= given | sade 
; ; 39) 
h;, V+, 9 = given | 


6;, X;, m;, ty = free. (36) 


From the general transversality condition, the following consequences are 
deduced: 
Aaj; = 0, C=6 or 
(37) 
Ay = YU, (ee 


The set of twelve conditions (35) and (37) together with the equations of motion 
and the EULER equations completely determines the optimum trajectory. 


1 The symbol a denotes speed of sound. 
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It should be noticed that the first LAGRANGE multiplier is 4, = 0 everywhere. 
Furthermore, the EULER equation (18) leads to: 


aD 
——| =0. 38 
() 08 
For a drag polar obeying Eq. (32), the above condition implies that the initial 
lift be zero. 

b) Typical Boundary Conditions for an Intercontinental Missile 


The problem of minimum propellant consumption (G = — m) is considered 
here for the following set of data: 
Xi, hi, Vi, mi, t; = given 
‘ 39 
Xj, hy = given — 
4;, V;, 6, mM, ty = free. (40) 
The transversality condition yields: 
;= 0, C=0 
: 5; (41) 
Ast = 0, Aq = 0, A5¢ = 1 


The set of twelve conditions (39) and (41) together with the EULER equations and 
the equations of motion completely determines the optimum path. 


IV. Equations for a Flat Earth 


The CorIOLIs acceleration is now neglected and the mathematical assumption 
0) = oo introduced into the set of constraining equations and EULER equations. 
Nine of the above fifteen equations hold unchanged. For convenience and quick 
reference, however, both the constraining equations and the EULER equations 
are now rewritten. The former read as follows: 
J, =X —Vcos6=0 
Jo=h—Vsino =0 
Dh, V,L) — V, B(a) cosw _ 
_ ss 


Jg=O+ £0 cos 9 — iA ot ont 0 
V 

J5=m + Bia) =9 

Jg=P (X,h, V, 6, m, L, Bla), w, t) =0 

Je=V(X,h, V, 6, m, L, Bla), w, t) = 0. 


In turn, the EULER equations take the form: 


: o@ , OV 
A = Ag =e + An ay 





Jg=V + g)8in8+ 


mV 


—* 
hi oe 


m oh ‘a T'S 


. aD a 8 
aV ‘pe 


cos 9 + 


= — A, cos# — A, sin§ + = 


o® ov 


+ 3 (b+ V_Bsinw) + Ag +x (51) 
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29 a® ov 


- A, V sin 6 — A, V cos 6 + Az gy cos 6 — Ag 7 sin 6 + A, A + hq 39 


its ee eee ab | 
2 LVeBcosw — D) + a5 (L + Vebsinw) + Ago + Aga 


7 A, OD Ay ; op, oO 
“om OL mV “or * “taz 


V. ad aw 


" p sinw +A; + 4636 + hq 7 
ek chee — 2, amar. 

m m | Ow dw 
Notice that Eqs. (21) to (41) hold formally unchanged, provided, however, the 
time derivatives X, h, |’, 6, m be computed from Eqs. (42) to (46). 


<< va . 
— Ag COS: — Aq 
m 


<~ CoS w+ Ag (56) 


V.. Vertical Paths 


An important category of trajectories is represented by the class of vertical 
paths which is now investigated! in connection with problems where G = G (hf, V, 
m,t). Under the hypothesis that the thrust direction is vertical, the equations 
of the two additional constraints (47) and (48) become: 


$=0——=0 (57) 


Y=w=0. (58) 
It should be noticed that the multipliers A,, Ay, Ag and A, are only contained in 
Eqs. (49), (52), (54) and (56) which have, therefore, a non-essential character. 
The four remaining EvLER equations embody three multipliers (A,, A, and As) 
and are written as follows: 


(59) 


Clearly Eqs. (59) to (62) suffice to determine both the distribution of LAGRANGE 
multipliers and the optimizing condition. In view of the constancy of X and 6 
the first integral (27) is transformed into: 


V.B—D 
nv +a| “A=? _ 5] amc. (63) 


Furthermore, the transversality condition is written as: 
(OG + Ap dh + Ag OV + Az Om — C t}i = 0 (64) 


1 In the present section as in all the following sections use is made of the hypothesis 
of flat Earth. 
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where G =G (h, V', m,t). Notice that, as Eq. (62) points out, the extremal arc 
is composed of sub-arcs £6 = 0, sub-arcs 6 = Bmax and variable-thrust sub- 
arcs such that 


(65) 
Variable-Thrust Sub-Arcs 


For the sub-arcs defined by Eq. (65) simple manipulations yield the below 
indicated integral results for the LAGRANGE multipliers {2}: 


, D (Vt got 
he = i + = exp| Y, | 


As = 





«- 


y 
= Cy V.exp| 





where C, is an integration 
constant. In turn, elimina- 
tion of the multipliers from 
Eq. (63) yields the following 
holonomic form for the op- 


timizing condition [2]: 


V, 
aD 
aV 


y 
ma= D(z —1] a8 


~y, 


(69) 


The particular case where 
the relationship between 
zero-lift drag coefficient and 
MacuH number is approxima- 
ted as! 








Ch=yi*-* 

is now considered, x and y 

Fig. 4. Family of variable-thrust sub-arcs for vertical being appropriate constants. 

flight [G = G (h, V,m, ¢)) Assuming an isothermal at- 

mosphere, the time—MAcH 

number relationship and the altitude—Macu number relationship can be 

integrated in a closed form [2], so that the optimizing condition (69) becomes 
E M l x a 

ee eee een aces al (71) 

1 For the all-supersonic domain the exponent ¢ is, in practice, a number bounded 

between 1 and 2. 





8 2 
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where M, = V,/a is the ratio of equivalent exit velocity of the rocket engine to 
atmospheric speed of sound!, C, a new constant (proportional to C) and 
a 2m So 
ype 

In the above equations # is the local atmospheric pressure, S a reference surface 
for the aerodynamic coefficients and y the ratio of specific heat at constant 
pressure to specific heat at constant volume. Eq. (71) is plotted in Fig. 4 for 
x = 1.5, M, = 8 and for several values of the constant C,. The particular value 
of C3 associated with the solution of a given variational problem depends upon 
the boundary conditions of the problem and upon the analytical expression of the 


G-function whose difference AG is to be minimized [2, 6). 


Problems where No Time Condition is Imposed 


If the G-function has the form G = G (h, V, m) and if no time condition is 
imposed at one of the two end-points, the transversality condition yields C = 0. 
As a consequence, the optimizing condition (69) modifies for C,; = 0 into {7, 2 


mM 25 = p| = — 1 + V nig (73) 
Notice that, after introducing the usual definition of drag, Eq. (73) can be 
rewritten as: 
ae +1 SOECa - 
M, d log M 
In particular, if the relationship between zero-lift drag coefficient and Mac 
number obeys Eq. (70), the above formula reduces to: 


ul J 
= ye] M — x*— i} 


E= Co, a| 


VI. Level Paths 

The flight path is now assumed horizontal. Problems of the formG = G (X, V, 

m,t) are analyzed. After assuming the thrust parallel to the vector velocity, the 

additional constraints are written as: 

@ = f) = 0 76) 

Y=o=0. (77 

Once more, the system of EULER equations (49) to (56) splits into two non- 

interacting sets. In fact, the multipliers A,, 24, and A, are only present in Eqs. (50), 
(52) and (56). The remaining EULER equations are written as 

(78) 

A, 0D e 

+ ; (79) 

m ol 


4, =0 
Ay = 

: / 
V.B—D)+ 

ae 


S1) 


1 M,., therefore, does not stand for MACH number in the exit section of the rocket 


engine. 
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0 = | a, He + a (82) 


da 


In view of the constancy of A and 86, the first integral (27) is transformed into 
4, V +2 (Vb -D]— 456 =C. (83) 


Furthermore, the transversality condition (29) is written as 
[6G + A, 6X + 2, dV + A, dm —C dt]; = 0. (84) 
As Eq. (82) points out, the extremal arc is composed of sub-arcs 6 = 0, sub-arcs 
B = Bmax and variable-thrust sub-arcs. 
Variable-Thrust Sub-Arcs 


For the sub-arcs such that A, — (A, V./m) = 0 the distribution of LAGRANGE 
multipliers can be integrated in a closed form, as follows 





. ! 

















V, 
Cat 200 As => D 


“ After further manipulations, 


: the LAGRANGE multipliers 
on~? can be eliminated, so that 
7 the following important form 


(C,V—C). (88) 





ra is obtained for the optimizing 
Gq 0 


Ped condition [1]: 








Ce OS 














| 
| 

O° j | | 
4 6 M 8 


For a parabolic drag polar 
obeying Eq. (32), the op- 
timizing condition (89) can 
be rewritten as [1]: 

3/8, Ga 
byes 4 /o)  a 91 
oe | K | A,—C,A, a 


Fig. 5. Family of variable-thrust sub-arcs for level 
flight [(G = G (X, V, m, #)} 
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Pater M  dlog Cp, 
ou" TM, dlogM 


RH 
,  M dlog M- 
; M dlogk 
A,=3+4 — -— ——-— 
M, dilogM 
M. dlog K 
A,=1+ —]2- —-— 
a d log | 
As an example, consider the particularly simple case where the induced drag 
factor is expressed as K = z M (z being an appropriate constant) and the zero- 
lift drag coefficient obeys Eq. (70). The important relation (91) takes the form 


é \/z/y = {(M) and is plotted in Fig. 5 for M, = 6 and x = 1. 
Problems where No Time Condition is Imposed 


If the G-function has the form G = G (X, V, m) and if no time condition is 
imposed at one of the two end-points, the transversality condition (84) yields 
C =0. As a consequence, the optimizing condition (89) modifies into [8] 

aD aD 
VID+V.>5- —|—V,D=0. 96 
| ve mer ee (96) 
In particular, for a drag polar obeying Eq. (32), the optimizing condition is 
rewritten as 


M, | 


(97) 


VII. Arbitrarily Inclined Rectilinear Paths 


The class of rectilinear trajectories inclined at the arbitrary angle 6 with 
respect to a horizontal plane is now considered, in connection with problems 
not involving time. Assuming the thrust tangent to the flight path, the additional 
constraints take the form 

@ = 6 — const. = 0 (98) 
Y—=w=0. (99) 
Once more, the set of EULER equations (49) to (56) splits into two non-interacting 
sets. In fact, the multipliers A, and A, are present only in Eqs. (52) and (56). 


The remaining EULER equations are written as 
(100) 


(101) 


4 4 . ’ As aD 
oh oa ~ dee ion 102 
A, cos 9 — A, sin 6 + oe (102) 


As [ * ] a al (103) 
™m / 


(104) 


(105) 
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The above set admits the first integral 


A > a - . Aa V. as D ° a . 
A, V cos6 + A, V sin@ + | : hie 9 sin | —A,B=C. (106) 


m 





Variable-Thrust Sub-Arcs 


As the EULER equation (105) shows, 
the extremal trajectory includes sub-arcs 
£8 =0, sub-arcs # = Bmax and variable- 
thrust sub-arcs such that 

ele 0 107 
ea. (107) 
Notice that Eqs. (103) and (107) imply 
that 


4; DV +igmVV.—4L =0. 
(108) 


The particular case of problems not 
involving time is now discussed. For 
these problems G=G(X,h,V,m) and 
no time condition is prescribed at one 
of the two end-points. The integration 
constant is C = 90, so that Eqs. (102), 
(106) and (107) yield 

















A 


5 





av 
+mVi,=0. (109) 


Eqs. (104) and (107) to (109) can be 
6 70 =r regarded as forming a system linear 


wii 
14|D + m g,sin§ — V |+ 











M 
and homogeneous in /,,A3,A, and As. 


As a consequence, non-trivial solutions 
exist for the multipliers and their deriv- 
atives if 


Fig. 6. Family of variable-thrust sub- 
arcs for arbitrarily inclined straight paths 
[G =G(X,h, V,m)] 


DV 
; , aD 
D+mg,sing — J aT 


The development of the above determinant leads to the important result [4]: 
aD 
"— V,) g —]|= 0. 
D(I V,) : se ) (111) 


The latter contains, as a particular case, Eq. (73) which refers to vertical flight 
and Eq. (96) which refers to level flight. For a parabolic drag polar with 
coefficients depending on the MacH number, Eq. (111) admits the following 
solution 
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M2 - sin@ 
2K A, cos?6 
For Cp, satisfying Eqs. (70) and K = zM, Eq. (112) is plotted in Fig. 6. The 
assumed data are as follows: M,=6, y=0.1, x= 1, and z= 0.2. 





e= (—1+ 1+ 4K Cp, A, A, cot? 6]. (112) 


VIII. Trajectories Flown with Negligible Induced Drag 


In several problems of the Mechanics of Flight of rocket-powered aircraft 
important analytical simplifications may be achieved [9] by neglecting the 
induced drag D, (h, V, L) with respect to the zero-lift drag D, (4, V). The total 
drag D = D, + Dj; is approximated as D = D, (h, V). Asa consequence, Eqs. (44) 
and (45) no longer interact. Furthermore, the drag derivative appearing in the 
EULER equation (54) simplifies into aD/aL = 0. 


1. Constant Mass Flow (Problem with One Degree of Freedom) 


If the rocket engine is operated at constant mass flow and if the thrust vector 

is parallel to the velocity vector, the equations of the two additional constraints are 
@ = B(«) — const. = 0 (113) 

Y=w = 0. (114) 

The set of EULER equations (49) to (56) is such that Eqs. (55) and (56) become 
ineffectual with regard to the present problem. The remaining equations are 


written as 
(115) 


(116) 


i, = —A,cosd—A ,sing + 22 2° (117) 


0=A,V sin 6 — A, V cos 6 + A, gy cos 8 (118) 


As jz 
= —% (V.B — D) (119) 
O= A. (120) 


The first integral for the above system and the transversality condition are 
respectively formulated as 


A V cos + V sind + 44| 8 =? sind] ~ 2,8-= C (121) 


[6G + A, OX + Ay dh + Ay SV + A, Om — C dt} = 0 (122) 
where G = G (X,h, V,m, t). 
Problems Not Involving Horizontal Distance 


The particular case where G = G (h, V,m,t) is now considered, with the 
further assumption that no condition is imposed on the X-coordinate at one of 
the two end-points. In view of the fact that 2, = 0 everywhere, the EULER 
equation (118) shows that the extremal arc splits into the following component 
sub-arcs [10] 

cos 6 = 0 (123) 
ha V — Ag & = 0. (124) 
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Eq. (123) represents either a vertical dive or a vertical zoom; Eq. (124), on the 
other hand, is representative of a flight condition with a continuously variable 
path inclination, as shown in the following section. 


Variable Path Inclination Sub-Arcs. The time derivative of Eq. (124) is now 
computed yielding 
A, (V-B —D—mg,sin0]+A4,mV —A,mg, = 9. (125) 
Notice that Eqs. (116), (117), (124) and (125) can be regarded (for A, = 0) as 
forming a system linear and homogeneous in Ag, Az, A, and A, As a consequence, 
non-trivial solutions exist for the multipliers and their derivatives if 
eD 


0 — 0 
es oh 


m sin § 


V 0 
V.B—-D—mg sind mV 


i .. YPaD 
av" gy) oh 
Assuming an isothermal atmosphere and accounting for the analytical expression 
for the zero-lift drag, Eq. (127) can be rewritten as [10] 


en ee (127) 


d log Cp, 


i ae 


Come] + yp Me 


9 4 
For the particular case of a zero-lift drag coefficient obeying Eq. (70), Eq. (128) 
becomes 


inion (l+a«+yM?). (130) 

2. Relaxing of a Condition (Problem with Two Degrees of Freedom) 
If the condition of constancy of the mass flow is eliminated, i.e., if Eq. (113) 

is replaced by ®=0, the problem of the optimum trajectory is transformed 


into one with two degrees of freedom. As a consequence, the system of EULER 
equations (115) to (120) is to be completed by the further equation: 


y 
A **) <0, (131) 
mM | 


which defines the optimum mass flow. Once more the solution arc embodies 
sub-arcs 6 = 0, sub-arcs 6 = fmax and variable-thrust sub-arcs. 


Problems Not Involving Both Horizontal Distance and Time 


The particular case where G = G (h, V, m) is now considered, with the further 
assumption that no condition is imposed on the two coordinates X and ¢ at one 
of the two end-points. As a consequence, the simultaneous conditions 4, = 0, 
C = 0 must be applied. 
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Variable-Thrust Sub-Arcs. For the variable-thrust sub-arc defined by 
As — (A, }./m) = 0, the first integral (121) becomes 


pc ess =) Bae 
A, V sin? — | - + gysin#| = 0. (132) 
a 


Furthermore, Eq. (119) yields 
(13: 


Notice that (for A, = 0), Eqs. (117), (132) and (133) are linear and homogeneous 
in A, A, and A;. Non trivial solutions for the multipliers and their derivatives 
exist if 
aD 
— Ww 
—mVsn@? D+mgysind 0 
D mV, 


m sin 4 m 


— 0) 


LV V mg, V.sin# = 0. (135) 


é 


e oe 
After accounting for the usual definition of drag Eq. (135) can be rewritten as 
M d log Cp, 

M,' dlogM | 


If the relationship between zero-lift drag coefficient and MAcH number obeys 
Eq. (70), Eq. (136) yields 


esinO?=Cp, | 1+ (136) 


— : (137) 
In conclusion, the present problem involves both a discontinuity in the path 
inclination and a discontinuity in the mass flow. With regard to the lift versus 
time history, the optimizing condition is expressed by either sin = +1 or 
sin ? = — 1 or by Eq. (127); with regard to the engine mass flow, the optimizing 
condition is expressed by either 6 = 0 or 6 = Bmax or by Eq. (135). The way 
in which the different branches of the solution must be combined in order to 
satisfy a set of prescribed end-conditions is not analyzed in the present report. 
The latter, in fact, is rather concerned with statements of a general nature than 
with the detailed discussion of special technical problems. The interested reader, 
however, may find considerable information on the solution of boundary value 
problems involving discontinuous solutions in previous papers by the author and 
his associates {1 to 4; 8 to 10}. 


V 


€sin§ | M 


IX. Non-Lifting Paths 

The category of trajectories flown with zero lift is now considered, in connec- 
tion with the further assumption that the thrust is tangent to the flight path. 

The additional constraints are written as 
@=L=0 (138) 
Y=w=0. (139) 
Once more, the set of EULER equations (49) to (56) splits into two non-interacting 
sets. In fact, the multipliers Ag and A, are only present in Eqs. (54) and (56). 
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The remaining EULER equations are formulated as follows 
A, =9 
A, oD 
m oh 
A, OD 


Oo 
Bees oe Gh oe 
m at type 


= — A, cos? — A,sin# + 
== A, V sin — A, V cos 8 + Ay gy cos 0 — 


~ = [VB a D 


ie... 
dx 
Implied in the above set is the below-indicated first integral 


on eas ee ~~ 2 : 
A, V cos 6 + A, V sin 0 +a 2h? ~ ggsin | — 2,2 7 -cos 9 — A, B = C. (146) 


Notice that, as Eq. (145) shows, the extremal arc embodies sub-arcs # = 0 
sub-arcs # = Bmax and variable-thrust sub-arcs, along which 


V 
As — Ag — = 0. (147) 
m 


Variable-Thrust Sub-Arcs 


The sub-arcs flown with variable engine mass flow are now considered. By 
means of simple manipulations, the below indicated expressions are derived from 
Eqs. (141), (142), (144), (146) and (147) 


(148) 


A, | D 


A, cos 0 + A, sin # — a 9, -A, ra cos = 0 (149) 


é 


4, V cos6 + A, V wale aks A, “9 cos 6 = C (150) 


, dlog D 
A, +4, V.— 


Isothermal Atmosphere. The particular case of an isothermal atmosphere is 
now considered, i.e., of an atmosphere where the speed of sound (a) is constant. 
The drag function is written as 


= 0. (151) 


D =~ 6,5 Cp,(M) M* exp & y ee 0 (152) 


where S is a reference surface, p) the static pressure at h = 0 and y the ratio 
of specific heat at constant pressure to specific heat at constant volume. Notice 
that Eq. (151) becomes 


; 3 M. 
dy — Ag 89 = (153) 
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admitting, therefore, the following first integral 


4 4 M, . a 2% 
hy — Az So Cs (154) 
a 
where C, is an integration constant. The above result holds for all problems of 
the form G = G (X,h, V, 60, m, t), regardless of the end-conditions!. 
Since the EULER equation (140) implies the other first integral 
A, = C.. (155) 
Eqs. (149), (150), and (154) can be regarded as a non-homogeneous, linear algebraic 
system in the unknown multipliers A,, A, and 4,. In particular, the solution for 
the multiplier 4, is 
A, = - (156) 
ae 
=2V [Cssin0 + C,cos@] —C 
’ Ee o 


of 2yg,M M,sin@. (158) 
m\V, | or . 


D 
Vol. B(V ,h, 0, m) + y,sin 0 
m 


4 
1958 
Optimum Acceleration. From Eqs. (148) and (156) the optimum acceleration 

can be computed at points of the variable-thrust sub-arc. Rather lengthy 


manipulations yield the following result 

K,A+K, B i 
. a (159) 
K,.1 4+-K,B 


25 9 oB V sin 0 oR m @B| D in 160) 
>0S U - r Su > T 85 {LO 
V oe op oh V, om) m " 
AD 0A ef) 
om BD T 06 1 
ob m ob 


= — (162) 


‘3 Om yy aV 


cos # (161) 


0A 

ov’ 
which generalizes the one obtained in [11] to the case of problems where dG/dt + 0 
and/or some time condition is prescribed at both end-points. 


K, (163) 


X. Trajectories Flown in a Vacuum 


The case of a path flown in an ideally vacuum environment is now considered. 
The drag function is D = 0 everywhere. Furthermore, the first additional 
constraint is written as 

6=L=0. (164) 

1 An analogous first integral has been indicated in Eq. (29) of [11], limited to 
problems not involving time. The present first integral (154), on the other hand, has 
a more general character insofar as it also applies if (@G/dt) # 0 and if some time 
condition is prescribed at both end-points. 

20* 
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Case where the Mass Flow is a Prescribed Function of the Time 


The particular case where the additional constraint has the form 

® (Bla), t] = 0 (165) 

is now considered. The EULER equation (55) becomes ineffectual, while the 
remaining EULER equations are written as 

4, =0 (166) 

4, =0 (167) 

‘ A V.Bsinw 

= — A, cos 6 — A,sin9 + —5] — gycos6 + _ 


+" (168) 


oO 
=A, V sind — A, V cos@ + A, gy cos 0 — A, sin 


; i, ee 
As = 7 VeRcosw + — 2 Vebsinw 


Vep VB 
0=/,—" sinw—A — COS W. 
3 om 4mV 
It should be noticed that a mathematical consequence of Eqs. (168) and (169) 
is that 


d A, 
— |—-cos§+ A, sin0} = — A, 
dt \ V . , 
7 sin | = — A. 


are 

= cos § — 
dt \"* 

As a consequence the following first integrals can be written for the system of 
EULER equations 


A =C, 
dy = Ce 


d a 
7 cos 9 + A,sin9 = —C,t+C, 


. ae 
A, cos § — sinf = —C,t+C, 


where C,, Cg, C,; and Cy are integration constants. As a further step, Eq. (171) 
is solved for the inclination of the vector thrust with respect to the vector velocity 


tan w = (178) 


A, 
A, V- 
In turn, the inclination of the vector thrust with respect to the X-direction is 
given by 

Ag 
— cos 4+ A, sin 6 
tan @ + tan w J T 4g 
tan (0+ w) = ——__—— = - ———_———. (179) 
1 — tan @ tanw 
A, cos 9 — 7 sin 9 


After accounting for Eqs. (172) and (173), Eq. (179) is rewritten as 


tan (9 + w) = ——~ 
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It is, therefore, concluded that the absolute inclination in space of the vector 
thrust is a bilinear function of the time [12], a result which holds for all problems 
of the form G=G(X,h, V, 0, m, t) regardless of the end-conditions. 


a) Problems of the Form G =G(X,h,m,t) where the Vector Velocity is Free at 
the Final Pont 
If the values of V; and 0; are free at final point and if G = G (X, h, m, 2), 
the transversality condition yields A3; = 0, Ag, = 0. In turn, Eqs. (176) and (177) 
lead to C,; = Cgt;, Cz = C, 4; so that Eq. (180) becomes 
C 
tan (6+ w) = —§ = —. (181) 
Cy 
The optimum inclination in space of the vector thrust, therefore, is a constant 
for all problems of the form G = G (X,h, m, t) such that no condition is imposed 
on the vector velocity at final point [13]. 


b) Problems Not Involving Range 


If the G-function has the form G(h, V, 6, m, t) and if no condition is imposed 
on the X-variable at one of the two end-points, the transversality condition 
yields C, = 0. As a consequence, the inclination in space of the vector thrust 


becomes 


tan (9+ w) = mip, . (182) 


i.e., a linear function of the time [14]. 


Conelusions 


A basic theory is presented for analyzing the optimum flight paths of rocket- 
powered aircraft, missiles and satellites. A large segment of the existing body 
of knowledge is generalized. 

The problem with three degrees of freedom is considered; it consists of the 
simultaneous optimization of the time history of lift, thrust modulus and thrust 
direction. 

Special problems involving either one or two degrees of freedom are inves- 
tigated, within the general frame of the present unified theory, by the introduc- 
tion of additional constraining equations. Particular attention is devoted to 
special classes of trajectories, such as: vertical paths; horizontal paths; ar- 
bitrarily inclined rectilinear paths; trajectories flown with negligible induced drag ; 
non-lifting paths; and vacuum flight trajectories. 

For several of the above particular cases closed form expressions are derived 
for the optimizing conditions. Furthermore, a complete formulation of the 
boundary conditions is supplied by means of the general transversality condition 


of the Calculus of Variations. 


Remarks 


The present article is a condensed version of the investigation described 
in [15] to which the interested reader is referred for more detailed information. 
In particular, [15] contains the following topics omitted here: (1) a discussion 
of the flight paths of interceptor missiles subject to a prescribed guidance law; 
(2) an analysis of the optimizing condition for high speed gliders. 
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It should be emphasized that, while the general equations of Sections I to III 
refer to a curved Earth, all successive developments of Sections IV to X have 
been carried out under the hypothesis of a Flat Earth. In more recent work, 
however, some closed form solutions have been obtained for motion over a 
curved Earth. These solutions will be presented in a forthcoming paper by the 
author and his associates. 
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Buchbesprechungen — Book Reviews — Comptes rendus 


Morphological Astronomy. Von F. Zwicxy. Mit 55 Textabb., IV, 299 S.  Berlin- 
Gottingen-Heidelberg: Springer-Verlag. 1957. Geb. DM 49.60. 


Schon fast zehn Jahre vor Erscheinen dieses Buches hat der Verfasser, ein in 
Pasadena lebender sehr bekannter Astronom und Astrophysiker und Fellow Member 
der American Rocket Society, in seiner Halley Lecture am 12. Mai 1948 in Oxford 
zu zeigen versucht, welchen Beitrag eine morphologische Astronomie im Rahmen der 
gesamten morphologischen Forschungsmethode leisten kann. Er ordnete seine Be- 
trachtungen damals unter die folgenden Gesichtspunkte: Beobachtung der Er- 
scheinungen des Himmels, Experimente mit den Erscheinungen des Himmels, theore- 
tische Erganzungen, Anwendung der gewonnenen [:rkenntnisse fiir konstruktive 
Zwecke, Verbreitung der gewonnenen Erkenntnisse und ihrer Beziehungen auf alle 
Gebiete menschlicher Tatigkeit. 

Nach vielerlei Hemmungen und Verzogerungen sind die damaligen Ansatze nun 
zu einem einzigartigen Buch ausgereitt. Es ist erstaunlich, was der Verfasser an neuen 
Erkenntnissen und Ubersichten, die natiirlich zum groBen Teil auf den Beobach- 
tungen der groBen amerikanischen Spiegelteleskope beruhen, zusammenzustellen ver- 
mag. In einzelnen Punkten mag er hier und da von astronomischer Seite wohl kritisiert 
werden. Doch unzweifelhaft gelingt ihm der Nachweis, daB die morphologische Me- 
thode auch in der Astronomie niitzlich ist. Die Probleme der modernen Astronomie 
gewinnen in dieser kritischen Beleuchtung oftmals ganz neue Perspektiven. Hierin 
und in der sicher dadurch ausgeldsten Diskussion liegt der groBe Wert dieses unge- 
wohnlich geistreichen und gehaltvollen Buches. 

Wie weit der Verfasser den Rahmen zu spannen vermag, das lassen schon die Uber- 
schriften der einzelnen Kapitel erkennen, die bereits einen tiefen Einblick in die 
Eigenart des Werkes zu geben vermégen: 

I. Morphologische Forschung und Erfindung. 
II. Wolken und Haufen von MilchstraBen. 
III. Die Verteilung der MilchstraBen und -MilchstraBenhaufen im GroBen. 
IV. Kinematische und dynamische Merkmale der groBraumigen Anhaufungen 
der Materie. 
V. Dimensionale und dimensionslose Morphologie in der Kosmologie. 
VI. Morphologische Hauptztige der einzelnen MilchstraBen. 

VII. Morphologisch-astronomisches Kaleidoskop. 

VIII. Die morphologische Methode und eine a priori-:rkenntnis; die magischen 
Zahlen. 

Der Astronom und Astrophysiker wird manchen Abschnitt mit GenuB lesen, auch 
wenn er dabei ihm vielleicht mehr oder weniger bekannte Dinge findet, die er aber in 
einer ganz anderen Art betrachten wird. Auch der Astronautiker wird vielerlei An- 
regung erfahren und Gelegenheit haben, seine Verbindung zu einer der Grundwissen- 
schaften der Astronautik zu vertiefen. 

Das Buch regt jedenfalls stark zum Nachdenken an; und wenn der Vertasser in 
der Einleitung noch zwei oder drei weitere Biicher zum selben Thema in Aussicht 
stellt, so kann man ihnen nur mit groBer Spannung entgegensehen. 

K. ScHUtTTE, Mtinchen 
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Zur Strahlungsphysik der Photonen-Strahlantriebe und Waffenstrahlen. Von 
E. SANGER. (Mitteilungen aus dem Forschungsinstitut fiir Physik der Strahl- 
antriebe e.V. Stuttgart: Heft 10.) Mit 74 Textabb., 173 S. Miinchen: R. Oldenbourg. 
1957. DM 82.—. 


Es ist kaum moglich, von einer Originalarbeit wie der vorliegenden in einem kurzen 
Bericht das Wesentliche hervorzuheben. Selbstverstandlich darf der Leser nicht er- 
warten, daB schon jetzt ein Entwurf eines Photonentriebwerkes moglich ist oder ein 
Photonenstrahl von gentigender Starke technisch erzeugt werden kann, um damit an- 
fliegende Raketengeschosse zu bekampfen. Trotzdem ist es reizvoll, wenn jemand 
den Mut hat, tiber diese zukiinftigen Moéglichkeiten nachzudenken und die dafiir er- 
forderlichen wissenschaftlichen Grundlagen zu sammeln. Dabei kommt man sofort 
zu grundlegenden Fragen von Raum, Zeit und Matcrie, die von ungeheurer Bedeutung 
sind. 

Das Hauptthema dieses Buches ist die allgemeine Feldtheorie der theoretischen 
Physik. Nach dieser quantenmechanischen Feldtheorie werden die anziehenden und 
abstoBenden Feldkrafte durch Austausch von Feldquanten (Photonen, Gravitonen 
usw.) erklart. Beim Aussenden eines Feldquants tibt dieses eine Rtickwirkung (Impuls) 
auf das emittierende Massenteilchen aus, und ebenso erfahrt das absorbierende Massen- 
teilchen einen StoB. In dieser Weise kann eine abstoBende Fernkraft unmittelbar 
verstandlich gemacht werden. Fiir die Erklarung anziehender Feldkrafte ist man ge- 
zwungen, Feldquanten negativer Masse (negativer Energie) anzunehmen, deren 
Vierervektor (MINKowSkI-Geschwindigkeit) langs der Weltlinie des Quants in die 
Richtung der Vergangenheit weist. Weiter muB man nach dieser quantenmechanischen 
Auffassung auch bei statischen Feldern einen fortwahrenden Austausch von Feld- 
quanten zwischen den betreffenden Massen annehmen. Das Wesentliche dieser 
quantenmechanischen Vorstellung, ist meines Erachtens darin zu erblicken, daB die 
eigentlichen Bausteine der Raum-Zeit-Welt durch diese Austauschprozesse darge- 
stellt werden. -(Bekanntlich kann dem Begriff ,,Materieller K6rper‘‘ in der absoluten 
Raum-Zeit-Welt keine tiefere Bedeutung zukommen, da die Punktereignisse, die fiir 
einen bestimmten Beobachter ,,einen Gegenstand in einem bestimmten Augenblick‘ 
bilden, fiir einen anderen Beobachter, der sich in Beziehung auf den ersten bewegt, 
nicht gleichzeitig sind.) 

Fiir die lichtschnellen Feldquanten selbst (das heiBt in ihrer Eigenzeit) fallen 
Emission und Absorption zusammen. Vom absoluten Standpunkt haben wir also 
beim Austausch des Quants in der Emission und Absorption dasselbe Eveignis zu er- 
blicken. Die lichtschnellen Feldquanten sind daher das universale Bindeglied alles 
Geschehens und zugleich die eigentlichen Elemente des universalen Geschehens, das 
in jedem Hier- Jetzt, also tiberall in der Raum-Zeit-Welt, hervorgeht, das sozusagen 
zugleich raumzeitlich ausgedehnt und auch wieder nicht raumhaft und nicht zeit- 
haft ist. 

Obige Betrachtung moge geniigen, um zu zeigen, wie anregend das vorliegende 
Buch ist. Man soll es lesen und durchdenken! J... M.- J. Kooy; Breda. 
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